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The Initial Fluctuations 
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Scale-Invariant Spectrum (Harrison-Zel’dovich)
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Gravitational Instability

Small fluctuations:  

Continuity:  

Euler:  

Poisson:  

comoving coordinates 

matter era  

growing mode:  

irrotational, potential flow:  

Linear approximation:  



       Thus far, we have considered only the evolution of fluctuations in the dark matter.  
But of course we have to consider also the ordinary matter, known in cosmology as 
“baryons” (implicitly including the electrons).  See Madau’s lectures “The Astrophysics 
of Early Galaxy Formation (http://arxiv.org/abs/0706.0123v1 ) for a recent summary.  We have 
already seen that the baryons are primarily in the form of atoms after z ~ 1000, with a 
residual ionization fraction of a few x 10-4.  They become fully reionized by z ~ 6, but 
they were not reionized at z~20 since the COBE satellite found that “Compton 
parameter” y ≤ 1.5 x 10-5, where 

This implies that Thus, for example, a universe that 
was reionized and reheated at z = 20 to (xe, Te) = (1, > 4×105 K) would violate the 
COBE y-limit.

The figure at right shows the 
evolution of the radiation (dashed 
line, labeled CMB) and matter 
(solid line, labeled GAS) 
temperatures after recombination, 
in the absence of any reheating 
mechanism. 
(From Madau’s lectures.)

http://arxiv.org/abs/0706.0123v1
http://arxiv.org/abs/0706.0123v1


The linear evolution of sub-horizon density perturbations in the dark matter-baryon
fluid is governed in the matter-dominated era by two second-order differential equations:

for the dark matter, and

for the baryons, where dm(k) and b(k) are the Fourier components of the density
fluctuations in the dark matter and baryons,† fdm and fb are the corresponding mass
fractions, cs is the gas sound speed, k is the (comoving) wavenumber, and the derivatives 
are taken with respect to cosmic time.  Here

† For each fluid component (i = b, dm) the real space fluctuation in the density field,
can be written as a sum over Fourier modes,

is the time-dependent matter density parameter, and ρ(t) is the total background
matter density. Because there is ~5 times more dark matter than baryons, it is the former
that defines the pattern of gravitational wells in which structure formation occurs.  In
the case where fb ≃ 0 and the universe is static (H = 0), equation (1) above becomes

(1)

(2)

“Hubble friction”



After a few dynamical times, only the exponentially growing term is significant: gravity 
tends to make small density fluctuations in a static pressureless medium grow 
exponentially with time.  Sir James Jeans (1902) was the first to discuss this.

   The additional term ∝ H       present in an expanding universe can be thought as a 
“Hubble friction” term that acts to slow down the growth of density perturbations.  
Equation (1) admits the general solution for the growing mode:

where tdyn denotes the dynamical timescale. This equation admits solution

so that an Einstein-de Sitter universe gives the familiar scaling δdm(a) = a with 
coefficient unity.  The right-hand side of equation (3) is called the linear growth factor 
D(a) = D+(a). Different values of Ωm, ΩΛ lead to different linear growth factors.  
    Growing modes actually decrease in density, but not as fast as the average universe. 
Note how, in contrast to the exponential growth found in the static case, the growth of 
perturbations even in the case of an Einstein-de Sitter (Ωm =1) universe is just 
algebraic.  This was discovered by the Russian physicist Lifshitz (1946).

(3)





   The consequence is that dark matter 
fluctuations grow proportionally to the scale 
factor a(t) when matter is the dominant 
component of the universe, but only 
logarithmically when radiation is dominant.  
Thus there is not much difference in the 
amplitudes of fluctuations of mass M < 1015 
Msun, which enter the horizon before zmr ~ 4 
×103, while there is a stronger dependance on 
M for fluctuations with M > 1015 Msun.

  There is a similar suppression of the growth of matter fluctuations once the gravitationally 
dominant component of the universe is the dark energy, for example a cosmological constant.  
Lahav, Lilje, Primack, & Rees (1991) showed that the growth factor in this case is well 
approximated by 

Here is again given by
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Formation of Large-Scale Structure
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An approximate fitting function for T(k) in a ΛCDM universe is (Bardeen et al. 1986)

where (Sugayama 1995)

For accurate work, for example for starting high-resolution N-body simulations, it is 
best to use instead of fitting functions the numerical output of highly accurate 
integration of the Boltzmann equations, for example from CMBFast 

http://cfa-www.harvard.edu/~mzaldarr/CMBFAST/cmbfast.html 

W e l c o m e to the CMBFAST Website!
This is the most extensively used code for computing cosmic microwave background 
anisotropy, polarization and matter power spectra. The code has been tested over a wide 
range of cosmological parameters. We are continuously testing and updating the code based 
on suggestions from the cosmological community. Do not hesitate to contact us if you have 
any questions or suggestions.

U. Seljak & M. Zaldarriaga

http://cfa-www.harvard.edu/~mzaldarr/CMBFAST/cmbfast.html
http://cfa-www.harvard.edu/~mzaldarr/CMBFAST/cmbfast.html


From Peter Schneider, Extragalactic 
Astronomy and Cosmology (Springer, 2006)



From Peter Schneider, 
Extragalactic Astronomy and 
Cosmology (Springer, 2006)



On large scales (k small), the gravity of the dark matter dominates.  But on small 
scales, pressure dominates and growth of baryonic fluctuations is prevented.  Gravity 
and pressure are equal at the Jeans scale

The Jeans mass is the dark matter + baryon mass enclosed within a sphere of 
radius πa/kJ, 

where µ is the mean molecular weight.  The evolution of MJ is shown below, assuming 
that reionization occurs at z=15:



Jeans-type analysis for HDM, WDM, and CDM



GRAVITY – The Ultimate Capitalist Principle

The early universe expands 
almost perfectly uniformly.  
But there are small 
differences in density from 
place to place (about 30 
parts per million).   
Because of gravity, denser 
regions expand more 
slowly, less dense regions 
more rapidly.  Thus gravity 
amplifies the contrast 
between them, until…

Astronomers say that a region of the universe with more matter is “richer.” 
Gravity magnifies differences—if one region is slightly denser than average, 
it will expand slightly more slowly and grow relatively denser than its 
surroundings, while regions with less than average density will become 
increasingly less dense. The rich always get richer, and the poor poorer.

Temperature map at 380,000 years after the 
Big Bang.  Blue (cooler) regions are slightly 
denser.  From NASA’s WMAP satellite, 2003.  



Structure Formation by Gravitational Collapse

When any region 
becomes about 
twice as dense as 
typical regions its 
size, it reaches a 
maximum radius, 
stops expanding, 

and starts falling 
together. The forces 
between the 
subregions generate 
velocities which 
prevent the material 
from all falling 
toward the center.

Through Violent 
Relaxation the dark 
matter quickly reaches 
a stable configuration 
that’s about half the 
maximum radius but 
denser in the center.
Simulation of top-hat collapse: 
P.J.E. Peebles 1970, ApJ, 75, 13.



TOP HAT             VIOLENT          VIRIALIZED
Max Expansion         RELAXATION

rmax rvir



Growth and Collapse of 
Fluctuations

Schematic sketches of radius, density, and density 
contrast of an overdense fluctuation.  It initially 
expands with the Hubble expansion, reaches a 
maximum radius (solid vertical line), and undergoes 
violent relaxation during collapse (dashed vertical 
line), which results in the dissipationless matter 
forming a stable halo.  Meanwhile the ordinary matter 
ρb continues to dissipate kinetic energy and contract, 
thereby becoming more tightly bound, until dissipation 
is halted by star or disk formation, explaining the 
origin of galactic spheroids and disks.  
(This was the simplified discussion of BFPR84; the 
figure is from my 1984 lectures at the Varenna school.
Now we take into account halo growth by accretion, 
and the usual assumption is that spheroids form mostly 
as a result of galaxy mergers Toomre 1977.)



Halo and Galaxy 
Merging and 

Spheroid Formationdynamical
friction

mergers can trigger starburst,
          forming spheroid

subsequent cooling forms disk



Growth Factor
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2dF and Mocks



ΛCDM Fluctuation Spectrum 
Agrees with Observations!

Max Tegmark

P(k)


