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EFFECTS OF CURVATURE NEAR A BLACK HOLE



LCDM Benchmark Cosmological Model: 
Ingredients & Epochs 

Barbara Ryden, Introduction to Cosmology (Addison-Wesley, 2003)



Benchmark Model: Scale Factor vs. Time 

Barbara Ryden, Introduction to Cosmology (Addison-Wesley, 2003)



Age of the Universe and Lookback Time

Redshift z

These are for Ωm,0=0.3, ΩΛ,0=0.7, h=0.7.



Age t0 of the Double Dark Universe

Age in Gyr

Ωm,0

ΩΛ,0

Calculated for k=0 and h=0.7.  For any other value of 
the Hubble parameter, multiply the age by (h/0.7).



Picturing the History of the Universe:
The Backward Lightcone

Cosmic Horizon: 
tangent to backward 
lightcone at Big Bang

Big Bang

From E. Harrison, Cosmology
 (Cambridge UP, 2000).



Picturing the History of the Universe:
The Backward Lightcone

From E. Harrison, Cosmology (Cambridge UP, 2000).





Distances in an Expanding Universe

χ(t1) = (comoving distance at time t1) = ∫ dt/a = r1 adding distances at time t1

t1

t1

t0

χ(t1)

χ 

FRW:  ds2 = -c2 dt2 + a(t)2 [dr2 + r2 dθ2 + r2 sin2θ  dφ2]  for curvature k=0

From the FRW metric above, the distance D across a 
source at distance r1 which subtends an angle dθ is 
D=a(t1) r1 dθ.  The angular diameter distance dA is 
defined by dA = D/dθ, so 
 dA = a(t1) r1 = r1/(1+z1)
In Euclidean space, the luminosity L of a source at distance d 
is related to the apparent luminosity l by
l = Power/Area = L/4πd2  
so the luminosity distance dL is defined by dL = (L/4πl)1/2 .  
Weinberg, Gravitation and Cosmology, pp. 419-421, shows that in FRW
  l = Power/Area = L [a(t1)/a(t0)]2 [4πa(t0)2 r1

2]-1 = L/4πdL
2

Thus 
 dL = r1/a(t1) = r1 (1+z1) (redshift of each photon)(delay in arrival)

 fraction of photons reaching unit area at t0

χp = (comoving distance at time t0) = rp     

dp = (physical distance at time t0) = a(t0) rp = rp

Particle
Horizon

0

since a(t0) =1

d(t1) = (physical distance at t1) = a(t1) χ(t1)



Distances in a Flat (k=0) Expanding Universe

Scott Dodelson, Modern Cosmology (Academic Press, 2003)

dL = luminosity distance
χ = comoving distance now
dA = angular diameter distance



Neutrino Decoupling and 
Big Bang Nucleosynthesis, 

Photon Decoupling, and WIMP Annihilation

Börner, Early Universe 4th Ed, p. 152



Big Bang Nucleosynthesis
BBN was conceived by Gamow in 1946 as an explanation for the formation of all the elements, but 
the absence of any stable nuclei with A=5,8 makes it impossible for BBN to proceed past Li.  The 
formation of carbon and heavier elements occurs instead through the triple-α process in the centers of 
red giants (Burbidge2, Fowler, & Hoyle).  At the BBN baryon density of 2×10-29 Ωb h2 (T/T0)3 g cm-3 ≈ 
2 ×10-5 g cm-3, the probability of the triple-α process is negligible even though T ≈ 109K.  

Thermal equilibrium between n and p is maintained by weak interactions, which keeps n/p = exp(-Q/T) 
(where Q = mn–mp = 1.293 MeV) until about t ≈ 1 s.  But because the neutrino mean free time
tν-1

 ≈ σν ne±
 
 ≈ (GFT)2(T3) is increasing as tν ∝T-5 (here the Fermi constant GF ≈10-5 GeV-2), while the 

horizon size is increasing only as tH ≈ (Gρ)-½ ≈ MPl
-1 T-2 , these interactions freeze out when T drops 

below about 0.8 MeV.  This leaves n/(p+n) ≈ 0.14.  The neutrons then decay with a mean lifetime 887 ± 
2 s until they are mostly fused into D and then 4He.  The higher the baryon density, the higher the final 
abundance of 4He and the lower the abundance of D that survives this fusion process.  Since D/H is so 
sensitive to baryon density, David Schramm called deuterium the “baryometer.” He and his colleagues 
also pointed out that since the horizon size increases more slowly with T-1 the larger the number of light 
neutrino species Nν contributing to the energy density  ρ, BBN predicted that Nν ≈ 3 before Nν was 
measured at accelerators by measuring the width of the Z0.  Latest (Cyburt et al. 2005): 2.67<Nν<3.85 . 

Kolb & Turner

time

time



Neutrinos in the Early Universe

time

As we discussed, neutrino decoupling occurs at T ~ 
1 MeV.  After decoupling, the neutrino phase space 
distribution is

fν = [1+exp(pνc/Tν)]-1   (note: ≠ [1+exp(Eν/Tν)]

             for NR neutrinos)
After e+e- annihilation, Tν=(4/11)1/3Tγ = 1.9K.  Proof :

Number densities of primordial particles
nγ(T) = 2 ζ(3) π-2 T3 = 400 cm-3 (T/2.7K)3 ,  nν(T) = (3/4) nγ(T) including antineutrinos 

Conservation of entropy sI of interacting particles per comoving volume

sI = gI(T) Nγ(T) = constant, where Nγ = nγV; we only include neutrinos for T>1 MeV.

Thus for T>1 MeV, gI = 2 + 4(7/8) + 6(7/8) = 43/4 for γ, e+e-, and the three ν species, 
while for T< 1 MeV, gI = 2 + 4(7/8) = 11/2.  At e+e- annihilation, below about T=0.5 Mev, 
gI drops to 2, so that  2Nγ0 = gI(T<1 MeV) Nγ(T<1 MeV) = (11/2) Nγ(T<1 MeV) =
(11/2)(4/3) Nν(T<1 MeV).  Thus nν0 = (3/4)(4/11) nγ0 = 109 cm-3 (T/2.7K)3 , or

Tν = (4/11)1/3 T = 0.714 T

FermiDirac/BoseEinstein factor



Statistical Thermodynamics

+ Fermi-Dirac, - Bose-Einstein



Boltzmann Equation

In the absence of 
interactions (rhs=0) 
n1 falls as a-3 + bosons

- fermions

Dodelson (3.1)

We will typically be interested in T>> E-µ (where µ is the chemical potential).  In this limit, the exponential 
in the Fermi-Dirac or Bose-Einstein distributions is much larger than the ±1 in the denominator,  so that

and the last line of the Boltzmann equation above simplifies to

The number densities are given by .   For our applications, i’s are



If the reaction rate                is much smaller than the expansion rate (~ H), then the {} on the rhs must 
vanish.  This is called chemical equilibrium in the context of the early universe, nuclear statistical 
equilibrium (NSE) in the context of Big Bang nucleosynthesis, and the Saha equation when discussing 
recombination of electrons and protons to form neutral hydrogen.







Ken Kawano’s (1992) BBN code is available at
http://www-thphys.physics.ox.ac.uk/users/SubirSarkar/bbn.html
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Height

Deuterium Abundance
+ Big Bang Nucleosynthesis

WMAP
Cosmic 

Microwave
Background

Angular Power Spectrum

Galaxy Cluster in X-rays

Absorption of Quasar Light

5 INDEPENDENT MEASURES
AGREE: ATOMS ARE ONLY 
4% OF THE COSMIC DENSITY

 & WIGGLES IN GALAXY P(k)
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BBN 
Predicted 

vs. 
Measured 

Abundance
s of D, 3He, 
4He, and 7Li 

BBN predictions are 
from Burles, Nollett, 
& Turner 2001

D/H is from Kirkman, 
Tytler, Suzuki, 
O’Meara, & Lubin 
2004, giving 
Ωbh2=0.0214±0.0020

Olive, Steigman, Skillman 1997

Izotov & Thuan 1998

Bania, Rood, Balser 2002

Ryan et al 2000

WMAP         WMAP (Spergel 
 et al. 2003) says that
 Ωbh2=0.0224±0.0009
 (with their running 
 spectral index model)

 7Li IS NOW 
DISCORDANT

Izotov & Thuan 2004:
Ωbh2=0.012±0.0025

Olive & Skillman 2004: big uncertainties



Kirkman, Tytler, Suzuki, O’Meara, & Lubin 2004

Deuterium absorption at redshift 2.525659 towards Q1243+3047

The detection of Deuterium and the 
modeling of this system seem 
convincing.  This is just a portion of the 
evidence that the Tytler group 
presented in this paper.  They have 
similarly convincing evidence for several 
other Lyman alpha clouds in quasar 
spectra.



Izotov & Thuan 2004

Determination of primordial He4 abundance Yp by linear regression

Y = M(4He)/M(baryons), Primordial Y ≡ Yp = zero intercept
Note: BBN plus D/H ⇒ Yp = 0.247± 0.001



Phys.Rev. D70 (2004) 063524 

See also “Supergravity with a Gravitino LSP”
Jonathan L. Feng, Shufang Su, Fumihiro Takayama
Phys.Rev. D70 (2004) 075019

The Li abundance disagreement with BBN 
may indicate new physics



Dodelson, Modern Cosmology, p. 72



Dodelson, Modern Cosmology, p. 76


