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Neutrino Masses and Flavor Oscillations
     The fact that electron neutrino beams interact with matter to produce electrons, muon neutrinos 
produce muons, and tau neutrinos produce tau leptons suggested that all three lepton flavor 
numbers are conserved in the weak interactions.  But neutrino oscillations violate such flavor 
conservation just as the mixing of the d, s, and b quarks in the weak doublets into d’, s’, and b’ 
allows weak violation of quark flavor conservation.  

    In order for the sun to fuse four protons into a helium nucleus, two weak transformations of 
protons into neutrons are required: p ⟶ n + e+ + νe, which requires the emission of two electron-
type neutrinos. Neutrino flavor oscillations explain the experimental measurement that the sun 
emits only about a third of the number of electron-type neutrinos. Such oscillations have now been 
measured involving all three types of neutrinos. Further experimental evidence has allowed 
mesurement of the differences of the squared neutrino masses, but not yet their actual masses.
   
     Neutrinos are produced as flavor eigenstates νe, νµ, or ντ, but these are mixtures of the mass 
eigenstates ν1, ν2, ν3.  Since the masses differ, the superposition that corresponds to any particular 
flavor eigenstate will oscillate into a mixture of the other flavor eigenstates. 

       It is simplest to discuss just two types of neutrinos, for example νµ and ντ, which for simplicity 
we can regard as mixtures of ν2 and ν3.  This is a pretty good description of atmospheric neutrinos.  
Pions are abundantly produced by cosmic rays hitting air molecules the upper atmosphere, and the 
charged pions mainly decay to muons: e.g, π+ ⟶ µ+ + νµ.  Then the muons decay to muon and 
electron neutrinos:  µ+  ⟶ e+ + νe + νµ.  The result is that we expect two νµ for every νe (and 
similarly for antineutrinos).  This is true for downward going νµ, but the neutrinos coming from 
larger zenith angles or coming up through the earth have a lower νµ/νe ratio because of these 
atmospheric neutrino oscillations.

_
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       It is simplest to discuss just two types of neutrinos, for example νµ and ντ, which for simplicity 
we can regard as mixtures of ν2 and ν3.  This is a pretty good description of atmospheric neutrinos.  
Pions are abundantly produced by cosmic rays hitting air molecules the upper atmosphere, and the 
charged pions mainly decay to muons: e.g, π+ ⟶ µ+ + νµ.  Then the muons decay to muon and 
electron neutrinos:  µ+  ⟶ e+ + νe + νµ.  The result is that we expect two νµ for every νe (and 
similarly for antineutrinos).  This is what is observed for downward going νµ, but the neutrinos 
coming from larger zenith angles or coming up through the earth have lower νµ/νe ratios because 
these atmospheric neutrino oscillations decrease the number of νµ.  Such νµ oscillations have now 
also been observed using accelerator neutrinos.

_

     The correspoding neutrino mixing is described by 
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and the neutrino mass eigenstates will propagate as 
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It is always a good approximation the write Ei = pi (1+mi2/p2)1/2 = p + mi2/2p since the neutrino 
masses mi are are so much smaller than the neutrino energies. 
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The time dependence of the muon neutrino amplitude becomes
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If we start off with muon neutrinos, i.e.                 , then
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and the corresponding intensity is
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where we define Δm232 ≡ m32 − m22 (and assume for definiteness that m3 > m2) and where L is 
in km, E is in GeV and Δm2 is in (eV)2 (see homework 3 problem 6).
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Recall that
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The mixing angles θij and squared mass differences Δmij2 are experimentally found to be

Neutrino Masses and Flavor Oscillations

Citation: J. Beringer et al. (Particle Data Group), PR D86, 010001 (2012) and 2013 partial update for the 2014 edition (URL: http://pdg.lbl.gov)

Neutrino PropertiesNeutrino PropertiesNeutrino PropertiesNeutrino Properties

See the note on “Neutrino properties listings” in the Particle Listings.
Mass m < 2 eV (tritium decay)
Mean life/mass, τ/m > 300 s/eV, CL = 90% (reactor)
Mean life/mass, τ/m > 7 × 109 s/eV (solar)
Mean life/mass, τ/m > 15.4 s/eV, CL = 90% (accelerator)
Magnetic moment µ < 0.32× 10−10 µB , CL = 90% (reactor)

Number of Neutrino TypesNumber of Neutrino TypesNumber of Neutrino TypesNumber of Neutrino Types

Number N = 2.984 ± 0.008 (Standard Model fits to LEP data)
Number N = 2.92 ± 0.05 (S = 1.2) (Direct measurement of

invisible Z width)

Neutrino MixingNeutrino MixingNeutrino MixingNeutrino Mixing

The following values are obtained through data analyses based on
the 3-neutrino mixing scheme described in the review “Neutrino
Mass, Mixing, and Oscillations” by K. Nakamura and S.T. Petcov
in this Review.

sin2(2θ12) = 0.857 ± 0.024
∆m2

21 = (7.50 ± 0.20) × 10−5 eV2

sin2(2θ23) > 0.95 [i ]

∆m2
32 = (2.32+0.12

−0.08) × 10−3 eV2 [j ]

sin2(2θ13) = 0.095 ± 0.010

Heavy Neutral Leptons, Searches forHeavy Neutral Leptons, Searches forHeavy Neutral Leptons, Searches forHeavy Neutral Leptons, Searches for

For excited leptons, see Compositeness Limits below.

Stable Neutral Heavy Lepton Mass LimitsStable Neutral Heavy Lepton Mass LimitsStable Neutral Heavy Lepton Mass LimitsStable Neutral Heavy Lepton Mass Limits

Mass m > 45.0 GeV, CL = 95% (Dirac)
Mass m > 39.5 GeV, CL = 95% (Majorana)

Neutral Heavy Lepton Mass LimitsNeutral Heavy Lepton Mass LimitsNeutral Heavy Lepton Mass LimitsNeutral Heavy Lepton Mass Limits

Mass m > 90.3 GeV, CL = 95%
(Dirac νL coupling to e, µ, τ ; conservative case(τ))

Mass m > 80.5 GeV, CL = 95%
(Majorana νL coupling to e, µ, τ ; conservative case(τ))
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These are from the latest Particle Data Group 
summary table, which also says that 
sin2(2θ13) = 0.095 ± 0.010
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The plot at the right shows Δm232  and Δm122 

vs. the corresponding tan2θij .  If the neutrino
masses are hierarchical rather than nearly 
degenerate, then 
m3 ~ (2.3×10−3 eV2)1/2 = 0.05 eV
m2 ~ (7.5×10−5 eV2)1/2 = 0.007 eV

As already meantioned, cosmological data 
shows that m1 + m2 + m2 < 0.23 eV.
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Just as each neutrino of definite flavor, such as e, is a superposition of the neutrinos of 
definite mass, so each of the latter is a superposition of the neutrinos of definite flavor. In 
the figure, we indicate what is known experimentally about the flavor content of each 
neutrino of definite mass by color coding, showing the e fraction in black, the  fraction 
in cyan, and the  fraction in red. The indicated small e fraction of the isolated member 
of the spectrum, 3, is just an illustration; at present we know only that this fraction is no 
larger than 3% of this neutrino. We see from the figure that no neutrino of definite mass 
is anywhere near being just a neutrino of a single flavor. That is, neutrino mixing is large, 
in striking contrast to quark mixing, which is present, to be sure, but is quite small.     
 
Why is the mass hierarchy important? 
The Grand Unified Theories (GUTs) that unify the weak, electromagnetic, and strong 
interactions lead us to expect – at first – that the neutrino spectrum will resemble the 
charged lepton and quark spectra. The reason is simply that in a GUT the neutrinos, 
charged leptons, and quarks are all related; they belong to common multiplets of the 
theory. On the other hand, the neutrinos can have Majorana masses, but the charged 
leptons and quarks cannot. A Majorana mass mixes a particle with its antiparticle, and 
such mixing violates electric charge conservation if the particle is charged. Thus, the 
possibility of Majorana masses distinguishes the neutrinos from the other constituents of 
matter, and Majorana masses can readily turn a normal, quark-like neutrino spectrum into 
an inverted one. In addition, some classes of string theories lead one to expect an inverted 
neutrino spectrum. Clearly, in working toward an understanding of the origin of neutrino 
mass, we would like to know whether the mass spectrum is normal or inverted.  
 

2 
 

masses of the other constituents of matter. In our quest to understand the physics behind 
mass, we would like to know what that origin is.    
 
What are the neutrino flavors? 
There are three “flavors”  of  neutrinos:   e, , and . Each of these is coupled via the 
weak interaction to the charged lepton of the same flavor: e  to e,   to , and  to . 
When the W boson, the carrier of the weak force, decays into a charged lepton plus a 
neutrino, the neutrino is always the one with the same flavor as the charged lepton. Thus, 
we have W e e, or W , but not W e. Similarly, when a neutrino of 
a certain flavor interacts with a target in a detector and creates a charged lepton, this 
charged lepton is always of the same flavor as the neutrino. This correlation between 
neutrino and charged lepton flavors makes it possible for us to identify the flavor of a 
neutrino by observing the flavor of the charged lepton that the neutrino has produced in a 
detector.  
 
The discovery of neutrino mass is based on the experimental observation that a neutrino 
can change from one flavor to another. This spontaneous changing of flavor is the 
phenomenon referred to as neutrino oscillation. Oscillation implies not only neutrino 
mass, but also neutrino mixing. That is, the neutrinos of definite flavor, e ,  , and  , 
are not particles of definite mass (mass eigenstates), but coherent quantum-mechanical 
superpositions of such particles. The neutrinos of definite mass are called 1, 2, and 3, 
and the coefficients that express e ,  , and  in terms of 1, 2, and 3 form a 3  3 
matrix known as the leptonic mixing matrix, U, see figure. 
 
What is the neutrino mass hierarchy? 
Two of the three neutrinos of definite mass, 1 and 2, have squared masses differing by 

252 106.7 eVsolm . The third, 3, is separated from the 1 – 2 pair by a splitting 

that is thirty times larger:   2eV32 104.2atmm .  These m2 were first determined by 
solar and atmospheric neutrino experiments, respectively.  We do not know whether the 
closely-spaced 1 – 2 pair is at the bottom of the spectrum, as on the left of the figure 
below, or at the top, as on the right. If the closely-spaced pair is at the bottom, then the 
neutrino spectrum resembles the charged lepton and quark spectra, and for this reason 
would be called a normal hierarchy. If this pair is at the top, the spectrum would be 
referred to as an inverted hierarchy.  
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Article by Kayser & Parke, posted at http://physics.ucsc.edu/~joel/Phys129/Kayser&Parke-Neutrino-overview.pdf
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See-saw Mechanism for Neutrino Masses
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Mass, Mixing, and Oscillations” by K. Nakamura and S.T. Petcov
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21 = (7.50 ± 0.20) × 10−5 eV2

sin2(2θ23) > 0.95 [i ]
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It is puzzling that the neutrino masses, ~0.1 eV or less, are so much smaller than the other 
fermion masses.  A plausible explanation is the “see-saw” mechanism, in which neutrino 
masses are a mixture of Majorana masses mL and mR, which are separate for left- and right-
handed neutrinos, and a Dirac mass, which mixes L and R.  The corresponding mass matrix is
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Diagonalizing this matrix gives

If mL is so small that we can neglect it, and M ≡ mR >> mD, then 

Perkins, D. H.. Particle Astrophysics (2nd Edition).
: Oxford University Press, . p 118
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If we take mD ~ 10 GeV, then M ~ 1012 GeV gives m1 ~ 0.1 eV, as required.  This is another 
indication, besides Grand Unification, that there might be interesting new physics at high 
mass scales.  Decay of these hypothetical very massive right-handed neutrinos is also a 
plausible mechanism to help explain the cosmic asymmetry between matter and antimatter.
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Supersymmetry
When the British physicist Paul Dirac first combined Special Relativity with quantum 
mechanics, he found that this predicted that for every ordinary particle like the electron, there 
must be another particle with the opposite electric charge – the anti-electron (positron).  
Similarly, corresponding to the proton there must be an anti-proton.  Supersymmetry appears to 
be required to combine General Relativity (our modern theory of space, time, and gravity) with 
the other forces of nature (the electromagnetic, weak, and strong interactions).  The 
consequence is another doubling of the number of particles, since supersymmetry predicts that 
for every particle that we now know, including the antiparticles, there must be another, thus far 
undiscovered particle with the same electric charge but with spin differing by half a unit.  
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Spin is a fundamental property of elementary particles.  Matter particles 
like electrons and quarks (protons and neutrons are each made up of three 
quarks) have spin ½, while force particles like photons, W,Z, and gluons 
have spin 1.  The supersymmetric partners of electrons and quarks are 
called selectrons and squarks, and are bosons of spin 0.  The 
supersymmetric partners of the force particles are called the photino, 
Winos, Zino, and gluinos, and they have spin ½, so these fermions might 
be matter particles.  The lightest of these particles might be the photino.  
Whichever is lightest should be stable, so it is a natural candidate to be 
the dark matter WIMP, as first suggested by Pagels & Primack 1982.  A 
supersymmetric WIMP also naturally has about the observed dark matter 
density.  Its mass is not predicted by supersymmetry, but it will be 
produced soon at the LHC if it exists and its mass is not above ~1 TeV!

Supersymmetry thus helps unify gravity with the other forces, and it 
provides a natural candidate for the dark matter particle.  The boson-
fermion cancellation built into supersymmetry also helps to control the 
vacuum energy (related to the cosmological constant) and to explain the 
“gauge hierarchy problem” (why the Electroweak scale is so much less 
than the GUT or Planck scales).

Supersymmetric WIMPs
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Research program 2: theory and phenomenology 
of TeV-scale supersymmetry (SUSY) 

For a review, see H.E. Haber, Supersymmetry Theory, in the 2013 partial update for the  
2014 edition of the Review of Particle Physics, to be published by the Particle Data Group 
[http://pdg.lbl.gov/2013/reviews/rpp2013-rev-susy-1-theory.pdf]. 
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The Expanding Universe
      Edwin Hubble discovered the expansion of the universe by discovering a linear relation 
between the expansion velocity v of a galaxy and its distance D:
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where the constant of proportionality H0, called the Hubble constant or Hubble parameter, has 
the value (according to Perkins)
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Actually, the latest value for H0, from the Planck satellite data plus much other astronomical 
data, is                      .      

Planck Collaboration: Cosmological parameters

Table 8. Approximate constraints with 68% errors on ⌦m and
H0 (in units of km s�1 Mpc�1) from BAO, with !m and !b fixed
to the best-fit Planck+WP+highL values for the base ⇤CDM
cosmology.

Sample ⌦m H0

6dF . . . . . . . . . . . . . . . . . . . . . . . . . 0.305+0.032
�0.026 68.3+3.2

�3.2
SDSS . . . . . . . . . . . . . . . . . . . . . . . 0.295+0.019

�0.017 69.5+2.2
�2.1

SDSS(R) . . . . . . . . . . . . . . . . . . . . . 0.293+0.015
�0.013 69.6+1.7

�1.5
WiggleZ . . . . . . . . . . . . . . . . . . . . . 0.309+0.041

�0.035 67.8+4.1
�2.8

BOSS . . . . . . . . . . . . . . . . . . . . . . . 0.315+0.015
�0.015 67.2+1.6

�1.5
6dF+SDSS+BOSS+WiggleZ . . . . . . 0.307+0.010

�0.011 68.1+1.1
�1.1

6dF+SDSS(R)+BOSS . . . . . . . . . . . 0.305+0.009
�0.010 68.4+1.0

�1.0
6dF+SDSS(R)+BOSS+WiggleZ . . . . 0.305+0.009

�0.008 68.4+1.0
�1.0

surements constrain parameters in the base ⇤CDM model, we
form �2,

�2
BAO = (x � x

⇤CDM)T C�1
BAO(x � x

⇤CDM), (50)

where x is the data vector, x

⇤CDM denotes the theoretical pre-
diction for the ⇤CDM model and C�1

BAO is the inverse covari-
ance matrix for the data vector x. The data vector is as fol-
lows: DV(0.106) = (457 ± 27) Mpc (6dF); rs/DV(0.20) =
0.1905 ± 0.0061, rs/DV(0.35) = 0.1097 ± 0.0036 (SDSS);
A(0.44) = 0.474 ± 0.034, A(0.60) = 0.442 ± 0.020, A(0.73) =
0.424±0.021 (WiggleZ); DV(0.35)/rs = 8.88±0.17 (SDSS(R));
and DV(0.57)/rs = 13.67±0.22, (BOSS). The o↵-diagonal com-
ponents of C�1

BAO for the SDSS and WiggleZ results are given
in Percival et al. (2010) and Blake et al. (2011). We ignore any
covariances between surveys. Since the SDSS and SDSS(R) re-
sults are based on the same survey, we include either one set of
results or the other in the analysis described below, but not both
together.

The Eisenstein-Hu values of rs for the Planck and WMAP-9
base ⇤CDM parameters di↵er by only 0.9%, significantly
smaller than the errors in the BAO measurements. We can obtain
an approximate idea of the complementary information provided
by BAO measurements by minimizing Eq. (50) with respect to
either ⌦m or H0, fixing !m and !b to the CMB best-fit parame-
ters. (We use the Planck+WP+highL parameters from Table 5.)
The results are listed in Table 819.

As can be seen, the results are very stable from survey to
survey and are in excellent agreement with the base ⇤CDM
parameters listed in Tables 2 and 5. The values of �2

BAO are
also reasonable. For example, for the six data points of the
6dF+SDSS(R)+BOSS+WiggleZ combination, we find �2

BAO =
4.3, evaluated for the Planck+WP+highL best-fit⇤CDM param-
eters.

The high value of ⌦m is consistent with the parameter anal-
ysis described by Blake et al. (2011) and with the “tension” dis-
cussed by Anderson et al. (2013) between BAO distance mea-
surements and direct determinations of H0 (Riess et al. 2011;
Freedman et al. 2012). Furthermore, if the errors on the BAO
measurements are accurate, the constraints on ⌦m and H0 (for
fixed !m and !b) are of comparable accuracy to those from
Planck.

19As an indication of the accuracy of Table 8, the full likelihood
results for the Planck+WP+6dF+SDSS(R)+BOSS BAO data sets give
⌦m = 0.308 ± 0.010 and H0 = 67.8 ± 0.8 km s�1 Mpc�1, for the base
⇤CDM model.

Fig. 16. Comparison of H0 measurements, with estimates of
±1� errors, from a number of techniques (see text for details).
These are compared with the spatially-flat ⇤CDM model con-
straints from Planck and WMAP-9.

The results of this section show that BAO measurements are
an extremely valuable complementary data set to Planck. The
measurements are basically geometrical and free from complex
systematic e↵ects that plague many other types of astrophysical
measurements. The results are consistent from survey to survey
and are of comparable precision to Planck. In addition, BAO
measurements can be used to break parameter degeneracies that
limit analyses based purely on CMB data. For example, from
the excellent agreement with the base ⇤CDM model evident in
Fig. 15, we can infer that the combination of Planck and BAO
measurements will lead to tight constraints favouring ⌦K = 0
(Sect. 6.2) and a dark energy equation-of-state parameter, w =
�1 (Sect. 6.5).

Finally, we note that we choose to use the
6dF+SDSS(R)+BOSS data combination in the likelihood
analysis of Sect. 6. This choice includes the two most accu-
rate BAO measurements and, since the e↵ective redshifts of
these samples are widely separated, it should be a very good
approximation to neglect correlations between the surveys.

5.3. The Hubble constant

A striking result from the fits of the base⇤CDM model to Planck
power spectra is the low value of the Hubble constant, which is
tightly constrained by CMB data alone in this model. From the
Planck+WP+highL analysis we find

H0 = (67.3±1.2) km s�1 Mpc�1 (68%; Planck+WP+highL).(51)

A low value of H0 has been found in other CMB experi-
ments, most notably from the recent WMAP-9 analysis. Fitting
the base ⇤CDM model, Hinshaw et al. (2012) find

H0 = (70.0 ± 2.2) km s�1 Mpc�1 (68%; WMAP-9), (52)

consistent with Eq. (51) to within 1�. We emphasize here that
the CMB estimates are highly model dependent. It is important
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Planck errors are small and Planck’s 
values for H0 and Ωm are rather 
different from some earlier ones
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Planck+WP Planck+WP+highL Planck+lensing+WP+highL Planck+WP+highL+BAO

Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits Best fit 68% limits

⌦bh2 . . . . . . . . . . 0.022032 0.02205 ± 0.00028 0.022069 0.02207 ± 0.00027 0.022199 0.02218 ± 0.00026 0.022161 0.02214 ± 0.00024

⌦ch2 . . . . . . . . . . 0.12038 0.1199 ± 0.0027 0.12025 0.1198 ± 0.0026 0.11847 0.1186 ± 0.0022 0.11889 0.1187 ± 0.0017

100✓MC . . . . . . . . 1.04119 1.04131 ± 0.00063 1.04130 1.04132 ± 0.00063 1.04146 1.04144 ± 0.00061 1.04148 1.04147 ± 0.00056

⌧ . . . . . . . . . . . . 0.0925 0.089+0.012
�0.014 0.0927 0.091+0.013

�0.014 0.0943 0.090+0.013
�0.014 0.0952 0.092 ± 0.013

ns . . . . . . . . . . . 0.9619 0.9603 ± 0.0073 0.9582 0.9585 ± 0.0070 0.9624 0.9614 ± 0.0063 0.9611 0.9608 ± 0.0054

ln(1010As) . . . . . . . 3.0980 3.089+0.024
�0.027 3.0959 3.090 ± 0.025 3.0947 3.087 ± 0.024 3.0973 3.091 ± 0.025

APS
100 . . . . . . . . . . 152 171 ± 60 209 212 ± 50 204 213 ± 50 204 212 ± 50

APS
143 . . . . . . . . . . 63.3 54 ± 10 72.6 73 ± 8 72.2 72 ± 8 71.8 72.4 ± 8.0

APS
217 . . . . . . . . . . 117.0 107+20

�10 59.5 59 ± 10 60.2 58 ± 10 59.4 59 ± 10

ACIB
143 . . . . . . . . . . 0.0 < 10.7 3.57 3.24 ± 0.83 3.25 3.24 ± 0.83 3.30 3.25 ± 0.83

ACIB
217 . . . . . . . . . . 27.2 29+6

�9 53.9 49.6 ± 5.0 52.3 50.0 ± 4.9 53.0 49.7 ± 5.0

AtSZ
143 . . . . . . . . . . 6.80 . . . 5.17 2.54+1.1

�1.9 4.64 2.51+1.2
�1.8 4.86 2.54+1.2

�1.8

rPS
143⇥217 . . . . . . . . 0.916 > 0.850 0.825 0.823+0.069

�0.077 0.814 0.825 ± 0.071 0.824 0.823 ± 0.070

rCIB
143⇥217 . . . . . . . . 0.406 0.42 ± 0.22 1.0000 > 0.930 1.0000 > 0.928 1.0000 > 0.930

�CIB . . . . . . . . . . 0.601 0.53+0.13
�0.12 0.674 0.638 ± 0.081 0.656 0.643 ± 0.080 0.667 0.639 ± 0.081

⇠tSZ⇥CIB . . . . . . . . 0.03 . . . 0.000 < 0.409 0.000 < 0.389 0.000 < 0.410

AkSZ . . . . . . . . . . 0.9 . . . 0.89 5.34+2.8
�1.9 1.14 4.74+2.6

�2.1 1.58 5.34+2.8
�2.0

⌦⇤ . . . . . . . . . . . 0.6817 0.685+0.018
�0.016 0.6830 0.685+0.017

�0.016 0.6939 0.693 ± 0.013 0.6914 0.692 ± 0.010

�8 . . . . . . . . . . . 0.8347 0.829 ± 0.012 0.8322 0.828 ± 0.012 0.8271 0.8233 ± 0.0097 0.8288 0.826 ± 0.012

zre . . . . . . . . . . . 11.37 11.1 ± 1.1 11.38 11.1 ± 1.1 11.42 11.1 ± 1.1 11.52 11.3 ± 1.1

H0 . . . . . . . . . . . 67.04 67.3 ± 1.2 67.15 67.3 ± 1.2 67.94 67.9 ± 1.0 67.77 67.80 ± 0.77

Age/Gyr . . . . . . . 13.8242 13.817 ± 0.048 13.8170 13.813 ± 0.047 13.7914 13.794 ± 0.044 13.7965 13.798 ± 0.037

100✓⇤ . . . . . . . . . 1.04136 1.04147 ± 0.00062 1.04146 1.04148 ± 0.00062 1.04161 1.04159 ± 0.00060 1.04163 1.04162 ± 0.00056

rdrag . . . . . . . . . . 147.36 147.49 ± 0.59 147.35 147.47 ± 0.59 147.68 147.67 ± 0.50 147.611 147.68 ± 0.45

Table 5. Best-fit values and 68% confidence limits for the base ⇤CDM model. Beam and calibration parameters, and addi-
tional nuisance parameters for “highL” data sets are not listed for brevity but may be found in the Explanatory Supplement
(Planck Collaboration ES 2013).

strongly degenerate with the Poisson point source ampli-
tude at 100 GHz. This degeneracy is broken when the high-
resolution CMB data are added to Planck.

The last two points are demonstrated clearly in Fig. 7, which
shows the residuals of the Planck spectra with respect to the
best-fit cosmology for the Planck+WP analysis compared to the
Planck+WP+highL fits. The addition of high-resolution CMB
data also strongly constrains the net contribution from the kSZ
and tSZ⇥CIB components (dotted lines), though these compo-
nents are degenerate with each other (and tend to cancel).

Although the foreground parameters for the Planck+WP fits
can di↵er substantially from those for Planck+WP+highL, the
total foreground spectra are rather insensitive to the addition of
the high-resolution CMB data. For example, for the 217 ⇥ 217
spectrum, the di↵erences in the total foreground solution are less
than 10 µK2 at ` = 2500. The net residuals after subtracting both
the foregrounds and CMB spectrum (shown in the lower panels
of each sub-plot in Fig. 7) are similarly insensitive to the addi-
tion of the high-resolution CMB data. The foreground model is
su�ciently complex that it has a high “absorptive capacity” to
any smoothly-varying frequency-dependent di↵erences between
spectra (including beam errors).

Table 6. Goodness-of-fit tests for the Planck spectra. The ��2 =
�2 � N` is the di↵erence from the mean assuming the model is
correct, and the last column expresses ��2 in units of the disper-
sion

p
2N`.

Spectrum `min `max �2 �2/N` ��2/
p

2N`

100 ⇥ 100 50 1200 1158 1.01 0.14
143 ⇥ 143 50 2000 1883 0.97 �1.09
217 ⇥ 217 500 2500 2079 1.04 1.23
143 ⇥ 217 500 2500 1930 0.96 �1.13

All 50 2500 2564 1.05 1.62

To quantify the consistency of the model fits shown in Fig. 7
for Planck we compute the �2 statistic

�2 =
X

``0
(Cdata
` �CCMB

` �Cfg
` )M�1

``0 (C
data
`0 �CCMB

`0 �Cfg
`0 ), (33)

for each of the spectra, where the sums extend over the mul-
tipole ranges `min and `max used in the likelihood, M``0 is
the covariance matrix for the spectrum Cdata

` (including cor-
rections for beam eigenmodes and calibrations), CCMB

` is the
best-fit primordial CMB spectrum and Cfg

` is the best-fit fore-
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strongly degenerate with the Poisson point source ampli-
tude at 100 GHz. This degeneracy is broken when the high-
resolution CMB data are added to Planck.

The last two points are demonstrated clearly in Fig. 7, which
shows the residuals of the Planck spectra with respect to the
best-fit cosmology for the Planck+WP analysis compared to the
Planck+WP+highL fits. The addition of high-resolution CMB
data also strongly constrains the net contribution from the kSZ
and tSZ⇥CIB components (dotted lines), though these compo-
nents are degenerate with each other (and tend to cancel).

Although the foreground parameters for the Planck+WP fits
can di↵er substantially from those for Planck+WP+highL, the
total foreground spectra are rather insensitive to the addition of
the high-resolution CMB data. For example, for the 217 ⇥ 217
spectrum, the di↵erences in the total foreground solution are less
than 10 µK2 at ` = 2500. The net residuals after subtracting both
the foregrounds and CMB spectrum (shown in the lower panels
of each sub-plot in Fig. 7) are similarly insensitive to the addi-
tion of the high-resolution CMB data. The foreground model is
su�ciently complex that it has a high “absorptive capacity” to
any smoothly-varying frequency-dependent di↵erences between
spectra (including beam errors).

Table 6. Goodness-of-fit tests for the Planck spectra. The ��2 =
�2 � N` is the di↵erence from the mean assuming the model is
correct, and the last column expresses ��2 in units of the disper-
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143 ⇥ 143 50 2000 1883 0.97 �1.09
217 ⇥ 217 500 2500 2079 1.04 1.23
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best-fit primordial CMB spectrum and Cfg
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Table 5. Best-fit values and 68% confidence limits for the base ΛCDM model. 
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Table 8. Approximate constraints with 68% errors on ⌦m and
H0 (in units of km s�1 Mpc�1) from BAO, with !m and !b fixed
to the best-fit Planck+WP+highL values for the base ⇤CDM
cosmology.

Sample ⌦m H0

6dF . . . . . . . . . . . . . . . . . . . . . . . . . 0.305+0.032
�0.026 68.3+3.2

�3.2
SDSS . . . . . . . . . . . . . . . . . . . . . . . 0.295+0.019

�0.017 69.5+2.2
�2.1

SDSS(R) . . . . . . . . . . . . . . . . . . . . . 0.293+0.015
�0.013 69.6+1.7

�1.5
WiggleZ . . . . . . . . . . . . . . . . . . . . . 0.309+0.041

�0.035 67.8+4.1
�2.8

BOSS . . . . . . . . . . . . . . . . . . . . . . . 0.315+0.015
�0.015 67.2+1.6

�1.5
6dF+SDSS+BOSS+WiggleZ . . . . . . 0.307+0.010

�0.011 68.1+1.1
�1.1

6dF+SDSS(R)+BOSS . . . . . . . . . . . 0.305+0.009
�0.010 68.4+1.0

�1.0
6dF+SDSS(R)+BOSS+WiggleZ . . . . 0.305+0.009

�0.008 68.4+1.0
�1.0

surements constrain parameters in the base ⇤CDM model, we
form �2,

�2
BAO = (x � x

⇤CDM)T C�1
BAO(x � x

⇤CDM), (50)

where x is the data vector, x

⇤CDM denotes the theoretical pre-
diction for the ⇤CDM model and C�1

BAO is the inverse covari-
ance matrix for the data vector x. The data vector is as fol-
lows: DV(0.106) = (457 ± 27) Mpc (6dF); rs/DV(0.20) =
0.1905 ± 0.0061, rs/DV(0.35) = 0.1097 ± 0.0036 (SDSS);
A(0.44) = 0.474 ± 0.034, A(0.60) = 0.442 ± 0.020, A(0.73) =
0.424±0.021 (WiggleZ); DV(0.35)/rs = 8.88±0.17 (SDSS(R));
and DV(0.57)/rs = 13.67±0.22, (BOSS). The o↵-diagonal com-
ponents of C�1

BAO for the SDSS and WiggleZ results are given
in Percival et al. (2010) and Blake et al. (2011). We ignore any
covariances between surveys. Since the SDSS and SDSS(R) re-
sults are based on the same survey, we include either one set of
results or the other in the analysis described below, but not both
together.

The Eisenstein-Hu values of rs for the Planck and WMAP-9
base ⇤CDM parameters di↵er by only 0.9%, significantly
smaller than the errors in the BAO measurements. We can obtain
an approximate idea of the complementary information provided
by BAO measurements by minimizing Eq. (50) with respect to
either ⌦m or H0, fixing !m and !b to the CMB best-fit parame-
ters. (We use the Planck+WP+highL parameters from Table 5.)
The results are listed in Table 819.

As can be seen, the results are very stable from survey to
survey and are in excellent agreement with the base ⇤CDM
parameters listed in Tables 2 and 5. The values of �2

BAO are
also reasonable. For example, for the six data points of the
6dF+SDSS(R)+BOSS+WiggleZ combination, we find �2

BAO =
4.3, evaluated for the Planck+WP+highL best-fit⇤CDM param-
eters.

The high value of ⌦m is consistent with the parameter anal-
ysis described by Blake et al. (2011) and with the “tension” dis-
cussed by Anderson et al. (2013) between BAO distance mea-
surements and direct determinations of H0 (Riess et al. 2011;
Freedman et al. 2012). Furthermore, if the errors on the BAO
measurements are accurate, the constraints on ⌦m and H0 (for
fixed !m and !b) are of comparable accuracy to those from
Planck.

19As an indication of the accuracy of Table 8, the full likelihood
results for the Planck+WP+6dF+SDSS(R)+BOSS BAO data sets give
⌦m = 0.308 ± 0.010 and H0 = 67.8 ± 0.8 km s�1 Mpc�1, for the base
⇤CDM model.

Fig. 16. Comparison of H0 measurements, with estimates of
±1� errors, from a number of techniques (see text for details).
These are compared with the spatially-flat ⇤CDM model con-
straints from Planck and WMAP-9.

The results of this section show that BAO measurements are
an extremely valuable complementary data set to Planck. The
measurements are basically geometrical and free from complex
systematic e↵ects that plague many other types of astrophysical
measurements. The results are consistent from survey to survey
and are of comparable precision to Planck. In addition, BAO
measurements can be used to break parameter degeneracies that
limit analyses based purely on CMB data. For example, from
the excellent agreement with the base ⇤CDM model evident in
Fig. 15, we can infer that the combination of Planck and BAO
measurements will lead to tight constraints favouring ⌦K = 0
(Sect. 6.2) and a dark energy equation-of-state parameter, w =
�1 (Sect. 6.5).

Finally, we note that we choose to use the
6dF+SDSS(R)+BOSS data combination in the likelihood
analysis of Sect. 6. This choice includes the two most accu-
rate BAO measurements and, since the e↵ective redshifts of
these samples are widely separated, it should be a very good
approximation to neglect correlations between the surveys.

5.3. The Hubble constant

A striking result from the fits of the base⇤CDM model to Planck
power spectra is the low value of the Hubble constant, which is
tightly constrained by CMB data alone in this model. From the
Planck+WP+highL analysis we find

H0 = (67.3±1.2) km s�1 Mpc�1 (68%; Planck+WP+highL).(51)

A low value of H0 has been found in other CMB experi-
ments, most notably from the recent WMAP-9 analysis. Fitting
the base ⇤CDM model, Hinshaw et al. (2012) find

H0 = (70.0 ± 2.2) km s�1 Mpc�1 (68%; WMAP-9), (52)

consistent with Eq. (51) to within 1�. We emphasize here that
the CMB estimates are highly model dependent. It is important
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Fig. 39. Left: Planck TT spectrum at low multipoles with 68% ranges on the posteriors. The “rainbow” band show the best fits to
the entire Planck+WP likelihood for the base ⇤CDM cosmology, colour-coded according to the value of the scalar spectral index
ns. Right: Limits (68% and 95%) on the relative amplitude of the base ⇤CDM fits to the Planck+WP likelihood fitted only to the
Planck TT likelihood over the multipole range 2  `  `max.

We find the following notable results using CMB data alone:

– The deviation of the scalar spectral index from unity is ro-
bust to the addition of tensor modes and to changes in the
matter content of the Universe. For example, adding a tensor
component we find ns = 0.9600 ± 0.0072, a 5.5� departure
from ns = 1.

– A 95% upper limit on the tensor-to-scalar ratio of r0.002 <
0.11. The combined contraints on ns and r0.002 are on the
borderline of compatibility with single-field inflation with a
quadratic potential (Fig. 23).

– A 95% upper limit on the summed neutrino mass of
P

m⌫ <
0.66 eV.

– A determination of the e↵ective number of neutrino-like rel-
ativistic degrees of freedom of Ne↵ = 3.36±0.34, compatible
with the standard value of 3.046.

– The results from Planck are consistent with the results of
standard big bang nucleosynthesis. In fact, combining the
CMB data with the most recent results on the deuterium
abundance, leads to the constraint Ne↵ = 3.02 ± 0.27, again
compatible with the standard value of 3.046.

– New limits on a possible variation of the fine-structure
constant, dark matter annihilation and primordial magnetic
fields.

We also find a number of marginal (around 2�) results,
perhaps indicative of internal tension within the Planck data.
Examples include the preference of the (phenomenological)
lensing parameter for values greater than unity (AL = 1.23±0.11;
Eq. 44) and for negative running (dns/d ln k = �0.015±0.09; Eq.
62b). In Planck Collaboration XXII (2013), the Planck data indi-
cate a preference for anti-correlated isocurvature modes and for
models with a truncated power spectrum on large scales. None
of these results have a decisive level of statistical significance,
but they can all be traced to an unusual aspect of the tempera-
ture power spectrum at low multipoles. As can be seen in Fig.
1, and on an expanded scale in the left-hand panel of Fig. 39,
the measured power spectrum shows a dip relative to the best-fit
base ⇤CDM cosmology in the multipole range 20 <⇠ ` <⇠ 30 and
an excess at ` = 40. The existence of “glitches” in the power
spectrum at low multipoles was noted by the WMAP team in the

first-year papers (Hinshaw et al. 2003; Spergel et al. 2003) and
acted as motivation to fit an inflation model with a step-like fea-
ture (Peiris et al. 2003). Similar investigations have been carried
out by a number of authors, (see e.g., Mortonson et al. 2009, and
references therein). At these low multipoles, the Planck spec-
trum is in excellent agreement with the WMAP nine-year spec-
trum (Planck Collaboration XV 2013), so it is unlikely that any
of the features such as the low quadrupole or “dip” in the multi-
pole range 20–30 are caused by instrumental e↵ects or Galactic
foregrounds. These are real features of the CMB anisotropies.

The Planck data, however, constrain the parameters of the
base ⇤CDM model to such high precision that there is little re-
maining flexibility to fit the low-multipole part of the spectrum.
To illustrate this point, the right-hand panel of Fig. 39 shows the
68% and 95% limits on the relative amplitude of the base⇤CDM
model (sampling the chains constrained by the full likelihood)
fitted only to the Planck TT likelihood over the multipole range
2  `  `max. From multipoles `max ⇡ 25 to multipoles `max ⇡
35, we see more than a 2� departure from values of unity. (The
maximum deviation from unity is 2.7� at ` = 30.) It is di�cult
to know what to make of this result, and we present it here as a
“curiosity” that needs further investigation. The Planck temper-
ature data are remarkably consistent with the predictions of the
base ⇤CDM model at high multipoles, but it is also conceivable
that the ⇤CDM cosmology fails at low multipoles. There are
other indications, from both WMAP and Planck data for “anoma-
lies” at low multipoles (Planck Collaboration XXIII 2013), that
may be indicative of new physics operating on the largest scales
in our Universe. Interpretation of large-scale anomalies (includ-
ing the results shown in Fig. 39) is di�cult in the absence of a
theoretical framework. The problem here is assessing the role of
a posteriori choices, i.e., that inconsistencies attract our atten-
tion and influence our choice of statistical test. Nevertheless, we
know so little about the physics of the early Universe that we
should be open to the possibility that there is new physics be-
yond that assumed in the base ⇤CDM model. Irrespective of the
interpretation, the unusual shape of the low multipole spectrum
is at least partly responsible for some of the 2� e↵ects seen in
the analysis of extensions to the⇤CDM model discussed in Sect.
6.
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ABSTRACT

Abstract: This paper presents the first cosmological results based on Planck measurements of the cosmic microwave background (CMB) temper-
ature and lensing-potential power spectra. We find that the Planck spectra at high multipoles (` >⇠ 40) are extremely well described by the standard
spatially-flat six-parameter ⇤CDM cosmology with a power-law spectrum of adiabatic scalar perturbations. Within the context of this cosmology,
the Planck data determine the cosmological parameters to high precision: the angular size of the sound horizon at recombination, the physical den-
sities of baryons and cold dark matter, and the scalar spectral index are estimated to be ✓⇤ = (1.04147±0.00062)⇥10�2,⌦bh2 = 0.02205±0.00028,
⌦ch2 = 0.1199 ± 0.0027, and ns = 0.9603 ± 0.0073, respectively (68% errors). For this cosmology, we find a low value of the Hubble constant,
H0 = 67.3±1.2 km s�1 Mpc�1, and a high value of the matter density parameter, ⌦m = 0.315±0.017. These values are in tension with recent direct
measurements of H0 and the magnitude-redshift relation for Type Ia supernovae, but are in excellent agreement with geometrical constraints from
baryon acoustic oscillation (BAO) surveys. Including curvature, we find that the Universe is consistent with spatial flatness to percent level preci-
sion using Planck CMB data alone. We use high-resolution CMB data together with Planck to provide greater control on extragalactic foreground
components in an investigation of extensions to the six-parameter ⇤CDM model. We present selected results from a large grid of cosmological
models, using a range of additional astrophysical data sets in addition to Planck and high-resolution CMB data. None of these models are favoured
over the standard six-parameter ⇤CDM cosmology. The deviation of the scalar spectral index from unity is insensitive to the addition of tensor
modes and to changes in the matter content of the Universe. We find a 95% upper limit of r0.002 < 0.11 on the tensor-to-scalar ratio. There is no
evidence for additional neutrino-like relativistic particles beyond the three families of neutrinos in the standard model. Using BAO and CMB data,
we find Ne↵ = 3.30±0.27 for the e↵ective number of relativistic degrees of freedom, and an upper limit of 0.23 eV for the sum of neutrino masses.
Our results are in excellent agreement with big bang nucleosynthesis and the standard value of Ne↵ = 3.046. We find no evidence for dynamical
dark energy; using BAO and CMB data, the dark energy equation of state parameter is constrained to be w = �1.13+0.13

�0.10. We also use the Planck
data to set limits on a possible variation of the fine-structure constant, dark matter annihilation and primordial magnetic fields. Despite the success
of the six-parameter ⇤CDM model in describing the Planck data at high multipoles, we note that this cosmology does not provide a good fit to the
temperature power spectrum at low multipoles. The unusual shape of the spectrum in the multipole range 20 <⇠ ` <⇠ 40 was seen previously in the
WMAP data and is a real feature of the primordial CMB anisotropies. The poor fit to the spectrum at low multipoles is not of decisive significance,
but is an “anomaly” in an otherwise self-consistent analysis of the Planck temperature data.

Key words. Cosmology: observations – Cosmology: theory – cosmic microwave background – cosmological parameters
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The main Planck 
anomaly is the 
low amplitudes 
at l ≈ 21-27

Planck errors are 
small and Planck’s 

values for H0 and Ωm 
are rather different 

from WMAP’s

Note that measuring galaxy redshifts is 
easy, but measuring their distances is 
hard.  Milton Humason and others had 
measured a number of galaxy redshifts, 
but Hubble figured out how to measure 
distances to galaxies using Cepheid
variable stars.  He got the relative 
distances more or less right, although his 
distance scale was later recalibrated as 
Cepheid variables were better 
understood.
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General Relativity

MATTER TELLS SPACE
     HOW TO CURVE

 CURVED SPACE TELLS
MATTER HOW TO MOVE
    duµ

     ds
+ Γµ

αβ uα uβ = 0

Gµν  ≡ Rµν – ½Rgµν  = – 8πGTµν  – Λgµν

Text

xt

Einstein Field Equations

Here uα   is the velocity 4-vector of a particle.  The Ricci 
curvature tensor Rµν ≡ Rλµσνgλσ , the Riemann curvature 
tensor Rλµσν , and the affine connection Γµ

αβ  can be 
calculated from the metric tensor gλσ .  If the metric is just 
that of flat space, then Γµ

αβ = 0 and the first equation above 
just says that the particle is unaccelerated -- i.e., it satisfies 
the law of inertia (Newton’s 1st law).

xt

Thursday, January 30, 14



General Relativity and Cosmology

MATTER TELLS SPACE
     HOW TO CURVE

 CURVED SPACE TELLS
MATTER HOW TO MOVE
    duµ

     ds
+ Γµ

αβ uα uβ = 0

Einstein’s Cosmological Principle: on large scales, space is uniform and isotropic.  

COBE-Copernicus Theorem: If all observers observe a nearly-isotropic Cosmic 
Background Radiation (CBR), then the universe is locally nearly homogeneous and 
isotropic – i.e., is approximately described by the Friedmann-Robertson-Walker metric

      ds2 =  dt2  – a2(t) [dr2 (1 – kr2)–1 + r2 dΩ2]

with curvature constant k = –1, 0, or +1.  Substituting this metric into the Einstein 
equations above, we get the Friedmann equations.  

Gµν  ≡ Rµν – ½Rgµν  = – 8πGTµν  – Λgµν

Text

xt

Einstein Field Equations
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Friedmann-Robertson-Walker Metric
(homogeneous, isotropic universe)

Friedmann equation

deceleration parameter

age of the universe
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History of Cosmic Expansion for General ΩM & ΩΛ
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History of Cosmic Expansion for General ΩM & ΩΛ
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History of Cosmic Expansion for ΩΛ= 1- ΩM 

Saul Perlmutter, Physics Today, Apr 2003

past future

now

With ΩΛ = 0 the age of the 
decelerating universe would 
be only 9 Gyr, but ΩΛ = 0.7, 
Ωm = 0.3 gives an age of 14 
Gyr, consistent with stellar 
and radioactive decay ages
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LCDM Benchmark Cosmological Model: 
Ingredients & Epochs 

Barbara Ryden, Introduction to Cosmology (Addison-Wesley, 2003)
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Benchmark Model: Scale Factor vs. Time 

Barbara Ryden, Introduction to Cosmology (Addison-Wesley, 2003)
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Ωm

Age of the Universe t0 in FRW Cosmologies

■

Benchmark
Model

Benchmark
Model
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Age t0 of the Double Dark Universe

Age in Gyr

Ωm,0

ΩΛ,0

Calculated for k=0 and h=0.7.  For any other value of the 
Hubble parameter, multiply the age by (h/0.7).
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Age of the Universe and Lookback Time

Redshift z

These are for the Benchmark Model Ωm,0=0.3, ΩΛ,0=0.7, h=0.7.

Gyr
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