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Quantum theory of many particles: 
Interactions add spice

•Bosons and Fermions
•Atomic physics- beyond the Hydrogen atom- Hartree Fock 
theory- scaling-ideas
•Bosons: superfluidity- beyond the Bose condensation of ideal gas 
- probed by atomic traps and cold atom experiments.
•Solids:  

★Bands and Hartree Fock theory
★Landau Fermi Liquid theory
★Magnetism
★Superconductivity
★Mott Physics
★Extreme correlations

*New models- exactly solvable type

Main thrust is on emergent properties of many particle systems.

Emergence = new and fundamental laws arising from assemblies of 
particles that are unexpected from single particle properties- e.g. 
superconductivity, superfluidity etc.   

Emergence plays a big role in Condensed Matter Physics and also 
in Quantum field theory.
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Wavefunctions for N particles

ψ(x1, . . . , xi, . . . , xj , . . . , xN )

ψ(x1, . . . , xi, . . . , xj , . . . , xN ) = ±ψ(x1, . . . , xj , . . . , xi, . . . , xN ) Bose
Fermi

Bosons in Nature:  

•Elementary particles: pions,...all  integer spin particles
•More useful idea:  even number  of Fermions act as bosons. Fermions are e,n,p,....
• 4He ( 2 p+  2n)-Kammerling Onnes 1908 liquefied and in 1938 Kapitza found superfluid property 
•Atoms Rubidium-87,  Sodium-23 .. Cooling by atomic traps and condensation (Nobel Prize 1997, 2001) 
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From Atoms to Solids: Hartree Fock theory and Landau Fermi Liquids

H = − �2
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Therefore as rs becomes small we 
can use perturbation theory around

kinetic energy. This is at the heart of the 
Hartree Fock theory.

Question: What about Dirac eqn? (Graphene)
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•Implications is that we can think of high density electrons as almost free electrons
and treat potential energy as a perturbation. 
•This is the reason why we can confidently predict the properties of heavy atoms
with Z> 3, and also solids. For example in Aluminum, we have 1023 electrons per cc,
excellent approximation is to use free electron theory- works like a charm, 
•With Dirac type spectrum it  is challenging though

Landau theory of  Fermi liquids is a formalization of this idea. 
In stat mech we learn that gas-> liquid are the same, liquids are more dense and hence
more interacting. Similarly
Fermi gases <-> Fermi Liquids.... same and yet slightly different.
Fermi Liquids have certain standard set of properties, with “renormalization” 
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�
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Set of properties are controlled by Landau theory:

•Specific Heat Cv= γ T + O(T3)
•Susceptibility χ= constant
•Compressibility κ
•Quasi particle lifetimes 1/τ ~ (T2 + ω2)
•Resitivity ρ = const + T2

Large number of systems Liquid 3He, many metals satisfy the diktats of Landau Fermi 
Liquid theory.
Probed by many means, including calorimetry,magnetic measurements, ARPES, transport.

These are the “Normal” systems
Now for the exceptions:

Liquids become solids at low temperature due to “broken symmetry” + interactions
(Translation invariance in this case)
Fermi liquids become either magnets (of various denomination), or superconductors
by breaking spin-rotation symmetry or gauge symmetry at low enough temperatures. 
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Superconductivity

H = KineticEnergy − |Ueff |
�

i

ni↑ni↓

Ueff = Uelectron−phonon − UCoulomb

H = KE − |Ueff |
�

k,p

b
†
kbp;

bk = Ck↓C−k↑�

k

< bk >= ∆

Violates gauge symmetry.
BCS theory of superconductors follows.
Attraction does not just create simple molecules- it can do a lot more. Macroscopic QM
Non perturbative in U! One of the most comprehensive theories in Physics with detailed 
predictions for many measurements.
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Mott Physics and Extreme Correlations

H = Kinetic Energy + U

�

i

ni↑ni↓

When U becomes larger than the range of the kinetic energy, we get a new possibility
that was described by Mott.  At exactly 1 electron per atom, we get an insulator at large U.

Array of Hydrogen Atoms
with separation 

p +

e
-

Hydrogen atom
The 1-s level may contain
0,1 or 2 electrons 

α σ

α

Mott Insulator 

Metal

Holes

Conductivity
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Description of the doped Mott Insulator is expected to lead to
an understanding of High Tc systems- the holy grail!

How I Learned to Stop Worrying
 and Love the Limit  of Infinite U

The Physics of Extreme Correlations in 
Cuprates and its implications for ARPES

Gey Hong

ARPES = angle resolved photo emission
Significant probe since it measures the single electron propagator using the photoemission
theory.

[1]  Extremely Correlated Fermi Liquids,  Phys. Rev. Letts. 107, 
056403 (2011).

 
[2] Extremely Correlated Fermi Liquid Description of Normal 
State ARPES in Cuprates, Phys. Rev. Letts. 107, 056404 (2011). 
(G.-H. Gweon, B. S. Shastry and G. D. Gu,)

[3] " Anatomy of the self energy", Phys. Rev. B (2011)

[4]  " Dynamical Particle Hole Asymmetry in Cuprate 
Superconductors", arXiv:1110.1032
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ECFL== Extremely Correlated Fermi liquid solution of tJ model.
Φ(z) and Ψ(z).

G(k, z) =
aG

z − Êk − Σ(k, z)
, Dyson (3)

=
aG +Ψ(k, z)

z − Êk − Φ(k, z)
. ECFL (4)

For canonical objects aG = 1 and for Hubbard operators in the ECFL we write aG = 1−n/2.

We start below from a finite sized system, where the Greens function is a meromorphic

function expressible as the sum over isolated poles in the complex frequency plane with

given residues. In fact it is a rational function as well, expressible as the ratio of two

polynomials. Using simple arguments, we will see that the above two representations in

Eq. (3) and Eq. (4) are both natural ways of proceeding with the self energy concept. In

the limit of a large system, the poles coalesce to give us cuts in the complex frequency plane

with specific spectral densities. In this limit we display the equations relating the different

spectral functions.

III. FINITE SYSTEM GREENS FUNCTION

We drop the explicit mention of the wave vector k, and start with the case of a finite sized

system, where we may diagonalize the system exactly and assemble the Greens function from

the matrix elements of the operators A and the eigenenergies as in Eq. (2). We see that ρG

is a sum over say m delta functions located at the eigenenergies Ej (assumed distinct), so

we can write the meromorphic representation

Ḡ(z) =
m�

j=1

aj
z − Ej

. (5)

The overbar in Ḡ(z) is to emphasize that we are dealing with the finite sized version of the

Greens function G(z). Here aj, Ej constitute 2m known real parameters. The sum

m�

j=1

aj = aG, (6)

where aG = 1 for canonical objects and we denote aG = 1− n/2 for the non canonical case

of ECFL. In the infinite size limit we set Ḡ(z) → G(z). It is clear that for z � {Ej}max we

get the asymptotic behaviour Ḡ → aG
z , and therefore Ḡ is a rational function that may be

5

extreme correlation  model is best described 
in terms of  ``two self energies’’.

aG = 1-n/2,  n= density

3
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FIG. 3. Conventional ARPES data (Bi2212) fit with the
ECFL line shape. The data are from Ref. 18 (Tc = 90 K). (a)
The data (symbols) and the fit (red lines) are shifted verti-
cally by the same amount for ease of view. (b) An example of
the raw data and the fit data is shown for k2. The bg (back-
ground) spectrum representing the extrinsic background in-
tensity was determined as the raw data at k10, scaled by 1/2
(“bg scaling factor”). This bg spectrum was subtracted from
each raw data, and the resulting data, shown in (a), are then
fit. (c) The fixed ξ!k parameters used for the fit. Thus, in this
figure, η is the only fit parameter (cf. Fig. 2 caption). (d) Raw
data at k = kF fit with a somewhat greater η value. (e) The
current fit compared with a fit using the CADS line shape.

conventional ARPES data, all parameters other than η
are the same. We allow one small exception in Fig. 4(d),
where a slight change in ω0 produces a much better fit
over a larger energy range for LSCO.

Fig. 3 shows our fit of the data in Ref. 18 with a single
free parameter η. The amount of the “extrinsic back-
ground” (bg) in ARPES is an issue of importance [20–
22], especially when analyzing the conventional ARPES
data. Here we fit the background subtracted data, as
well as the raw data (panel d). For subtracting the back-
ground, we use an often-used procedure [22, 23] of equat-
ing the background to a fraction (“bg scaling factor”) of
the data far beyond the Fermi surface crossing (k = k10
for this data set). The bg scaling factor is determined
to be the maximum value for which the resulting inten-
sity is not negative. As shown in the panel d, the ECFL
fit remains good by adjusting η, whether or not the ex-
trinsic background is subtracted. In contrast, we find
that the CADS theory, notwithstanding its notable suc-
cesses [14, 15], cannot cope with even the background
subtracted data (Fig. 3e), giving too steep a fall off to-
wards the left. Likewise, the MFL fits [8, 24] have been
shown to compare well with the data only after substan-
tial background subtraction [23, 25].

Our own data on Bi2212 data, taken at Tc and well
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FIG. 4. Conventional ARPES data, including our own (a,b),
fit with the ECFL line shape. The procedure used to fit these
data are identical with those of the previous figure, i.e. a
fit with a single free parameter η, with (d) being a single
exception. (a, b) Optimally doped Bi2212 (Tc = 91 K). (c)
Optimally doped LSCO data [26, 27]. (d) A test fit up to
0.6 eV for the LSCO data with a small change to ω0 for the
same data as in (c) but over a wider energy range. On change
of the single fit parameter ω0 from 0.50 eV to 0.42 eV, an
excellent fit up to 0.6 eV can be found. The LSCO data, as
far as we are aware, is fit only by the ECFL theory, since an
energy dependence rising linearly for occupied states occurs
naturally and uniquely in the ECFL spectral function.

above Tc, can be fit equally well with the same back-
ground subtraction procedure, i.e. with the “bg scaling
factor” (1/2). The data and the fit are shown in Fig. 4.
We also find that the data for a lower-Tc cuprate LSCO

can be fit very well with the same intrinsic parameters.
Here, we shall discuss only the k = kF data for brevity.
In this case, we determine that the “bg scaling factor”
be 1 [28]. The subtracted “bg” data [26, 27] is shown as
the gray curve in Fig. 4(c). Given their weak supercon-
ductivity features [26, 27], these LSCO data are taken to
represent the normal state property even if the tempera-
ture is slightly lower than Tc. As for the Bi2212 case, the
data can be fit well even without the background subtrac-
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Extremely Correlated Fermi Liquid Description of Normal State ARPES in Cuprates

G.-H. Gweon,1, ∗ B. S. Shastry,1, † and G. D. Gu2

1Physics Department, University of California, Santa Cruz, CA, 95064, USA
2Condensed Matter Physics and Materials Science Department,
Brookhaven National Laboratory, Upton, New York 11973, USA

(Dated: May 13, 2011)

The normal state single particle spectral function of the high temperature superconducting
cuprates, measured by the angle resolved photoelectron spectroscopy (ARPES), has been consid-
ered both anomalous and crucial to understand. Here we show that an unprecedentedly detailed
description of the data is provided by a spectral function arising from the Extremely Correlated
Fermi Liquid state of the t-J model proposed recently by Shastry. The description encompasses
both laser and conventional synchrotron ARPES data on optimally doped Bi2Sr2CaCu2O8+δ, and
also conventional synchrotron ARPES data on the La1.85Sr0.15CuO4 materials. It fits all data sets
with the same physical parameter values, satisfies the particle sum rule and successfully addresses
two widely discussed “kink” anomalies in the dispersion.

PACS numbers: 71.10.Ay,74.25.Jb,74.72.Gh,79.60.-i

Angle resolved photo-electron spectroscopy (ARPES)
was the first probe to provide a detailed view of the
anomalous nature of high temperature cuprate supercon-
ductors, discovering unexpectedly broad spectra with in-
tense and asymmetric tails that have remained an endur-
ing mystery for the last two decades. Conventional data
taken with high energy (! 15 eV) photons from syn-
chrotron light sources have recently been supplemented
with laser ARPES data [1, 2] from lower energy (6 or 7
eV) sources. The latter show considerably sharper fea-
tures near the Fermi energy. A drastic possibility to ac-
count for this distinction is that the sudden approxima-
tion could break down for the smaller photon energies
used in laser ARPES [3]

An important un-answered question is whether the re-
sults of the two spectroscopies could be reconciled in a
single theoretical framework that does not abandon the
sudden approximation. More broadly, can we understand
the wide variety of observed lines shapes in a theoretical
framework with a sound microscopic basis and a single
set of parameters?

In this Letter, we confront a recent theory of Extremely
Correlated Fermi Liquids (ECFL) proposed by Shastry
[4] with the above challenge. The new formalism is com-
plex and requires considerable further effort to yield nu-
merical results in low dimensions. In the limit of high
enough dimensions, however, a remarkably simple ex-
pression for the Green’s function emerges; it is signifi-
cantly different from the standard Fermi Liquid Dyson
form, while satisfying the usual sum rules. We use the
above simple version of ECFL Green’s function in this
Letter, motivated by the attractive spectral shapes that
it produces with very few parameters [4]. In this Letter
we show that already the simplest version of the ECFL
theory, with very few parameters, is successful to an un-
precedented extent in detailed fitting of a wide variety
of normal state cuprate ARPES line shapes. Interesting

predictions are made for the higher temperature spectral
line skew.
Our focus in this Letter is on the data of optimally

doped Bi2Sr2CaCu2O8+δ (Bi2212) and La1.85Sr0.15CuO4

(LSCO) superconductors in the normal state, taken
with !k along the nodal direction connecting (0, 0) to
(π/a,π/a). Most of the data is taken from the published
literature, while some original data are also presented
(Bi2212 data in Figs. 4,5). Our sample is an optimally
doped Bi2212 (Tc = 91 K), grown by the floating zone
method at the Brookhaven National Laboratory (BNL),
and was measured at the Stanford Synchrotron Radiation
Lightsource (SSRL) beam line 5-4 using 25 eV photons.
The energy resolution is 15 meV and the angular resolu-
tion is 0.3 degrees.
Line shape model: The ECFL spectral function is

given as a product of an auxiliary Fermi Liquid (aux-
FL) spectral function AFL(!k,ω) and a second frequency
dependent “caparison” factor [4, 5]:

A(!k,ω) = AFL(!k,ω)

(

1−
n

2
+

n2

4
·
ξ"k − ω

∆0

)

+

(1)

where n is the number of electrons per CuO2 unit cell,
(X)+ ≡ max(X, 0), ξ"k =

(

1− n
2

)

ε(!k), where ε(!k) is
the bare one-electron band dispersion (see later). AFL is
taken as

AFL(!k,ω) =
1

π
· #m

1

ω − ξ"k − Φ(ω)
(2)

#m Φ(ω) =
ω2 + τ2

Ω0
exp

(

−
ω2 + τ2

ω2
0

)

+ η, (3)

where τ = πkBT , T is the temperature. From $eΦ [6],
the quasi-particle weight of the aux-FL is given by

ZFL =

(

1 +
ω0√
πΩ0

)−1

(4)

Smoking gun
Linear rise of intensity
for occupied states.
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FIG. 1. (a) ∆0 as a function of ω0 for various ZFL. Other
primary ECFL parameter values are n = 0.85, T = 100 K,
and ξ!k as described in the text. A small η value, 0.010 eV, was
used for this plot, which is used as a “lookup table” during the
fit. (b,c) Examples of the spectral function calculated with
different values of the effective sample quality parameter η.
See the caption of the next figure for parameter values used.
The instrumental energy broadening of 10 meV (FWHM) is
included.

The important energy scale ∆0 measures the “average
intrinsic in-elasticity” of the aux-FL. It is given [4] as:

∆0 =

∫ ∞

−∞

dωf(ω)〈AFL("k,ω)(ξ!k − ω)〉BZ (5)

where 〈·〉BZ denotes averaging over the first Brillouin
zone.
The parameters that enter this description are now

listed. The “primary parameters” defining the ECFL fit
consist of the dispersion ξ!k taken from band theory, the
density n, temperature T , and the aux-FL parameters
∆0, ω0, ZFL, Ω0. Of the last four parameters, only two
are free parameters. For instance, ω0 and ZFL can be
taken as free parameters, and Ω0 and ∆0 can be calcu-
lated using Eqs. 4 and 5, respectively.
The parameter η in Eq. (3) is an additional “secondary

parameter” [7] with respect to the ECFL theory [4]. Its
origin is in impurity scattering as argued in [8], and ad-
ditionally, in scattering with surface imperfections. Our
fits determine η ≈ 0.03 eV for laser ARPES and η ≈ 0.15
eV for conventional ARPES. Greater sample penetration
of photons in laser ARPES suggests that it should be less
sensitive to surface imperfections as compared to conven-
tional ARPES, thereby yielding a smaller η. We there-
fore propose that this parameter summarizes the effective
sample quality in different experiments. The difference in
line shapes arising from these values of η is demonstrated
in Figs. 1(b,c).
Our strategy is to fix a common set of intrinsic param-

eters for all the materials, and allow η to be determined
separately for each class of data. The most time consum-
ing part is the calculation of ∆0, the results of which are
summarized in Fig. 1(a).
In our line shape analysis (1) we first set n = 0.85, cor-

responding to the optimal doping. (2) Here ξ!k is taken
to be the un-renormalized band dispersion, taken from
the literature [9], and then scaled to fit the observed oc-
cupied band width, 1.5 eV, of the Bi2212 ARPES result
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FIG. 2. Laser ARPES data (symbols, Bi2212) from Ref. 14 fit
with the ECFL line shape (red lines). The free parameters of
the fit were ω0 (0.5 eV), η (0.032 eV), and ξ!k (shown). Fixed
parameters were n (0.85), ZFL (1/3). Derived parameters
were ∆0 (0.12 eV), Ω0 (0.14 eV). Other than η and ξ!k, the
same parameters are used elsewhere in the Letter. In (a), the
gray line corresponds to the theoretical curve with ξ!k = 0.15
eV.

[10][11]. (3) We choose ZFL = 1/3, to account for the
dispersion renormalization due to the high energy kink
[10, 12], which in this theory is caused by the energy
scale ω0 (cf. Fig. 5). (4) Finally, in all simulations, we
include the finite energy resolution effect and the finite
angle resolution effect as a combined Gaussian broad-
ening (10 meV FWHM for laser ARPES and 25 meV
FWHM for conventional ARPES) in energy [13].
Line shape fit for laser ARPES: Fig. 2 shows the

fit of the laser ARPES data with the ECFL line shape.
These fits were made using a procedure that is somewhat
more restrictive than that in the recent work of Casey
and Anderson [14, 15] invoking the X-ray edge singu-
larity ideas of Doniach and Sunjic [16] (CADS): we are
using global, rather than per-spectrum, fit parameters.
However, our fit is somewhat less restricted than other
fits shown in this Letter: here we allow a small variation
of ξ!k as in Ref. 14. We find an excellent fit quality, at
least comparable to CADS [14], without having to sub-
tract any extrinsic background intensity. The gray line
in panel (a) shows our calculation for k > kF . Our ex-
pectation is that, were the data for k > kF available, we
would find a reasonable fit in this k region as well [17],
as for other data sets below.
Line shape fit for conventional ARPES: Turning

to the conventional ARPES data, we find that the mag-
nitude of the parameter ω0 (0.5 eV) determined from the
fit of the sharp laser data works very well also for the
conventional ARPES data [19]. Thus, for the fit of the

Laser ARPES  BISCO 2212
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FIG. 3. Conventional ARPES data (Bi2212) fit with the
ECFL line shape. The data are from Ref. 18 (Tc = 90 K). (a)
The data (symbols) and the fit (red lines) are shifted verti-
cally by the same amount for ease of view. (b) An example of
the raw data and the fit data is shown for k2. The bg (back-
ground) spectrum representing the extrinsic background in-
tensity was determined as the raw data at k10, scaled by 1/2
(“bg scaling factor”). This bg spectrum was subtracted from
each raw data, and the resulting data, shown in (a), are then
fit. (c) The fixed ξ!k parameters used for the fit. Thus, in this
figure, η is the only fit parameter (cf. Fig. 2 caption). (d) Raw
data at k = kF fit with a somewhat greater η value. (e) The
current fit compared with a fit using the CADS line shape.

conventional ARPES data, all parameters other than η
are the same. We allow one small exception in Fig. 4(d),
where a slight change in ω0 produces a much better fit
over a larger energy range for LSCO.

Fig. 3 shows our fit of the data in Ref. 18 with a single
free parameter η. The amount of the “extrinsic back-
ground” (bg) in ARPES is an issue of importance [20–
22], especially when analyzing the conventional ARPES
data. Here we fit the background subtracted data, as
well as the raw data (panel d). For subtracting the back-
ground, we use an often-used procedure [22, 23] of equat-
ing the background to a fraction (“bg scaling factor”) of
the data far beyond the Fermi surface crossing (k = k10
for this data set). The bg scaling factor is determined
to be the maximum value for which the resulting inten-
sity is not negative. As shown in the panel d, the ECFL
fit remains good by adjusting η, whether or not the ex-
trinsic background is subtracted. In contrast, we find
that the CADS theory, notwithstanding its notable suc-
cesses [14, 15], cannot cope with even the background
subtracted data (Fig. 3e), giving too steep a fall off to-
wards the left. Likewise, the MFL fits [8, 24] have been
shown to compare well with the data only after substan-
tial background subtraction [23, 25].

Our own data on Bi2212 data, taken at Tc and well
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FIG. 4. Conventional ARPES data, including our own (a,b),
fit with the ECFL line shape. The procedure used to fit these
data are identical with those of the previous figure, i.e. a
fit with a single free parameter η, with (d) being a single
exception. (a, b) Optimally doped Bi2212 (Tc = 91 K). (c)
Optimally doped LSCO data [26, 27]. (d) A test fit up to
0.6 eV for the LSCO data with a small change to ω0 for the
same data as in (c) but over a wider energy range. On change
of the single fit parameter ω0 from 0.50 eV to 0.42 eV, an
excellent fit up to 0.6 eV can be found. The LSCO data, as
far as we are aware, is fit only by the ECFL theory, since an
energy dependence rising linearly for occupied states occurs
naturally and uniquely in the ECFL spectral function.

above Tc, can be fit equally well with the same back-
ground subtraction procedure, i.e. with the “bg scaling
factor” (1/2). The data and the fit are shown in Fig. 4.
We also find that the data for a lower-Tc cuprate LSCO

can be fit very well with the same intrinsic parameters.
Here, we shall discuss only the k = kF data for brevity.
In this case, we determine that the “bg scaling factor”
be 1 [28]. The subtracted “bg” data [26, 27] is shown as
the gray curve in Fig. 4(c). Given their weak supercon-
ductivity features [26, 27], these LSCO data are taken to
represent the normal state property even if the tempera-
ture is slightly lower than Tc. As for the Bi2212 case, the
data can be fit well even without the background subtrac-
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