
Lecture 
Hierarchical Clustering

Press Schechter: Halo Distribution

Extended PS: Merging Tree

Biasing: Galaxies/Subhalos in Halos

HOD: Halo Occupation Distribution



Press Schechter Formalism halo mass function n(M,a)

Gaussian random field )2/exp()2()( 222/12 σδπσδ −= −P

fraction of spheres with δ>δc =1.68:

PS ansaz: F is the mass fraction in halos >M (at a) 

)2/exp()2(

)],(2/exp[)],(2[),(

),(/

22/1

222/12

∫

∫
∞−

∞ −

−=

−=

aMc

c

xdx

aMaMdaMF

σδ

δ

π

σδπσδ

)()( 0 MaD
c

c σ
δν ≡

δc

x

δ

random spheres of mass M

linear-extrapolated  δrms at a: )()(),( 0 aDMaM σσ =

a0 =1a(t)

nonlinear σ

linear

derivative of F with respect to M:

M
dM

Md
d

M
dMaMn c

c ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟

⎠
⎞

⎜
⎝
⎛−=

2
exp

ln
ln2),(

2
0

2/1 νσνρ
π

Mo & White 2002



Press Schechter Formalism cont.
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Press Schechter cont.
Better fit using ellipsoidal collapse (Sheth & Tormen 2002)
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Press-Schechter in ΛCDM

Mo & 
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2002
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Press-Schechter by Excersion Set: n(M,a) Bond et al. 91

Lacey & Cole 93

White 9410043
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At a fixed point x.   As kc varies, δs executes a 
random walk:
step:

variance:

∆δs is a Gaussian random variable, 
independent of δs: Markov random walk.

PS ansatz: mass element initially at x belongs to halo of mass M 
at a if the random walk first crosses δc/D(a) at σ0

2 (M) 

Fraction of mass in halos >M  =                                 
fraction of trajectories δs(x;kc) which first cross δc/D at kc<k(M)

Solution:
M
dM

Md
d

M
dMaMn c

c ⎟
⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛−=

2
exp

ln
ln2),( 0

2/1 νσνρ
π )()( 0 MaD

c
c σ

δν ≡

Markov: Past of x (right) independent of its future (left),  so 
the history of halos of mass M is superclusters and in voids are 
statistically identical, i.e. their galaxy populations should be identical. log M

log 
n(M)

M*(a)

2~ −M

2/~Me−

same PS



Proof:
Fraction of mass in halos >M  =                                 
fraction of trajectories δs(x;kc) which first cross δc/D at kc<k(M)
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Mass versus Light Distribution

halo mass

galaxy
stellar 
mass 40% of baryons

bright-end 
problem

faint-end 
problem



Conditional Merger Tree:
Extended Press-Schechter
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Merger Tree: conditional probability



Extended Press-Schechter (EPS): Merger Tree
Given that a mass element belongs to halo M1 at z1, 
what is the probability that it belonged to halo M2 (<M1) at z2 (>z1)?
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Equivalent:  

Given that δs(x;kc) first crossed δc/D(a1) at 
kc=k(M1),
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The same problem as before            
but with the origin shifted:
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what is the probability that it first crossed 
δc/D(a2) at kc=k(M2). 

• # of bright E galaxies in a cluster: M=1015 today, how many 1012 progenitors at z=2?
• descendents of LGBs: massive halos at z=3 have n=10-2Mpc-1, what mass halos do         
...they inhibit today?
• When did the most massive progenitor include half its current mass?
• How often do two 1012 halos merge?
• Infall rate of spirals into clusters: How often does a 1015 halo accrete a 1012 halo?



Formation of galaxies in a cluster

GIF



Binney & Tremaine

Orbits that lead to Mergers

dynamical 
friction



Galaxy/Halo Biasing

Examples:

• cluster clustering

• bright galaxies (LBG)

• clustering of different galaxy types



Biasing: Subhalos in Host Halos (from EPS)
Host halo: a sphere of radius R today, mass M. 1
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Peak biasing in a 
Gaussian field



Elliptical galaxies in the local universe: 
biased with respect to the dark matter

GIF 
simulation



Massive Ellipticals in Clusters

SDSS

Kauffmann et al. 04



Nonlinear Stochastic Biasing Dekel & Lahav
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Correlation Function and HOD



Galaxy type correlated with 
large-scale structure

elliptical

elliptical

bulge+disk

disk

Semi-Analytic 
Modeling



Power Spectrum



ΛCDM Power Spectrum
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Correlation Function
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Construct a realization: select ρ(x1) and ρ(x2) from an ensemble.
Place a galaxy at volume δV with probability δP=ρ(x)δV 

Alternative interpretation:
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Galaxy Correlation Function
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Measured Correlation Functions

redshift distortions
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Galaxy Correlation Function

Zehavi et al. 04  SDSS



Zehavi et al. 04  SDSS

Biasing: 
Luminosity
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Luminosity 

Correlation 
length 

(Mpc/h)

Luminosity Dependence of Galaxy Clustering

2dF Survey



Biasing: color



SDSS       
Baldry et al. 04

Luminosity function: Early vs Late type

M*crit~3x1010Mʘ

M*



HOD model of Clustering
HOD = Halo Occupation Distribution

Galaxies m>mmin in a halo M:  conditional probability P(N|M)
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at z=0 ~1013Mʘ at z=1 ~1012MʘM~M*(t) → group
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Dark-Matter Halo Occupation Distribution



HOD from Correlation Function

Zehavi et al. 04   SDSS



M r =-21

M r =-18

Biasing: Luminosity

Zehavi et al. 04, SDSS



Biasing: Luminosity



Biasing: color


