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The Expanding Universe
      Edwin Hubble discovered the expansion of the universe by discovering a linear relation 
between the expansion velocity v of a galaxy and its distance D:
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Actually, the latest value for H0, from the Planck satellite data plus much other astronomical 
data, is                      .      
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Table 8. Approximate constraints with 68% errors on ⌦m and
H0 (in units of km s�1 Mpc�1) from BAO, with !m and !b fixed
to the best-fit Planck+WP+highL values for the base ⇤CDM
cosmology.

Sample ⌦m H0

6dF . . . . . . . . . . . . . . . . . . . . . . . . . 0.305+0.032
�0.026 68.3+3.2

�3.2
SDSS . . . . . . . . . . . . . . . . . . . . . . . 0.295+0.019

�0.017 69.5+2.2
�2.1

SDSS(R) . . . . . . . . . . . . . . . . . . . . . 0.293+0.015
�0.013 69.6+1.7

�1.5
WiggleZ . . . . . . . . . . . . . . . . . . . . . 0.309+0.041

�0.035 67.8+4.1
�2.8

BOSS . . . . . . . . . . . . . . . . . . . . . . . 0.315+0.015
�0.015 67.2+1.6

�1.5
6dF+SDSS+BOSS+WiggleZ . . . . . . 0.307+0.010

�0.011 68.1+1.1
�1.1

6dF+SDSS(R)+BOSS . . . . . . . . . . . 0.305+0.009
�0.010 68.4+1.0

�1.0
6dF+SDSS(R)+BOSS+WiggleZ . . . . 0.305+0.009

�0.008 68.4+1.0
�1.0

surements constrain parameters in the base ⇤CDM model, we
form �2,

�2
BAO = (x � x

⇤CDM)T C�1
BAO(x � x

⇤CDM), (50)

where x is the data vector, x

⇤CDM denotes the theoretical pre-
diction for the ⇤CDM model and C�1

BAO is the inverse covari-
ance matrix for the data vector x. The data vector is as fol-
lows: DV(0.106) = (457 ± 27) Mpc (6dF); rs/DV(0.20) =
0.1905 ± 0.0061, rs/DV(0.35) = 0.1097 ± 0.0036 (SDSS);
A(0.44) = 0.474 ± 0.034, A(0.60) = 0.442 ± 0.020, A(0.73) =
0.424±0.021 (WiggleZ); DV(0.35)/rs = 8.88±0.17 (SDSS(R));
and DV(0.57)/rs = 13.67±0.22, (BOSS). The o↵-diagonal com-
ponents of C�1

BAO for the SDSS and WiggleZ results are given
in Percival et al. (2010) and Blake et al. (2011). We ignore any
covariances between surveys. Since the SDSS and SDSS(R) re-
sults are based on the same survey, we include either one set of
results or the other in the analysis described below, but not both
together.

The Eisenstein-Hu values of rs for the Planck and WMAP-9
base ⇤CDM parameters di↵er by only 0.9%, significantly
smaller than the errors in the BAO measurements. We can obtain
an approximate idea of the complementary information provided
by BAO measurements by minimizing Eq. (50) with respect to
either ⌦m or H0, fixing !m and !b to the CMB best-fit parame-
ters. (We use the Planck+WP+highL parameters from Table 5.)
The results are listed in Table 819.

As can be seen, the results are very stable from survey to
survey and are in excellent agreement with the base ⇤CDM
parameters listed in Tables 2 and 5. The values of �2

BAO are
also reasonable. For example, for the six data points of the
6dF+SDSS(R)+BOSS+WiggleZ combination, we find �2

BAO =
4.3, evaluated for the Planck+WP+highL best-fit⇤CDM param-
eters.

The high value of ⌦m is consistent with the parameter anal-
ysis described by Blake et al. (2011) and with the “tension” dis-
cussed by Anderson et al. (2013) between BAO distance mea-
surements and direct determinations of H0 (Riess et al. 2011;
Freedman et al. 2012). Furthermore, if the errors on the BAO
measurements are accurate, the constraints on ⌦m and H0 (for
fixed !m and !b) are of comparable accuracy to those from
Planck.

19As an indication of the accuracy of Table 8, the full likelihood
results for the Planck+WP+6dF+SDSS(R)+BOSS BAO data sets give
⌦m = 0.308 ± 0.010 and H0 = 67.8 ± 0.8 km s�1 Mpc�1, for the base
⇤CDM model.

Fig. 16. Comparison of H0 measurements, with estimates of
±1� errors, from a number of techniques (see text for details).
These are compared with the spatially-flat ⇤CDM model con-
straints from Planck and WMAP-9.

The results of this section show that BAO measurements are
an extremely valuable complementary data set to Planck. The
measurements are basically geometrical and free from complex
systematic e↵ects that plague many other types of astrophysical
measurements. The results are consistent from survey to survey
and are of comparable precision to Planck. In addition, BAO
measurements can be used to break parameter degeneracies that
limit analyses based purely on CMB data. For example, from
the excellent agreement with the base ⇤CDM model evident in
Fig. 15, we can infer that the combination of Planck and BAO
measurements will lead to tight constraints favouring ⌦K = 0
(Sect. 6.2) and a dark energy equation-of-state parameter, w =
�1 (Sect. 6.5).

Finally, we note that we choose to use the
6dF+SDSS(R)+BOSS data combination in the likelihood
analysis of Sect. 6. This choice includes the two most accu-
rate BAO measurements and, since the e↵ective redshifts of
these samples are widely separated, it should be a very good
approximation to neglect correlations between the surveys.

5.3. The Hubble constant

A striking result from the fits of the base⇤CDM model to Planck
power spectra is the low value of the Hubble constant, which is
tightly constrained by CMB data alone in this model. From the
Planck+WP+highL analysis we find

H0 = (67.3±1.2) km s�1 Mpc�1 (68%; Planck+WP+highL).(51)

A low value of H0 has been found in other CMB experi-
ments, most notably from the recent WMAP-9 analysis. Fitting
the base ⇤CDM model, Hinshaw et al. (2012) find

H0 = (70.0 ± 2.2) km s�1 Mpc�1 (68%; WMAP-9), (52)

consistent with Eq. (51) to within 1�. We emphasize here that
the CMB estimates are highly model dependent. It is important

30

Planck errors are small and Planck’s 
values for H0 and Ωm are rather 
different from some earlier ones
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Planck+WP Planck+WP+highL Planck+lensing+WP+highL Planck+WP+highL+BAO

Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits Best fit 68% limits

⌦bh2 . . . . . . . . . . 0.022032 0.02205 ± 0.00028 0.022069 0.02207 ± 0.00027 0.022199 0.02218 ± 0.00026 0.022161 0.02214 ± 0.00024

⌦ch2 . . . . . . . . . . 0.12038 0.1199 ± 0.0027 0.12025 0.1198 ± 0.0026 0.11847 0.1186 ± 0.0022 0.11889 0.1187 ± 0.0017

100✓MC . . . . . . . . 1.04119 1.04131 ± 0.00063 1.04130 1.04132 ± 0.00063 1.04146 1.04144 ± 0.00061 1.04148 1.04147 ± 0.00056

⌧ . . . . . . . . . . . . 0.0925 0.089+0.012
�0.014 0.0927 0.091+0.013

�0.014 0.0943 0.090+0.013
�0.014 0.0952 0.092 ± 0.013

ns . . . . . . . . . . . 0.9619 0.9603 ± 0.0073 0.9582 0.9585 ± 0.0070 0.9624 0.9614 ± 0.0063 0.9611 0.9608 ± 0.0054

ln(1010As) . . . . . . . 3.0980 3.089+0.024
�0.027 3.0959 3.090 ± 0.025 3.0947 3.087 ± 0.024 3.0973 3.091 ± 0.025

APS
100 . . . . . . . . . . 152 171 ± 60 209 212 ± 50 204 213 ± 50 204 212 ± 50

APS
143 . . . . . . . . . . 63.3 54 ± 10 72.6 73 ± 8 72.2 72 ± 8 71.8 72.4 ± 8.0

APS
217 . . . . . . . . . . 117.0 107+20

�10 59.5 59 ± 10 60.2 58 ± 10 59.4 59 ± 10

ACIB
143 . . . . . . . . . . 0.0 < 10.7 3.57 3.24 ± 0.83 3.25 3.24 ± 0.83 3.30 3.25 ± 0.83

ACIB
217 . . . . . . . . . . 27.2 29+6

�9 53.9 49.6 ± 5.0 52.3 50.0 ± 4.9 53.0 49.7 ± 5.0

AtSZ
143 . . . . . . . . . . 6.80 . . . 5.17 2.54+1.1

�1.9 4.64 2.51+1.2
�1.8 4.86 2.54+1.2

�1.8

rPS
143⇥217 . . . . . . . . 0.916 > 0.850 0.825 0.823+0.069

�0.077 0.814 0.825 ± 0.071 0.824 0.823 ± 0.070

rCIB
143⇥217 . . . . . . . . 0.406 0.42 ± 0.22 1.0000 > 0.930 1.0000 > 0.928 1.0000 > 0.930

�CIB . . . . . . . . . . 0.601 0.53+0.13
�0.12 0.674 0.638 ± 0.081 0.656 0.643 ± 0.080 0.667 0.639 ± 0.081

⇠tSZ⇥CIB . . . . . . . . 0.03 . . . 0.000 < 0.409 0.000 < 0.389 0.000 < 0.410

AkSZ . . . . . . . . . . 0.9 . . . 0.89 5.34+2.8
�1.9 1.14 4.74+2.6

�2.1 1.58 5.34+2.8
�2.0

⌦⇤ . . . . . . . . . . . 0.6817 0.685+0.018
�0.016 0.6830 0.685+0.017

�0.016 0.6939 0.693 ± 0.013 0.6914 0.692 ± 0.010

�8 . . . . . . . . . . . 0.8347 0.829 ± 0.012 0.8322 0.828 ± 0.012 0.8271 0.8233 ± 0.0097 0.8288 0.826 ± 0.012

zre . . . . . . . . . . . 11.37 11.1 ± 1.1 11.38 11.1 ± 1.1 11.42 11.1 ± 1.1 11.52 11.3 ± 1.1

H0 . . . . . . . . . . . 67.04 67.3 ± 1.2 67.15 67.3 ± 1.2 67.94 67.9 ± 1.0 67.77 67.80 ± 0.77

Age/Gyr . . . . . . . 13.8242 13.817 ± 0.048 13.8170 13.813 ± 0.047 13.7914 13.794 ± 0.044 13.7965 13.798 ± 0.037

100✓⇤ . . . . . . . . . 1.04136 1.04147 ± 0.00062 1.04146 1.04148 ± 0.00062 1.04161 1.04159 ± 0.00060 1.04163 1.04162 ± 0.00056

rdrag . . . . . . . . . . 147.36 147.49 ± 0.59 147.35 147.47 ± 0.59 147.68 147.67 ± 0.50 147.611 147.68 ± 0.45

Table 5. Best-fit values and 68% confidence limits for the base ⇤CDM model. Beam and calibration parameters, and addi-
tional nuisance parameters for “highL” data sets are not listed for brevity but may be found in the Explanatory Supplement
(Planck Collaboration ES 2013).

strongly degenerate with the Poisson point source ampli-
tude at 100 GHz. This degeneracy is broken when the high-
resolution CMB data are added to Planck.

The last two points are demonstrated clearly in Fig. 7, which
shows the residuals of the Planck spectra with respect to the
best-fit cosmology for the Planck+WP analysis compared to the
Planck+WP+highL fits. The addition of high-resolution CMB
data also strongly constrains the net contribution from the kSZ
and tSZ⇥CIB components (dotted lines), though these compo-
nents are degenerate with each other (and tend to cancel).

Although the foreground parameters for the Planck+WP fits
can di↵er substantially from those for Planck+WP+highL, the
total foreground spectra are rather insensitive to the addition of
the high-resolution CMB data. For example, for the 217 ⇥ 217
spectrum, the di↵erences in the total foreground solution are less
than 10 µK2 at ` = 2500. The net residuals after subtracting both
the foregrounds and CMB spectrum (shown in the lower panels
of each sub-plot in Fig. 7) are similarly insensitive to the addi-
tion of the high-resolution CMB data. The foreground model is
su�ciently complex that it has a high “absorptive capacity” to
any smoothly-varying frequency-dependent di↵erences between
spectra (including beam errors).

Table 6. Goodness-of-fit tests for the Planck spectra. The ��2 =
�2 � N` is the di↵erence from the mean assuming the model is
correct, and the last column expresses ��2 in units of the disper-
sion

p
2N`.

Spectrum `min `max �2 �2/N` ��2/
p

2N`

100 ⇥ 100 50 1200 1158 1.01 0.14
143 ⇥ 143 50 2000 1883 0.97 �1.09
217 ⇥ 217 500 2500 2079 1.04 1.23
143 ⇥ 217 500 2500 1930 0.96 �1.13

All 50 2500 2564 1.05 1.62

To quantify the consistency of the model fits shown in Fig. 7
for Planck we compute the �2 statistic

�2 =
X

``0
(Cdata
` �CCMB

` �Cfg
` )M�1

``0 (C
data
`0 �CCMB

`0 �Cfg
`0 ), (33)

for each of the spectra, where the sums extend over the mul-
tipole ranges `min and `max used in the likelihood, M``0 is
the covariance matrix for the spectrum Cdata

` (including cor-
rections for beam eigenmodes and calibrations), CCMB

` is the
best-fit primordial CMB spectrum and Cfg

` is the best-fit fore-
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Planck+WP Planck+WP+highL Planck+lensing+WP+highL Planck+WP+highL+BAO
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H0 . . . . . . . . . . . 67.04 67.3 ± 1.2 67.15 67.3 ± 1.2 67.94 67.9 ± 1.0 67.77 67.80 ± 0.77
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Table 5. Best-fit values and 68% confidence limits for the base ⇤CDM model. Beam and calibration parameters, and addi-
tional nuisance parameters for “highL” data sets are not listed for brevity but may be found in the Explanatory Supplement
(Planck Collaboration ES 2013).

strongly degenerate with the Poisson point source ampli-
tude at 100 GHz. This degeneracy is broken when the high-
resolution CMB data are added to Planck.

The last two points are demonstrated clearly in Fig. 7, which
shows the residuals of the Planck spectra with respect to the
best-fit cosmology for the Planck+WP analysis compared to the
Planck+WP+highL fits. The addition of high-resolution CMB
data also strongly constrains the net contribution from the kSZ
and tSZ⇥CIB components (dotted lines), though these compo-
nents are degenerate with each other (and tend to cancel).

Although the foreground parameters for the Planck+WP fits
can di↵er substantially from those for Planck+WP+highL, the
total foreground spectra are rather insensitive to the addition of
the high-resolution CMB data. For example, for the 217 ⇥ 217
spectrum, the di↵erences in the total foreground solution are less
than 10 µK2 at ` = 2500. The net residuals after subtracting both
the foregrounds and CMB spectrum (shown in the lower panels
of each sub-plot in Fig. 7) are similarly insensitive to the addi-
tion of the high-resolution CMB data. The foreground model is
su�ciently complex that it has a high “absorptive capacity” to
any smoothly-varying frequency-dependent di↵erences between
spectra (including beam errors).

Table 6. Goodness-of-fit tests for the Planck spectra. The ��2 =
�2 � N` is the di↵erence from the mean assuming the model is
correct, and the last column expresses ��2 in units of the disper-
sion
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143 ⇥ 143 50 2000 1883 0.97 �1.09
217 ⇥ 217 500 2500 2079 1.04 1.23
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To quantify the consistency of the model fits shown in Fig. 7
for Planck we compute the �2 statistic
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for each of the spectra, where the sums extend over the mul-
tipole ranges `min and `max used in the likelihood, M``0 is
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` (including cor-
rections for beam eigenmodes and calibrations), CCMB

` is the
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Table 5. Best-fit values and 68% confidence limits for the base ΛCDM model. 
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Table 8. Approximate constraints with 68% errors on ⌦m and
H0 (in units of km s�1 Mpc�1) from BAO, with !m and !b fixed
to the best-fit Planck+WP+highL values for the base ⇤CDM
cosmology.

Sample ⌦m H0

6dF . . . . . . . . . . . . . . . . . . . . . . . . . 0.305+0.032
�0.026 68.3+3.2

�3.2
SDSS . . . . . . . . . . . . . . . . . . . . . . . 0.295+0.019

�0.017 69.5+2.2
�2.1

SDSS(R) . . . . . . . . . . . . . . . . . . . . . 0.293+0.015
�0.013 69.6+1.7

�1.5
WiggleZ . . . . . . . . . . . . . . . . . . . . . 0.309+0.041

�0.035 67.8+4.1
�2.8

BOSS . . . . . . . . . . . . . . . . . . . . . . . 0.315+0.015
�0.015 67.2+1.6

�1.5
6dF+SDSS+BOSS+WiggleZ . . . . . . 0.307+0.010

�0.011 68.1+1.1
�1.1

6dF+SDSS(R)+BOSS . . . . . . . . . . . 0.305+0.009
�0.010 68.4+1.0

�1.0
6dF+SDSS(R)+BOSS+WiggleZ . . . . 0.305+0.009

�0.008 68.4+1.0
�1.0

surements constrain parameters in the base ⇤CDM model, we
form �2,

�2
BAO = (x � x

⇤CDM)T C�1
BAO(x � x

⇤CDM), (50)

where x is the data vector, x

⇤CDM denotes the theoretical pre-
diction for the ⇤CDM model and C�1

BAO is the inverse covari-
ance matrix for the data vector x. The data vector is as fol-
lows: DV(0.106) = (457 ± 27) Mpc (6dF); rs/DV(0.20) =
0.1905 ± 0.0061, rs/DV(0.35) = 0.1097 ± 0.0036 (SDSS);
A(0.44) = 0.474 ± 0.034, A(0.60) = 0.442 ± 0.020, A(0.73) =
0.424±0.021 (WiggleZ); DV(0.35)/rs = 8.88±0.17 (SDSS(R));
and DV(0.57)/rs = 13.67±0.22, (BOSS). The o↵-diagonal com-
ponents of C�1

BAO for the SDSS and WiggleZ results are given
in Percival et al. (2010) and Blake et al. (2011). We ignore any
covariances between surveys. Since the SDSS and SDSS(R) re-
sults are based on the same survey, we include either one set of
results or the other in the analysis described below, but not both
together.

The Eisenstein-Hu values of rs for the Planck and WMAP-9
base ⇤CDM parameters di↵er by only 0.9%, significantly
smaller than the errors in the BAO measurements. We can obtain
an approximate idea of the complementary information provided
by BAO measurements by minimizing Eq. (50) with respect to
either ⌦m or H0, fixing !m and !b to the CMB best-fit parame-
ters. (We use the Planck+WP+highL parameters from Table 5.)
The results are listed in Table 819.

As can be seen, the results are very stable from survey to
survey and are in excellent agreement with the base ⇤CDM
parameters listed in Tables 2 and 5. The values of �2

BAO are
also reasonable. For example, for the six data points of the
6dF+SDSS(R)+BOSS+WiggleZ combination, we find �2

BAO =
4.3, evaluated for the Planck+WP+highL best-fit⇤CDM param-
eters.

The high value of ⌦m is consistent with the parameter anal-
ysis described by Blake et al. (2011) and with the “tension” dis-
cussed by Anderson et al. (2013) between BAO distance mea-
surements and direct determinations of H0 (Riess et al. 2011;
Freedman et al. 2012). Furthermore, if the errors on the BAO
measurements are accurate, the constraints on ⌦m and H0 (for
fixed !m and !b) are of comparable accuracy to those from
Planck.

19As an indication of the accuracy of Table 8, the full likelihood
results for the Planck+WP+6dF+SDSS(R)+BOSS BAO data sets give
⌦m = 0.308 ± 0.010 and H0 = 67.8 ± 0.8 km s�1 Mpc�1, for the base
⇤CDM model.

Fig. 16. Comparison of H0 measurements, with estimates of
±1� errors, from a number of techniques (see text for details).
These are compared with the spatially-flat ⇤CDM model con-
straints from Planck and WMAP-9.

The results of this section show that BAO measurements are
an extremely valuable complementary data set to Planck. The
measurements are basically geometrical and free from complex
systematic e↵ects that plague many other types of astrophysical
measurements. The results are consistent from survey to survey
and are of comparable precision to Planck. In addition, BAO
measurements can be used to break parameter degeneracies that
limit analyses based purely on CMB data. For example, from
the excellent agreement with the base ⇤CDM model evident in
Fig. 15, we can infer that the combination of Planck and BAO
measurements will lead to tight constraints favouring ⌦K = 0
(Sect. 6.2) and a dark energy equation-of-state parameter, w =
�1 (Sect. 6.5).

Finally, we note that we choose to use the
6dF+SDSS(R)+BOSS data combination in the likelihood
analysis of Sect. 6. This choice includes the two most accu-
rate BAO measurements and, since the e↵ective redshifts of
these samples are widely separated, it should be a very good
approximation to neglect correlations between the surveys.

5.3. The Hubble constant

A striking result from the fits of the base⇤CDM model to Planck
power spectra is the low value of the Hubble constant, which is
tightly constrained by CMB data alone in this model. From the
Planck+WP+highL analysis we find

H0 = (67.3±1.2) km s�1 Mpc�1 (68%; Planck+WP+highL).(51)

A low value of H0 has been found in other CMB experi-
ments, most notably from the recent WMAP-9 analysis. Fitting
the base ⇤CDM model, Hinshaw et al. (2012) find

H0 = (70.0 ± 2.2) km s�1 Mpc�1 (68%; WMAP-9), (52)

consistent with Eq. (51) to within 1�. We emphasize here that
the CMB estimates are highly model dependent. It is important
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Fig. 39. Left: Planck TT spectrum at low multipoles with 68% ranges on the posteriors. The “rainbow” band show the best fits to
the entire Planck+WP likelihood for the base ⇤CDM cosmology, colour-coded according to the value of the scalar spectral index
ns. Right: Limits (68% and 95%) on the relative amplitude of the base ⇤CDM fits to the Planck+WP likelihood fitted only to the
Planck TT likelihood over the multipole range 2  `  `max.

We find the following notable results using CMB data alone:

– The deviation of the scalar spectral index from unity is ro-
bust to the addition of tensor modes and to changes in the
matter content of the Universe. For example, adding a tensor
component we find ns = 0.9600 ± 0.0072, a 5.5� departure
from ns = 1.

– A 95% upper limit on the tensor-to-scalar ratio of r0.002 <
0.11. The combined contraints on ns and r0.002 are on the
borderline of compatibility with single-field inflation with a
quadratic potential (Fig. 23).

– A 95% upper limit on the summed neutrino mass of
P

m⌫ <
0.66 eV.

– A determination of the e↵ective number of neutrino-like rel-
ativistic degrees of freedom of Ne↵ = 3.36±0.34, compatible
with the standard value of 3.046.

– The results from Planck are consistent with the results of
standard big bang nucleosynthesis. In fact, combining the
CMB data with the most recent results on the deuterium
abundance, leads to the constraint Ne↵ = 3.02 ± 0.27, again
compatible with the standard value of 3.046.

– New limits on a possible variation of the fine-structure
constant, dark matter annihilation and primordial magnetic
fields.

We also find a number of marginal (around 2�) results,
perhaps indicative of internal tension within the Planck data.
Examples include the preference of the (phenomenological)
lensing parameter for values greater than unity (AL = 1.23±0.11;
Eq. 44) and for negative running (dns/d ln k = �0.015±0.09; Eq.
62b). In Planck Collaboration XXII (2013), the Planck data indi-
cate a preference for anti-correlated isocurvature modes and for
models with a truncated power spectrum on large scales. None
of these results have a decisive level of statistical significance,
but they can all be traced to an unusual aspect of the tempera-
ture power spectrum at low multipoles. As can be seen in Fig.
1, and on an expanded scale in the left-hand panel of Fig. 39,
the measured power spectrum shows a dip relative to the best-fit
base ⇤CDM cosmology in the multipole range 20 <⇠ ` <⇠ 30 and
an excess at ` = 40. The existence of “glitches” in the power
spectrum at low multipoles was noted by the WMAP team in the

first-year papers (Hinshaw et al. 2003; Spergel et al. 2003) and
acted as motivation to fit an inflation model with a step-like fea-
ture (Peiris et al. 2003). Similar investigations have been carried
out by a number of authors, (see e.g., Mortonson et al. 2009, and
references therein). At these low multipoles, the Planck spec-
trum is in excellent agreement with the WMAP nine-year spec-
trum (Planck Collaboration XV 2013), so it is unlikely that any
of the features such as the low quadrupole or “dip” in the multi-
pole range 20–30 are caused by instrumental e↵ects or Galactic
foregrounds. These are real features of the CMB anisotropies.

The Planck data, however, constrain the parameters of the
base ⇤CDM model to such high precision that there is little re-
maining flexibility to fit the low-multipole part of the spectrum.
To illustrate this point, the right-hand panel of Fig. 39 shows the
68% and 95% limits on the relative amplitude of the base⇤CDM
model (sampling the chains constrained by the full likelihood)
fitted only to the Planck TT likelihood over the multipole range
2  `  `max. From multipoles `max ⇡ 25 to multipoles `max ⇡
35, we see more than a 2� departure from values of unity. (The
maximum deviation from unity is 2.7� at ` = 30.) It is di�cult
to know what to make of this result, and we present it here as a
“curiosity” that needs further investigation. The Planck temper-
ature data are remarkably consistent with the predictions of the
base ⇤CDM model at high multipoles, but it is also conceivable
that the ⇤CDM cosmology fails at low multipoles. There are
other indications, from both WMAP and Planck data for “anoma-
lies” at low multipoles (Planck Collaboration XXIII 2013), that
may be indicative of new physics operating on the largest scales
in our Universe. Interpretation of large-scale anomalies (includ-
ing the results shown in Fig. 39) is di�cult in the absence of a
theoretical framework. The problem here is assessing the role of
a posteriori choices, i.e., that inconsistencies attract our atten-
tion and influence our choice of statistical test. Nevertheless, we
know so little about the physics of the early Universe that we
should be open to the possibility that there is new physics be-
yond that assumed in the base ⇤CDM model. Irrespective of the
interpretation, the unusual shape of the low multipole spectrum
is at least partly responsible for some of the 2� e↵ects seen in
the analysis of extensions to the⇤CDM model discussed in Sect.
6.
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J. F. Macı́as-Pérez79, B. Ma↵ei73, D. Maino37,53, N. Mandolesi52,5,35, M. Maris51, D. J. Marshall77, P. G. Martin9, E. Martı́nez-González70,
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ABSTRACT

Abstract: This paper presents the first cosmological results based on Planck measurements of the cosmic microwave background (CMB) temper-
ature and lensing-potential power spectra. We find that the Planck spectra at high multipoles (` >⇠ 40) are extremely well described by the standard
spatially-flat six-parameter ⇤CDM cosmology with a power-law spectrum of adiabatic scalar perturbations. Within the context of this cosmology,
the Planck data determine the cosmological parameters to high precision: the angular size of the sound horizon at recombination, the physical den-
sities of baryons and cold dark matter, and the scalar spectral index are estimated to be ✓⇤ = (1.04147±0.00062)⇥10�2,⌦bh2 = 0.02205±0.00028,
⌦ch2 = 0.1199 ± 0.0027, and ns = 0.9603 ± 0.0073, respectively (68% errors). For this cosmology, we find a low value of the Hubble constant,
H0 = 67.3±1.2 km s�1 Mpc�1, and a high value of the matter density parameter, ⌦m = 0.315±0.017. These values are in tension with recent direct
measurements of H0 and the magnitude-redshift relation for Type Ia supernovae, but are in excellent agreement with geometrical constraints from
baryon acoustic oscillation (BAO) surveys. Including curvature, we find that the Universe is consistent with spatial flatness to percent level preci-
sion using Planck CMB data alone. We use high-resolution CMB data together with Planck to provide greater control on extragalactic foreground
components in an investigation of extensions to the six-parameter ⇤CDM model. We present selected results from a large grid of cosmological
models, using a range of additional astrophysical data sets in addition to Planck and high-resolution CMB data. None of these models are favoured
over the standard six-parameter ⇤CDM cosmology. The deviation of the scalar spectral index from unity is insensitive to the addition of tensor
modes and to changes in the matter content of the Universe. We find a 95% upper limit of r0.002 < 0.11 on the tensor-to-scalar ratio. There is no
evidence for additional neutrino-like relativistic particles beyond the three families of neutrinos in the standard model. Using BAO and CMB data,
we find Ne↵ = 3.30±0.27 for the e↵ective number of relativistic degrees of freedom, and an upper limit of 0.23 eV for the sum of neutrino masses.
Our results are in excellent agreement with big bang nucleosynthesis and the standard value of Ne↵ = 3.046. We find no evidence for dynamical
dark energy; using BAO and CMB data, the dark energy equation of state parameter is constrained to be w = �1.13+0.13

�0.10. We also use the Planck
data to set limits on a possible variation of the fine-structure constant, dark matter annihilation and primordial magnetic fields. Despite the success
of the six-parameter ⇤CDM model in describing the Planck data at high multipoles, we note that this cosmology does not provide a good fit to the
temperature power spectrum at low multipoles. The unusual shape of the spectrum in the multipole range 20 <⇠ ` <⇠ 40 was seen previously in the
WMAP data and is a real feature of the primordial CMB anisotropies. The poor fit to the spectrum at low multipoles is not of decisive significance,
but is an “anomaly” in an otherwise self-consistent analysis of the Planck temperature data.

Key words. Cosmology: observations – Cosmology: theory – cosmic microwave background – cosmological parameters
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The main Planck 
anomaly is the 
low amplitudes 
at l ≈ 21-27

Planck errors are 
small and Planck’s 

values for H0 and Ωm 
are rather different 

from WMAP’s

A galaxy’s redshift is given by  
                  z = (λo−λe)/λe

where λe and λo are the emitted and 
observed wavelengths.  Measuring galaxy 
redshifts is easy, but measuring their 
distances is hard.  Milton Humason and 
others had measured a number of galaxy 
redshifts, but Hubble figured out how to 
measure distances to galaxies using 
Cepheid variable stars.  He got the relative 
distances more or less right, although his 
distance scale was later recalibrated as 
Cepheid variables were better understood.

where the constant of proportionality H0, called the Hubble constant or Hubble parameter, has 
the value (according to Perkins)

                                     And the actual recession velocity of a galaxy is the sum of its expansion 
velocity and its “peculiar velocity” vp, generated mostly by local gravitational effects:

v = H0D + vp

v = H0D
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General Relativity

MATTER TELLS SPACE
     HOW TO CURVE

 CURVED SPACE TELLS
MATTER HOW TO MOVE
    duµ

     ds
+ Γµ

αβ uα uβ = 0

Gµν  ≡ Rµν – ½Rgµν  = – 8πGTµν  – Λgµν

Text

xt

Einstein Field Equations

Here uα   is the velocity 4-vector of a particle.  The Riemann 
curvature tensor Rλµσν , Ricci curvature tensor Rµν ≡ Rλµσνgλσ , 
curvature scalar R ≡ Rµνgµν, and affine connection Γµ

αβ  can 
be calculated from the metric tensor gλσ .  If the metric is just 
that of flat space, then Γµ

αβ = 0 and the first equation above 
just says that the particle is unaccelerated -- i.e., it satisfies 
the law of inertia (Newton’s 1st law).

xt
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General Relativity and Cosmology

MATTER TELLS SPACE
     HOW TO CURVE

 CURVED SPACE TELLS
MATTER HOW TO MOVE
    duµ

     ds
+ Γµ

αβ uα uβ = 0

COBE-Copernicus Theorem: If all observers observe a nearly-isotropic Cosmic 
Background Radiation (CBR), then the universe is locally nearly homogeneous and 
isotropic – i.e., is approximately described by the Friedmann-Robertson-Walker metric

                ds2 =  dt2  – a2(t) [dr2 (1 – kr2)–1 + r2 dΩ2]

with curvature constant k = –1, 0, or +1.  Substituting this metric into the Einstein 
equations above, we get the Friedmann equations.  Here r is the comoving coordinate, 
and the expansion factor a(t) = 1/(1+z), where z is the redshift.  At the present epoch t = 
t0, a0 = a(t0) = 1 and z(t0) = 0.  The distance D(t) = a(t) r.  [Perkins R(t) = a(t).]

Gµν  ≡ Rµν – ½Rgµν  = – 8πGTµν  – Λgµν
Text

xt

Einstein Field Equations

Einstein’s Cosmological Principle: on large scales, space is uniform and isotropic.  
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Friedmann-Robertson-Walker Metric
(homogeneous, isotropic universe)

Friedmann equation

deceleration parameter

age of the universe

at t0, with a(t0)=1 

(note that p0 = 0)
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deceleration parameter

age of the universe = 13.97h70−1 Gyr

at t0, with a(t0)=1 

(note that p0 = 0)

 p = wρ, k = 0 ⇒  ρ∝ a−3(1+w)
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Cosmological Parameters (observations and simulations)

Perkins, D. H.. Particle Astrophysics (2nd Edition).
: Oxford University Press, . p 136
http://site.ebrary.com/id/10288472?ppg=136
Copyright © Oxford University Press. . All rights reserved.
May not be reproduced in any form without permission from the publisher,
except fair uses permitted under U.S. or applicable copyright law.

Why a cosmological constant corresponds to negative pressure:

When gas pushes the piston out it does work pdV and the internal 
energy of the gas is reduced.  But when the vacuum expands, the 
energy increases by ρV dV.  Hence p = − ρV , so w = − 1.

(1-ΩΛ)
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Planck Collaboration: Cosmological parameters

Planck+WP Planck+WP+highL Planck+lensing+WP+highL Planck+WP+highL+BAO

Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits Best fit 68% limits

⌦bh2 . . . . . . . . . . 0.022032 0.02205 ± 0.00028 0.022069 0.02207 ± 0.00027 0.022199 0.02218 ± 0.00026 0.022161 0.02214 ± 0.00024

⌦ch2 . . . . . . . . . . 0.12038 0.1199 ± 0.0027 0.12025 0.1198 ± 0.0026 0.11847 0.1186 ± 0.0022 0.11889 0.1187 ± 0.0017

100✓MC . . . . . . . . 1.04119 1.04131 ± 0.00063 1.04130 1.04132 ± 0.00063 1.04146 1.04144 ± 0.00061 1.04148 1.04147 ± 0.00056

⌧ . . . . . . . . . . . . 0.0925 0.089+0.012
�0.014 0.0927 0.091+0.013

�0.014 0.0943 0.090+0.013
�0.014 0.0952 0.092 ± 0.013

ns . . . . . . . . . . . 0.9619 0.9603 ± 0.0073 0.9582 0.9585 ± 0.0070 0.9624 0.9614 ± 0.0063 0.9611 0.9608 ± 0.0054

ln(1010As) . . . . . . . 3.0980 3.089+0.024
�0.027 3.0959 3.090 ± 0.025 3.0947 3.087 ± 0.024 3.0973 3.091 ± 0.025

APS
100 . . . . . . . . . . 152 171 ± 60 209 212 ± 50 204 213 ± 50 204 212 ± 50

APS
143 . . . . . . . . . . 63.3 54 ± 10 72.6 73 ± 8 72.2 72 ± 8 71.8 72.4 ± 8.0

APS
217 . . . . . . . . . . 117.0 107+20

�10 59.5 59 ± 10 60.2 58 ± 10 59.4 59 ± 10

ACIB
143 . . . . . . . . . . 0.0 < 10.7 3.57 3.24 ± 0.83 3.25 3.24 ± 0.83 3.30 3.25 ± 0.83

ACIB
217 . . . . . . . . . . 27.2 29+6

�9 53.9 49.6 ± 5.0 52.3 50.0 ± 4.9 53.0 49.7 ± 5.0

AtSZ
143 . . . . . . . . . . 6.80 . . . 5.17 2.54+1.1

�1.9 4.64 2.51+1.2
�1.8 4.86 2.54+1.2

�1.8

rPS
143⇥217 . . . . . . . . 0.916 > 0.850 0.825 0.823+0.069

�0.077 0.814 0.825 ± 0.071 0.824 0.823 ± 0.070

rCIB
143⇥217 . . . . . . . . 0.406 0.42 ± 0.22 1.0000 > 0.930 1.0000 > 0.928 1.0000 > 0.930

�CIB . . . . . . . . . . 0.601 0.53+0.13
�0.12 0.674 0.638 ± 0.081 0.656 0.643 ± 0.080 0.667 0.639 ± 0.081

⇠tSZ⇥CIB . . . . . . . . 0.03 . . . 0.000 < 0.409 0.000 < 0.389 0.000 < 0.410

AkSZ . . . . . . . . . . 0.9 . . . 0.89 5.34+2.8
�1.9 1.14 4.74+2.6

�2.1 1.58 5.34+2.8
�2.0

⌦⇤ . . . . . . . . . . . 0.6817 0.685+0.018
�0.016 0.6830 0.685+0.017

�0.016 0.6939 0.693 ± 0.013 0.6914 0.692 ± 0.010

�8 . . . . . . . . . . . 0.8347 0.829 ± 0.012 0.8322 0.828 ± 0.012 0.8271 0.8233 ± 0.0097 0.8288 0.826 ± 0.012

zre . . . . . . . . . . . 11.37 11.1 ± 1.1 11.38 11.1 ± 1.1 11.42 11.1 ± 1.1 11.52 11.3 ± 1.1

H0 . . . . . . . . . . . 67.04 67.3 ± 1.2 67.15 67.3 ± 1.2 67.94 67.9 ± 1.0 67.77 67.80 ± 0.77

Age/Gyr . . . . . . . 13.8242 13.817 ± 0.048 13.8170 13.813 ± 0.047 13.7914 13.794 ± 0.044 13.7965 13.798 ± 0.037

100✓⇤ . . . . . . . . . 1.04136 1.04147 ± 0.00062 1.04146 1.04148 ± 0.00062 1.04161 1.04159 ± 0.00060 1.04163 1.04162 ± 0.00056

rdrag . . . . . . . . . . 147.36 147.49 ± 0.59 147.35 147.47 ± 0.59 147.68 147.67 ± 0.50 147.611 147.68 ± 0.45

Table 5. Best-fit values and 68% confidence limits for the base ⇤CDM model. Beam and calibration parameters, and addi-
tional nuisance parameters for “highL” data sets are not listed for brevity but may be found in the Explanatory Supplement
(Planck Collaboration ES 2013).

strongly degenerate with the Poisson point source ampli-
tude at 100 GHz. This degeneracy is broken when the high-
resolution CMB data are added to Planck.

The last two points are demonstrated clearly in Fig. 7, which
shows the residuals of the Planck spectra with respect to the
best-fit cosmology for the Planck+WP analysis compared to the
Planck+WP+highL fits. The addition of high-resolution CMB
data also strongly constrains the net contribution from the kSZ
and tSZ⇥CIB components (dotted lines), though these compo-
nents are degenerate with each other (and tend to cancel).

Although the foreground parameters for the Planck+WP fits
can di↵er substantially from those for Planck+WP+highL, the
total foreground spectra are rather insensitive to the addition of
the high-resolution CMB data. For example, for the 217 ⇥ 217
spectrum, the di↵erences in the total foreground solution are less
than 10 µK2 at ` = 2500. The net residuals after subtracting both
the foregrounds and CMB spectrum (shown in the lower panels
of each sub-plot in Fig. 7) are similarly insensitive to the addi-
tion of the high-resolution CMB data. The foreground model is
su�ciently complex that it has a high “absorptive capacity” to
any smoothly-varying frequency-dependent di↵erences between
spectra (including beam errors).

Table 6. Goodness-of-fit tests for the Planck spectra. The ��2 =
�2 � N` is the di↵erence from the mean assuming the model is
correct, and the last column expresses ��2 in units of the disper-
sion

p
2N`.

Spectrum `min `max �2 �2/N` ��2/
p

2N`

100 ⇥ 100 50 1200 1158 1.01 0.14
143 ⇥ 143 50 2000 1883 0.97 �1.09
217 ⇥ 217 500 2500 2079 1.04 1.23
143 ⇥ 217 500 2500 1930 0.96 �1.13

All 50 2500 2564 1.05 1.62

To quantify the consistency of the model fits shown in Fig. 7
for Planck we compute the �2 statistic

�2 =
X

``0
(Cdata
` �CCMB

` �Cfg
` )M�1

``0 (C
data
`0 �CCMB

`0 �Cfg
`0 ), (33)

for each of the spectra, where the sums extend over the mul-
tipole ranges `min and `max used in the likelihood, M``0 is
the covariance matrix for the spectrum Cdata

` (including cor-
rections for beam eigenmodes and calibrations), CCMB

` is the
best-fit primordial CMB spectrum and Cfg

` is the best-fit fore-
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Planck+WP Planck+WP+highL Planck+lensing+WP+highL Planck+WP+highL+BAO

Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits Best fit 68% limits

⌦bh2 . . . . . . . . . . 0.022032 0.02205 ± 0.00028 0.022069 0.02207 ± 0.00027 0.022199 0.02218 ± 0.00026 0.022161 0.02214 ± 0.00024

⌦ch2 . . . . . . . . . . 0.12038 0.1199 ± 0.0027 0.12025 0.1198 ± 0.0026 0.11847 0.1186 ± 0.0022 0.11889 0.1187 ± 0.0017

100✓MC . . . . . . . . 1.04119 1.04131 ± 0.00063 1.04130 1.04132 ± 0.00063 1.04146 1.04144 ± 0.00061 1.04148 1.04147 ± 0.00056

⌧ . . . . . . . . . . . . 0.0925 0.089+0.012
�0.014 0.0927 0.091+0.013

�0.014 0.0943 0.090+0.013
�0.014 0.0952 0.092 ± 0.013

ns . . . . . . . . . . . 0.9619 0.9603 ± 0.0073 0.9582 0.9585 ± 0.0070 0.9624 0.9614 ± 0.0063 0.9611 0.9608 ± 0.0054

ln(1010As) . . . . . . . 3.0980 3.089+0.024
�0.027 3.0959 3.090 ± 0.025 3.0947 3.087 ± 0.024 3.0973 3.091 ± 0.025

APS
100 . . . . . . . . . . 152 171 ± 60 209 212 ± 50 204 213 ± 50 204 212 ± 50

APS
143 . . . . . . . . . . 63.3 54 ± 10 72.6 73 ± 8 72.2 72 ± 8 71.8 72.4 ± 8.0

APS
217 . . . . . . . . . . 117.0 107+20

�10 59.5 59 ± 10 60.2 58 ± 10 59.4 59 ± 10

ACIB
143 . . . . . . . . . . 0.0 < 10.7 3.57 3.24 ± 0.83 3.25 3.24 ± 0.83 3.30 3.25 ± 0.83

ACIB
217 . . . . . . . . . . 27.2 29+6

�9 53.9 49.6 ± 5.0 52.3 50.0 ± 4.9 53.0 49.7 ± 5.0

AtSZ
143 . . . . . . . . . . 6.80 . . . 5.17 2.54+1.1

�1.9 4.64 2.51+1.2
�1.8 4.86 2.54+1.2

�1.8

rPS
143⇥217 . . . . . . . . 0.916 > 0.850 0.825 0.823+0.069

�0.077 0.814 0.825 ± 0.071 0.824 0.823 ± 0.070

rCIB
143⇥217 . . . . . . . . 0.406 0.42 ± 0.22 1.0000 > 0.930 1.0000 > 0.928 1.0000 > 0.930

�CIB . . . . . . . . . . 0.601 0.53+0.13
�0.12 0.674 0.638 ± 0.081 0.656 0.643 ± 0.080 0.667 0.639 ± 0.081

⇠tSZ⇥CIB . . . . . . . . 0.03 . . . 0.000 < 0.409 0.000 < 0.389 0.000 < 0.410

AkSZ . . . . . . . . . . 0.9 . . . 0.89 5.34+2.8
�1.9 1.14 4.74+2.6

�2.1 1.58 5.34+2.8
�2.0

⌦⇤ . . . . . . . . . . . 0.6817 0.685+0.018
�0.016 0.6830 0.685+0.017

�0.016 0.6939 0.693 ± 0.013 0.6914 0.692 ± 0.010

�8 . . . . . . . . . . . 0.8347 0.829 ± 0.012 0.8322 0.828 ± 0.012 0.8271 0.8233 ± 0.0097 0.8288 0.826 ± 0.012

zre . . . . . . . . . . . 11.37 11.1 ± 1.1 11.38 11.1 ± 1.1 11.42 11.1 ± 1.1 11.52 11.3 ± 1.1

H0 . . . . . . . . . . . 67.04 67.3 ± 1.2 67.15 67.3 ± 1.2 67.94 67.9 ± 1.0 67.77 67.80 ± 0.77

Age/Gyr . . . . . . . 13.8242 13.817 ± 0.048 13.8170 13.813 ± 0.047 13.7914 13.794 ± 0.044 13.7965 13.798 ± 0.037

100✓⇤ . . . . . . . . . 1.04136 1.04147 ± 0.00062 1.04146 1.04148 ± 0.00062 1.04161 1.04159 ± 0.00060 1.04163 1.04162 ± 0.00056

rdrag . . . . . . . . . . 147.36 147.49 ± 0.59 147.35 147.47 ± 0.59 147.68 147.67 ± 0.50 147.611 147.68 ± 0.45

Table 5. Best-fit values and 68% confidence limits for the base ⇤CDM model. Beam and calibration parameters, and addi-
tional nuisance parameters for “highL” data sets are not listed for brevity but may be found in the Explanatory Supplement
(Planck Collaboration ES 2013).

strongly degenerate with the Poisson point source ampli-
tude at 100 GHz. This degeneracy is broken when the high-
resolution CMB data are added to Planck.

The last two points are demonstrated clearly in Fig. 7, which
shows the residuals of the Planck spectra with respect to the
best-fit cosmology for the Planck+WP analysis compared to the
Planck+WP+highL fits. The addition of high-resolution CMB
data also strongly constrains the net contribution from the kSZ
and tSZ⇥CIB components (dotted lines), though these compo-
nents are degenerate with each other (and tend to cancel).

Although the foreground parameters for the Planck+WP fits
can di↵er substantially from those for Planck+WP+highL, the
total foreground spectra are rather insensitive to the addition of
the high-resolution CMB data. For example, for the 217 ⇥ 217
spectrum, the di↵erences in the total foreground solution are less
than 10 µK2 at ` = 2500. The net residuals after subtracting both
the foregrounds and CMB spectrum (shown in the lower panels
of each sub-plot in Fig. 7) are similarly insensitive to the addi-
tion of the high-resolution CMB data. The foreground model is
su�ciently complex that it has a high “absorptive capacity” to
any smoothly-varying frequency-dependent di↵erences between
spectra (including beam errors).

Table 6. Goodness-of-fit tests for the Planck spectra. The ��2 =
�2 � N` is the di↵erence from the mean assuming the model is
correct, and the last column expresses ��2 in units of the disper-
sion

p
2N`.

Spectrum `min `max �2 �2/N` ��2/
p

2N`

100 ⇥ 100 50 1200 1158 1.01 0.14
143 ⇥ 143 50 2000 1883 0.97 �1.09
217 ⇥ 217 500 2500 2079 1.04 1.23
143 ⇥ 217 500 2500 1930 0.96 �1.13

All 50 2500 2564 1.05 1.62

To quantify the consistency of the model fits shown in Fig. 7
for Planck we compute the �2 statistic

�2 =
X

``0
(Cdata
` �CCMB

` �Cfg
` )M�1

``0 (C
data
`0 �CCMB

`0 �Cfg
`0 ), (33)

for each of the spectra, where the sums extend over the mul-
tipole ranges `min and `max used in the likelihood, M``0 is
the covariance matrix for the spectrum Cdata

` (including cor-
rections for beam eigenmodes and calibrations), CCMB

` is the
best-fit primordial CMB spectrum and Cfg

` is the best-fit fore-
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Table 8. Approximate constraints with 68% errors on ⌦m and
H0 (in units of km s�1 Mpc�1) from BAO, with !m and !b fixed
to the best-fit Planck+WP+highL values for the base ⇤CDM
cosmology.

Sample ⌦m H0

6dF . . . . . . . . . . . . . . . . . . . . . . . . . 0.305+0.032
�0.026 68.3+3.2

�3.2
SDSS . . . . . . . . . . . . . . . . . . . . . . . 0.295+0.019

�0.017 69.5+2.2
�2.1

SDSS(R) . . . . . . . . . . . . . . . . . . . . . 0.293+0.015
�0.013 69.6+1.7

�1.5
WiggleZ . . . . . . . . . . . . . . . . . . . . . 0.309+0.041

�0.035 67.8+4.1
�2.8

BOSS . . . . . . . . . . . . . . . . . . . . . . . 0.315+0.015
�0.015 67.2+1.6

�1.5
6dF+SDSS+BOSS+WiggleZ . . . . . . 0.307+0.010

�0.011 68.1+1.1
�1.1

6dF+SDSS(R)+BOSS . . . . . . . . . . . 0.305+0.009
�0.010 68.4+1.0

�1.0
6dF+SDSS(R)+BOSS+WiggleZ . . . . 0.305+0.009

�0.008 68.4+1.0
�1.0

surements constrain parameters in the base ⇤CDM model, we
form �2,

�2
BAO = (x � x

⇤CDM)T C�1
BAO(x � x

⇤CDM), (50)

where x is the data vector, x

⇤CDM denotes the theoretical pre-
diction for the ⇤CDM model and C�1

BAO is the inverse covari-
ance matrix for the data vector x. The data vector is as fol-
lows: DV(0.106) = (457 ± 27) Mpc (6dF); rs/DV(0.20) =
0.1905 ± 0.0061, rs/DV(0.35) = 0.1097 ± 0.0036 (SDSS);
A(0.44) = 0.474 ± 0.034, A(0.60) = 0.442 ± 0.020, A(0.73) =
0.424±0.021 (WiggleZ); DV(0.35)/rs = 8.88±0.17 (SDSS(R));
and DV(0.57)/rs = 13.67±0.22, (BOSS). The o↵-diagonal com-
ponents of C�1

BAO for the SDSS and WiggleZ results are given
in Percival et al. (2010) and Blake et al. (2011). We ignore any
covariances between surveys. Since the SDSS and SDSS(R) re-
sults are based on the same survey, we include either one set of
results or the other in the analysis described below, but not both
together.

The Eisenstein-Hu values of rs for the Planck and WMAP-9
base ⇤CDM parameters di↵er by only 0.9%, significantly
smaller than the errors in the BAO measurements. We can obtain
an approximate idea of the complementary information provided
by BAO measurements by minimizing Eq. (50) with respect to
either ⌦m or H0, fixing !m and !b to the CMB best-fit parame-
ters. (We use the Planck+WP+highL parameters from Table 5.)
The results are listed in Table 819.

As can be seen, the results are very stable from survey to
survey and are in excellent agreement with the base ⇤CDM
parameters listed in Tables 2 and 5. The values of �2

BAO are
also reasonable. For example, for the six data points of the
6dF+SDSS(R)+BOSS+WiggleZ combination, we find �2

BAO =
4.3, evaluated for the Planck+WP+highL best-fit⇤CDM param-
eters.

The high value of ⌦m is consistent with the parameter anal-
ysis described by Blake et al. (2011) and with the “tension” dis-
cussed by Anderson et al. (2013) between BAO distance mea-
surements and direct determinations of H0 (Riess et al. 2011;
Freedman et al. 2012). Furthermore, if the errors on the BAO
measurements are accurate, the constraints on ⌦m and H0 (for
fixed !m and !b) are of comparable accuracy to those from
Planck.

19As an indication of the accuracy of Table 8, the full likelihood
results for the Planck+WP+6dF+SDSS(R)+BOSS BAO data sets give
⌦m = 0.308 ± 0.010 and H0 = 67.8 ± 0.8 km s�1 Mpc�1, for the base
⇤CDM model.

Fig. 16. Comparison of H0 measurements, with estimates of
±1� errors, from a number of techniques (see text for details).
These are compared with the spatially-flat ⇤CDM model con-
straints from Planck and WMAP-9.

The results of this section show that BAO measurements are
an extremely valuable complementary data set to Planck. The
measurements are basically geometrical and free from complex
systematic e↵ects that plague many other types of astrophysical
measurements. The results are consistent from survey to survey
and are of comparable precision to Planck. In addition, BAO
measurements can be used to break parameter degeneracies that
limit analyses based purely on CMB data. For example, from
the excellent agreement with the base ⇤CDM model evident in
Fig. 15, we can infer that the combination of Planck and BAO
measurements will lead to tight constraints favouring ⌦K = 0
(Sect. 6.2) and a dark energy equation-of-state parameter, w =
�1 (Sect. 6.5).

Finally, we note that we choose to use the
6dF+SDSS(R)+BOSS data combination in the likelihood
analysis of Sect. 6. This choice includes the two most accu-
rate BAO measurements and, since the e↵ective redshifts of
these samples are widely separated, it should be a very good
approximation to neglect correlations between the surveys.

5.3. The Hubble constant

A striking result from the fits of the base⇤CDM model to Planck
power spectra is the low value of the Hubble constant, which is
tightly constrained by CMB data alone in this model. From the
Planck+WP+highL analysis we find

H0 = (67.3±1.2) km s�1 Mpc�1 (68%; Planck+WP+highL).(51)

A low value of H0 has been found in other CMB experi-
ments, most notably from the recent WMAP-9 analysis. Fitting
the base ⇤CDM model, Hinshaw et al. (2012) find

H0 = (70.0 ± 2.2) km s�1 Mpc�1 (68%; WMAP-9), (52)

consistent with Eq. (51) to within 1�. We emphasize here that
the CMB estimates are highly model dependent. It is important
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Fig. 39. Left: Planck TT spectrum at low multipoles with 68% ranges on the posteriors. The “rainbow” band show the best fits to
the entire Planck+WP likelihood for the base ⇤CDM cosmology, colour-coded according to the value of the scalar spectral index
ns. Right: Limits (68% and 95%) on the relative amplitude of the base ⇤CDM fits to the Planck+WP likelihood fitted only to the
Planck TT likelihood over the multipole range 2  `  `max.

We find the following notable results using CMB data alone:

– The deviation of the scalar spectral index from unity is ro-
bust to the addition of tensor modes and to changes in the
matter content of the Universe. For example, adding a tensor
component we find ns = 0.9600 ± 0.0072, a 5.5� departure
from ns = 1.

– A 95% upper limit on the tensor-to-scalar ratio of r0.002 <
0.11. The combined contraints on ns and r0.002 are on the
borderline of compatibility with single-field inflation with a
quadratic potential (Fig. 23).

– A 95% upper limit on the summed neutrino mass of
P

m⌫ <
0.66 eV.

– A determination of the e↵ective number of neutrino-like rel-
ativistic degrees of freedom of Ne↵ = 3.36±0.34, compatible
with the standard value of 3.046.

– The results from Planck are consistent with the results of
standard big bang nucleosynthesis. In fact, combining the
CMB data with the most recent results on the deuterium
abundance, leads to the constraint Ne↵ = 3.02 ± 0.27, again
compatible with the standard value of 3.046.

– New limits on a possible variation of the fine-structure
constant, dark matter annihilation and primordial magnetic
fields.

We also find a number of marginal (around 2�) results,
perhaps indicative of internal tension within the Planck data.
Examples include the preference of the (phenomenological)
lensing parameter for values greater than unity (AL = 1.23±0.11;
Eq. 44) and for negative running (dns/d ln k = �0.015±0.09; Eq.
62b). In Planck Collaboration XXII (2013), the Planck data indi-
cate a preference for anti-correlated isocurvature modes and for
models with a truncated power spectrum on large scales. None
of these results have a decisive level of statistical significance,
but they can all be traced to an unusual aspect of the tempera-
ture power spectrum at low multipoles. As can be seen in Fig.
1, and on an expanded scale in the left-hand panel of Fig. 39,
the measured power spectrum shows a dip relative to the best-fit
base ⇤CDM cosmology in the multipole range 20 <⇠ ` <⇠ 30 and
an excess at ` = 40. The existence of “glitches” in the power
spectrum at low multipoles was noted by the WMAP team in the

first-year papers (Hinshaw et al. 2003; Spergel et al. 2003) and
acted as motivation to fit an inflation model with a step-like fea-
ture (Peiris et al. 2003). Similar investigations have been carried
out by a number of authors, (see e.g., Mortonson et al. 2009, and
references therein). At these low multipoles, the Planck spec-
trum is in excellent agreement with the WMAP nine-year spec-
trum (Planck Collaboration XV 2013), so it is unlikely that any
of the features such as the low quadrupole or “dip” in the multi-
pole range 20–30 are caused by instrumental e↵ects or Galactic
foregrounds. These are real features of the CMB anisotropies.

The Planck data, however, constrain the parameters of the
base ⇤CDM model to such high precision that there is little re-
maining flexibility to fit the low-multipole part of the spectrum.
To illustrate this point, the right-hand panel of Fig. 39 shows the
68% and 95% limits on the relative amplitude of the base⇤CDM
model (sampling the chains constrained by the full likelihood)
fitted only to the Planck TT likelihood over the multipole range
2  `  `max. From multipoles `max ⇡ 25 to multipoles `max ⇡
35, we see more than a 2� departure from values of unity. (The
maximum deviation from unity is 2.7� at ` = 30.) It is di�cult
to know what to make of this result, and we present it here as a
“curiosity” that needs further investigation. The Planck temper-
ature data are remarkably consistent with the predictions of the
base ⇤CDM model at high multipoles, but it is also conceivable
that the ⇤CDM cosmology fails at low multipoles. There are
other indications, from both WMAP and Planck data for “anoma-
lies” at low multipoles (Planck Collaboration XXIII 2013), that
may be indicative of new physics operating on the largest scales
in our Universe. Interpretation of large-scale anomalies (includ-
ing the results shown in Fig. 39) is di�cult in the absence of a
theoretical framework. The problem here is assessing the role of
a posteriori choices, i.e., that inconsistencies attract our atten-
tion and influence our choice of statistical test. Nevertheless, we
know so little about the physics of the early Universe that we
should be open to the possibility that there is new physics be-
yond that assumed in the base ⇤CDM model. Irrespective of the
interpretation, the unusual shape of the low multipole spectrum
is at least partly responsible for some of the 2� e↵ects seen in
the analysis of extensions to the⇤CDM model discussed in Sect.
6.
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ABSTRACT

Abstract: This paper presents the first cosmological results based on Planck measurements of the cosmic microwave background (CMB) temper-
ature and lensing-potential power spectra. We find that the Planck spectra at high multipoles (` >⇠ 40) are extremely well described by the standard
spatially-flat six-parameter ⇤CDM cosmology with a power-law spectrum of adiabatic scalar perturbations. Within the context of this cosmology,
the Planck data determine the cosmological parameters to high precision: the angular size of the sound horizon at recombination, the physical den-
sities of baryons and cold dark matter, and the scalar spectral index are estimated to be ✓⇤ = (1.04147±0.00062)⇥10�2,⌦bh2 = 0.02205±0.00028,
⌦ch2 = 0.1199 ± 0.0027, and ns = 0.9603 ± 0.0073, respectively (68% errors). For this cosmology, we find a low value of the Hubble constant,
H0 = 67.3±1.2 km s�1 Mpc�1, and a high value of the matter density parameter, ⌦m = 0.315±0.017. These values are in tension with recent direct
measurements of H0 and the magnitude-redshift relation for Type Ia supernovae, but are in excellent agreement with geometrical constraints from
baryon acoustic oscillation (BAO) surveys. Including curvature, we find that the Universe is consistent with spatial flatness to percent level preci-
sion using Planck CMB data alone. We use high-resolution CMB data together with Planck to provide greater control on extragalactic foreground
components in an investigation of extensions to the six-parameter ⇤CDM model. We present selected results from a large grid of cosmological
models, using a range of additional astrophysical data sets in addition to Planck and high-resolution CMB data. None of these models are favoured
over the standard six-parameter ⇤CDM cosmology. The deviation of the scalar spectral index from unity is insensitive to the addition of tensor
modes and to changes in the matter content of the Universe. We find a 95% upper limit of r0.002 < 0.11 on the tensor-to-scalar ratio. There is no
evidence for additional neutrino-like relativistic particles beyond the three families of neutrinos in the standard model. Using BAO and CMB data,
we find Ne↵ = 3.30±0.27 for the e↵ective number of relativistic degrees of freedom, and an upper limit of 0.23 eV for the sum of neutrino masses.
Our results are in excellent agreement with big bang nucleosynthesis and the standard value of Ne↵ = 3.046. We find no evidence for dynamical
dark energy; using BAO and CMB data, the dark energy equation of state parameter is constrained to be w = �1.13+0.13

�0.10. We also use the Planck
data to set limits on a possible variation of the fine-structure constant, dark matter annihilation and primordial magnetic fields. Despite the success
of the six-parameter ⇤CDM model in describing the Planck data at high multipoles, we note that this cosmology does not provide a good fit to the
temperature power spectrum at low multipoles. The unusual shape of the spectrum in the multipole range 20 <⇠ ` <⇠ 40 was seen previously in the
WMAP data and is a real feature of the primordial CMB anisotropies. The poor fit to the spectrum at low multipoles is not of decisive significance,
but is an “anomaly” in an otherwise self-consistent analysis of the Planck temperature data.

Key words. Cosmology: observations – Cosmology: theory – cosmic microwave background – cosmological parameters
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The main Planck 
anomaly is the 
low amplitudes 
at l ≈ 21-27

Planck errors are 
small and Planck’s 

values for H0 and Ωm 
are rather different 

from WMAP’s
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History of Cosmic Expansion for General ΩM & ΩΛ
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History of Cosmic Expansion for ΩΛ= 1- ΩM 

Saul Perlmutter, Physics Today, Apr 2003

past future

now

With ΩΛ = 0 the age of the 
decelerating universe would 
be only 9 Gyr, but ΩΛ = 0.7, 
Ωm = 0.3 gives an age of 14 
Gyr, consistent with stellar 
and radioactive decay ages
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LCDM Benchmark Cosmological Model: 
Ingredients & Epochs 

Barbara Ryden, Introduction to Cosmology (Addison-Wesley, 2003)
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Benchmark Model: Scale Factor vs. Time 

Barbara Ryden, Introduction to Cosmology (Addison-Wesley, 2003)
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Ωm

Age of the Universe t0 in FRW Cosmologies

■

Benchmark
Model

Benchmark
Model

= 
a(

t)
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Age t0 of the Double Dark Universe

Age in Gyr

Ωm,0

ΩΛ,0

Calculated for k=0 and h=0.7.  For any other value of 
the Hubble parameter h, multiply the age by (h/0.7).
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Age of the Universe and Lookback Time

Redshift z

These are for the Benchmark Model Ωm,0=0.3, ΩΛ,0=0.7, h=0.7.

Gyr
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http://www.astro.ucla.edu/~wright/CosmoCalc.html

Distances in the Expanding Universe:
Ned Wright’s Javascript Calculator

H0DL(z=0.83)
=17.123/13.97

=1.23

http://itunes.apple.com/us/app/cosmocalc/id334569654?mt=8

Web app

iPhone app
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