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Growth and Collapse of 
Fluctuations

Schematic sketches of radius, density, and density 
contrast of an overdense fluctuation.  It initially expands 
with the Hubble expansion, reaches a maximum radius 
(solid vertical line), and undergoes violent relaxation 
during collapse (dashed vertical line), which results in 
the dissipationless matter forming a stable halo.  
Meanwhile the ordinary matter ρb continues to dissipate 
kinetic energy and contract, thereby becoming more 
tightly bound, until dissipation is halted by star or disk 
formation, explaining the origin of galactic spheroids 
and disks.   !
(This was the simplified discussion of BFPR84; the 
figure is from my 1984 lectures at the Varenna school. 
Now we take into account halo growth by accretion, 
and the usual assumption is that spheroids form mostly 
as a result of galaxy mergers Toomre 1977.  Also, we 
now know that most of the baryons in halos don’t cool 
and fall to the center.)



Halo and Galaxy 
Merging and Spheroid 

Formationdynamical 
friction

mergers can trigger starburst, 
          forming spheroid

subsequent cooling forms disk



N-body simulation
N-body simulation 

ΛCDM 



N-body simulation



N-body simulation





Expansion....

z=49.0t
=49 Myr

z=12.0 
t=374Myr

z=2.95 
t=2.23 Gyr



End of expansion  
for this halo
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Dark Matter Halo Structure

!
 1996 - Navarro, Frenk, & White: DM halo structure ρNFW(r) = 4 ρs (r/rs)-1(1+r/rs)-2 !
 2001 - Bullock et al.: concentration-mass-z relation for DM halos; universal angular 
momentum structure of DM halos !
 2002 - Wechsler et al.: halo concentration from mass assembly history M(z) = M0 e-αz !
 2003-present - Large Scale Structure surveys, WMAP and Planck CMB observations 
confirm ΛCDM predictions with increasing precision
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Navarro, Frenk, White 
1996     1997

Dark Matter Halo Structure

NFW is a good approximation for all cosmologies

Note: more massive 
      halos have higher  
             central density



Table 2

Comparison of NFW and Moore et al. profiles

Parameter NFW Moore et al.

Density ρ = ρs

x(1 + x)2
ρ = ρs

x1.5(1 + x)1.5

x = r/rs ρ ∝ x−3 for x ≫ 1 ρ ∝ x−3 for x ≫ 1
ρ ∝ x−1 for x ≪ 1 ρ ∝ x−1.5 for x ≪ 1
ρ/ρs = 1/4 at x = 1 ρ/ρs = 1/2 at x = 1

Mass
M = 4πρsr3

sf(x) f(x) = ln(1 + x) − x
1 + x f(x) = 2

3 ln(1 + x3/2)

= Mvirf(x)/f(C)
Mvir = 4π

3 ρcrΩ0δtop−hatr3
vir

Concentration CNFW = 1.72CMoore CMoore = CNFW/1.72
for halos with the same Mvir and rmax

C = rvir/rs C1/5 ≈ CNFW
0.86f(CNFW) + 0.1363

C1/5 = CMoore

[(1 + C3/2
Moore)

1/5 − 1]2/3

error less than 3% for CNFW =5-30 ≈ CMoore

[C3/10
Moore − 1]2/3

Cγ=−2 = CNFW Cγ=−2 = 23/2CMoore

≈ 2.83CMoore

Circular Velocity

v2
circ =

GMvir

rvir

C

x

f(x)

f(C)
xmax ≈ 2.15 xmax ≈ 1.25

= v2
max

xmax

x

f(x)

f(xmax)
v2
max ≈ 0.216v2

vir

C

f(C)
v2
max ≈ 0.466v2

vir

C

f(C)

v2
vir =

GMvir

rvir
ρ/ρs ≈ 1/21.3 at x = 2.15 ρ/ρs ≈ 1/3.35 at x = 1.25
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Dark Matter Halo Radial Profile

Klypin, Kravtsov, Bullock & Primack 2001



Micro-Macro 
Connection

Cold Dark Matter

Hot Dark Matter
ν

Particles CDM	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Velocities

HDM	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Velocities

7000	  km/s	  ≈	  100	  Mpc	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	                                                                                                    



Cosmological Simulations
Astronomical observations represent snapshots 
of moments in time.  It is the role of astrophysical 
theory to produce movies -- both metaphorical 
and actual -- that link these snapshots together 
into a coherent physical theory.  

Cosmological dark matter simulations show 
large scale structure, growth of structure, and 
dark matter halo properties!
!
Hydrodynamic galaxy formation simulations: 
evolution of galaxies, formation of galactic 
spheroids via mergers, galaxy images in all 
wavebands including stellar evolution and dust



CONSTRAINED LOCAL UNIVERSE SIMULATION
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Virgo Cluster

MWy & M31

Fornax Cluster



Aquarius Simulation:  Formation of a Milky-Way-size Dark Matter Halo

Diameter of Milky Way Dark Matter Halo 
1.6 million light years
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1,500,000 Light Years

100,000 Light Years

Milky Way Dark Matter Halo

Milky Way

Aquarius Simulation





1 Billion Light Years

Bolshoi Cosmological 
Simulation
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THE UNIVERSE IN A SUPERCOMPUTER

10.Cosmos.Sim.NA.indd   42 9/18/12   12:48 PM
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W HEN IT COMES TO RECONSTRUCTING THE PAST, 
you might think that astrophysicists have it easy. After all, 
the sky is awash with evidence. For most of the universe’s 
history, space has been largely transparent, so much so 

that light emitted by distant galaxies can travel for billions of years before 
finally reaching Earth. It might seem that all researchers have to do to 
find out what the universe looked like, say, 10 billion years ago is to build 
a telescope sensitive enough to pick up that ancient light. 

Actually, it’s more complicated than that. Most of the ordinary matter 
in the universe—the stuff that makes up all the atoms, stars, and galaxies 
astronomers can see—is invisible, either sprinkled throughout inter galactic 
space in tenuous forms that emit and absorb little light or else swaddled 
inside galaxies in murky clouds of dust and gas. When astronomers look 
out into the night sky with their most powerful telescopes, they can see no 
more than about 10 percent of the ordinary matter that’s out there.

To make matters worse, cosmologists have discovered that if you add 
up all the mass and energy in the universe, only a small fraction is com-
posed of ordinary matter. A good 95 percent of the cosmos is made up of two 
very different kinds of invisible and as-yet-unidentified stuff that is “dark,” 
meaning that it emits and absorbs no light at all. One of these mysterious 
components, called dark matter, seems immune to all fundamental forces 
except gravity and perhaps the weak interaction, which is responsible for 

To understand the cosmos, 
we must evolve it all over again
By Joel R. Primack 

COSMIC WEB: The Bolshoi simulation 
models the evolution of dark matter, 
which is responsible for the large-
scale structure of the universe. Here, 
snapshots from the simulation 
show the dark matter distribution at 
500 million and 2.2 billion years [top] 
and 6 billion and 13.7 billion years 
[bottom] after the big bang. These 
images are 50-million-light-year-thick 
slices of a cube of simulated universe 
that today would measure roughly 
1 billion light-years on a side and 
encompass about 100 galaxy clusters. 
SOURCES: SIMULATION, ANATOLY KLYPIN AND JOEL R. PRIMACK; 
VISUALIZATION, STEFAN GOTTLÖBER/LEIBNIZ INSTITUTE FOR 
ASTROPHYSICS POTSDAM 

10.Cosmos.Sim.NA.indd   43 9/18/12   12:48 PM

IEEE Spectrum - October 2012

500 Million Years 2.2 Billion Years

6 Billion Years

6 Billion Years

Now

After the Big Bang



BOLSHOI SIMULATION ZOOM-IN

Anatoly Klypin, Stefan Gottloeber, Joel Primack



1 Billion Light Years

Bolshoi Cosmological 
Simulation

100 Million Light Years



BOLSHOI SIMULATION FLY-THROUGH

<10-3  
of the 
Bolshoi 
Simulation 
Volume

100 million light years



Bolshoi Cosmological 
Simulation

100 Million Light Years



Bjork   “Dark Matter”  
Biophilia



Bolshoi-Planck 
Cosmological Simulation
Merger Tree of a Large Halo

Merger Tree:  Peter Behroozi	

Visualization:  Alex Bogert



Bolshoi-Planck 
Cosmological Simulation

NASA Ames Research Center
Anatoly Klypin & Joel Primack   

8.6x109 particles   1 kpc resolution



Growth Factor



z = 8.8 

Curve: 
    Sheth- 
       Tormen 
          approx.

FOF halos 
  link = 0.20SO halos

Sheth-Tormen approximation with the same WMAP5 parameters used for Bolshoi simulation 
very accurately agrees with abundance of halos at low redshifts, but increasingly 
overpredicts bound spherical overdensity halo abundance at higher redshifts.  

Sheth-Tormen Fails at 
High Redshifts

Klypin, Trujillo, & Primack, arXiv: 1002.3660v3



Each panel shows 1/2 of the dark matter particles in cubes of 1h-1 Mpc size. The center of each 
cube is the exact position of the center of mass of the corresponding FOF halo. The effective 
radius of each FOF halo in the plots is 150 − 200 h-1 kpc. Circles indicate virial radii of distinct 
halos and subhalos identified by the spherical overdensity algorithm BDM. 

= ratio of FOF mass / SO mass

FOF linked together a chain of 
halos that formed in long and 
dense filaments (also in panels b, !
d, f, h; e = major merger) 

Klypin, Trujillo, & Primack, arXiv: 1002.3660v3

FOF



Agrees with ΛCDM Matter Distribution

Data Compilation: Hlozek+2012 ApJ 749, 90



To investigate the statistics of galaxies and their relation to host DM halos as 
predicted by the LCDM model, we predicted the properties of our model galaxies 
using the following Halo Abundance Matching (HAM) procedure:!
!
1. Using the merger tree of each DM halo and subhalo, obtain Vacc = the peak value 
of the circular velocity over the history of the halo (this is typically the maximum 
circular velocity of the halo when the halo is first accreted). Perform abundance 
matching of the velocity function of the halos to the LF of galaxies to obtain the 
luminosity of each model galaxy.!
!
2. Perform abundance matching of the velocity function to the stellar mass function 
of galaxies to obtain the stellar mass of each model galaxy.!
!
3. Use the observed gas-to-stellar mass ratio as a function of stellar mass to assign 
cold gas masses to our model galaxies. The stellar mass added to the cold gas 
mass becomes the total baryonic mass.!
!
4. Using the density profiles of the DM halos, obtain the circular velocity at 10 kpc 
(V10) from the center of each halo. Multiply the DM mass, as it comes from 
simulations, by the factor (1 − fbar), where fbar is the cosmological fraction of baryons. 
This is the dark-matter-only contribution.  Add the contribution to V10 of the baryon 
mass from step 3 assuming it is enclosed within a radius of 10 kpc.!
!
5. Optionally implement the BlumenthalFaberFloresPrimack86 correction to V10 due 
to the adiabatic contraction of the DM halos from the infall of the baryon component 
to the center.

Halo Abundance Matching Trujillo-Gomez, Klypin, Primack, 	

& Romanowsky ApJ 2011



Bolshoi wp(rp) by Halo 
Abundance Matching vs. 
SDSS Observations

Trujillo-Gomez, Klypin, 
Primack, & Romanowsky 2011

Angular correlation 
function of SDSS 
galaxies vs. Bolshoi 
galaxies using halo 
abundance matching, 
with scatter using our 
stochastic abundance 
matching method.  
This results in a better 
than 20% agreement 
with SDSS.  Top left: 
correlation functinon 
in three magnitude 
bins, showing Poisson 
uncertainties as thin 
lines.  Remaining 
panels: correlation 
function in each 
luminosity bin 
compared with SDSS 
galaxies (points with 
error bars: Zehavi et 
al. 2010).

BRIGHTEST GALAXIES

LESS BRIGHT GALAXIES FAINTER GALAXIES

Milky Way Mr ≈ –20.7



Kravtsov, Berlind, Wechsler, Klypin, Gottloeber, Allgood, & Primack 2004

ΛCDM 
PREDICTS 
EVOLUTION 
IN THE GALAXY 
CORRELATION 
FUNCTION 

   ξgg(r)	


2 halos

same 
halo

2 halos

same 
halo

2 halos

same 
halo

2 halos

same 
halo



n(>Vmax,acc)=n(>L)

 Conroy,  
Wechsler &  

Kravtsov  
2006, ApJ 647, 201 

projected  
2-point 

correlation 
function

projected separation 

Galaxy clustering in SDSS at z~0 
agrees with ΛCDM simulations

DM  
particles

DM halos

BRIGHT 
GALAXIES

FAINT 
GALAXIES



n(>Vmax,acc)=n(>L)

 Conroy,  
Wechsler &  
Kravtsov 06  

projected  
2-point 

correlation 
function

projected separation 

and at redshift z~1 (DEEP2)

BRIGHT

FAINT

DM halos

DM  
particles



n(>Vmax,acc)=n(>L)

 Conroy,  
Wechsler &  
Kravtsov 06  

angular  
2-point 

correlation 
function

projected separation 

and at z~4-5 (LBGs, Subaru)!

BRIGHT

FAINT

DM halos

DM  
particles



The dark side of galaxy colour!
Andrew P. Hearin & Douglas F. Watson  MNRAS 435, 1313–1324 (2013) !

Hearin and Watson 2013 showed that by extending the traditional 
abundance matching formalism to consider an additional halo 
property beyond Vmax, the observed spatial distribution of galaxies as 
a function of luminosity and color could be accurately reproduced. 
Specifically, the authors considered the redshift, dubbed zstarve, that 
correlates with the epoch at which the star formation in the galaxy is 
likely stifled, ultimately leading to the quenching of the galaxy. 
By using merger trees to map the full mass assembly history (MAH) of halos, a halo’s zstarve value is determined by 
whichever of the following three events happens first in its MAH:  (1) the epoch a halo accretes onto a larger halo, thus 
becoming a subhalo, (2) the epoch a halo reaches a characteristic mass1, and (3) the epoch a halo transitioned from the 
fast- to slow-accretion regime. Under the simple assumption that zstarve correlates with g − r color at fixed luminosity, the 
age matching technique was able to accurately predict color-dependent clustering in the Sloan Digital Sky Survey (SDSS) 
and a variety of galaxy group statistics. The success of the model supported the idea that the assembly history of galaxies 
and halos are correlated.



Anatoly Klypin, Joel Primack, Peter Behroozi 
Risa Wechsler, Ralf Kahler, Nina McCurdy

Observational Data Bolshoi Simulation
Sloan Digital Sky Survey

Compare  
Statistically 
via SHAM 

(SubHalo  
Abundance 
Matching)



The  Milky Way has two large satellite galaxies, 
the small and large Magellanic Clouds 	

                                        

The Bolshoi simulation + sub-halo abundance matching 
predict the likelihood of 0, 1, 2, 3, ... large satellites

How common is this?



0 1 2 0 1 2



英文标题:微软雅黑，30pt   
颜色: 黑色 

正文：微软雅黑，14pt 
颜色：黑色

Every case agrees, within 
the observational errors

Statistics of MW bright satellites:  
Sloan Digital Sky Survey data vs. Bolshoi simulation

Busha et al. 2011 ApJ 
Liu et al. 2011 ApJ

Risa Wechsler

SDSS Data Bolshoi simulation



(iii) Gravitational lensing
Gravitational lensing provides important probes of DM on cosmic, cluster, and galactic scales

that can be compared to the predictions from numerical simulations. We can distinguish
between weak lensing (see also Section 2.3(iv)), which can be used to tomographically map
the large scale distribution of DM [74] and to measure the total masses and shapes of individual
halos through cluster and galaxy–galaxy lensing [75,76], and strong lensing, which can probe
the central slope of DM density profiles [77] and is sensitive, through flux ratio anomalies
[78] and potentially time-delay perturbations [79], to the amount of DM substructure present
in cluster and galaxy halos [80,81]. Recent studies comparing to predictions from numerical
simulations tend to find that the amount of substructure present in DM halos may be insuffi-
cient to explain the observed occurrence of flux ratio anomalies [82–84]. However, the effects
of intervening line-of-sight structures can be important [85].

2.2.2. Indirect detection
Indirect detection of DM refers to the search for the products of pair-annihilations of DM. The direct

annihilation into two photons is typically loop-suppressed, and so the dominant annihilation channel
is into quarks, gauge (or Higgs) bosons, or directly into leptons. The hadronization of heavy annihila-
tion products results in gamma ray photons, electrons and positrons, and neutrinos. All of these are
potentially observable, for example with ground based Atmospheric Cerenkov Telescopes (MAGIC,
VERITAS, H.E.S.S.) and neutrino detectors (IceCube), balloon-borne detectors (ATIC), and space-based
satellites (PAMELA, Fermi Gamma-ray Space Telescope) and experiments (AMS-02 on the Interna-
tional Space Station). In the following we discuss some of the possible DM annihilation signatures.

(i) Extra-galactic diffuse gamma-ray background
The extra-galactic diffuse gamma-ray background (DGRB) refers to the sum-total of all

gamma-ray radiation produced by DM annihilations throughout cosmic history [86]. The ampli-

Table 2
Current state of the art in DM-only simulations on cosmic, cluster, and galactic scale, ordered by number of simulation particles.
Lhires is a proxy for the size of the high-resolution region in zoom-in simulations, and is defined to be equal to the size of a cube at
mean density enclosing all high resolution particles. is the number of halos in the box (COSMIC) or subhalos within r50 (CLUSTER and
GALACTIC) with at least 100 particles at z = 0. In some cases (DEUS FUR, Horizon-4P) mass functions have not been published, and so
we estimated from a Sheth and Tormen [19] mass function fit.

DM-only simulations

Name Code Lbox [h!1 Mpc] Np [109] mp [h!1 M"] esoft [h!1 kpc] [106] Ref.

COSMIC

DEUS FUR RAMSES-DEUS 21,000 550 1.2 # 1012 40.0a 145 [259]
Horizon Run 3 GOTPM 10,815 370 2.5 # 1011 150.0 $190 [260]
Millennium-XXL GADGET-3 3000 300 6.2 # 109 10.0 170 [220]
Horizon-4P RAMSES 2000 69 7.8 # 109 7.6a $40 [261]

Millennium GADGET-2 500 10 8.6 # 108 5.0 4.5 [181]
Millennium-II GADGET-3 100 10 6.9 # 106 1.0 2.3 [87]
MultiDark Run1 ART 1000 8.6 8.7 # 109 7.6a 3.3 [36]

Bolshoi ART 250 8.6 1.4 # 108 1.0a 2.4 [262]

Name Code Lhires [h!1 Mpc] Np,hires [109] mp,hires [h-1 M"] esoft [h!1 kpc] [103] Ref.

CLUSTER

Phoenix A-1 GADGET-3 41.2 4.1 6.4 # 105 0.15 60 [263]

Name Code Lhires [Mpc] Np,hires [109] mp,hires [M"] esoft [pc] [103] Ref.

GALACTIC

Aquarius A-1 GADGET-3 5.9 4.3 # 109 1.7 # 103 20.5 82 [45]
GHalo PKDGRAV2 3.89 2.1 # 109 1.0 # 103 61.0 43 [32]
Via Lactea II PKDGRAV2 4.86 1.0 # 109 4.1 # 103 40.0 13 [44]

a For AMR simulations (RAMSES, ART) esoft refers to the highest resolution cell width.

56 M. Kuhlen et al. / Dark Universe 1 (2012) 50–93

Dark Matter Only simulations on Cosmic, Cluster, & Galactic scales

Table 2 in Kuhlen, Vogelsberger, Angulo 2012, Dark Universe 1, 50-93



Dark Matter Only simulations on Cosmic, Cluster, & Galactic scales

Table 3 in Kuhlen, Vogelsberger, Angulo 2012, Dark Universe 1, 50-93of 2010 at the Jülich Supercomputer Centre in Germany using 12,288 CPUs using a memory-effi-
cient version of the GADGET-3 code. The main goal of this simulation is to explore the impact of
galaxy formation physics on cosmological probes, in particular for BAO detection and redshift-
space distortion tests.

On considerably smaller but still cosmic scales, two of the most prominent simulations are
the Millennium-II and the Bolshoi simulations. Millennium-II, a GADGET-3 simulation, has 10 bil-
lion particles in a 100 h!1 Mpc box, for a particle mass of 6.9 " 106 M#. It cost 1.4 million CPU-
hours on an IBM Power-6 supercomputer at the Max-Planck Computing Center in Garching,
Germany. Bolshoi, an ART simulation, uses 8.6 billion particles in a 250 h!1 Mpc box, giving a
particle mass of 1.4 " 108 M#, and required 6 million CPU-hours on the Pleiades supercomputer
at NASA Ames. Both simulations have a force resolution of 1 h!1 kpc. Although Bolshoi has 20
times poorer mass resolution, it covers 16 times more volume than Millennium-II. One addi-
tional difference between the two is the choice of cosmological parameters, with Millen-
nium-II employing values inspired by the first year WMAP results (!m = 0.25, !K ¼ 0:75, h =
0.73, r8 = 0.9, and ns = 1), which for r8 and ns are more than 3r discrepant with the more recent
WMAP 5-year and 7-year results, while Bolshoi used values (!m = 0.27, !K ¼ 0:73, h = 0.70, r8 =
0.82, and ns = 0.95) that are consistent with the more recent measurements.3 For both cases, the
mass and force resolution is sufficient to resolve some of the internal (sub-)structure of Milky
Way-like halos, while at the same time capturing a large enough sample of such galaxies
(%5000 in Millennium-II, %90,000 in Bolshoi) to enable statistical studies. These simulations have
provided precise and robust results on DM halo statistics like the mass function, subhalo abun-

Table 3
Supercomputers and computational resources utilized for each simulation.

Simulation Supercomputer Type Center Country Core-
hours
[106]

Ncores Memory
[TB]

Disk
space
[TB]

DEUS FUR Curie Thin
Nodes

Bullx B510 Très Grand Centre de
Calcul (TGCC)

France 10 38,016 230 3000

Horizon
Run 3

Tachyon II Sun Blades
B6275

KISTI
Supercomputing
Center

Korea 4 8240 21 400

Millennium-
XXL

JuRoPa Bull/Sun
Blades

Forschungzentrum
Jülich

Germany 2.86 12,288 28.5 100

Horizon-4II Platine Bull
Novascale
3045

Commissariat a
l’Energie Atomique

France 8 6144 14.7 300

Millennium p690 IBM Power
4

Rechenzentrum
Garching

Germany 0.35 512 1 20

Millennium-
II

VIP IBM Power
6

Rechenzentrum
Garching

Germany 1.4 2048 8 35

MultiDark
Run1

Pleiades SGI Altix
ICE

NASA Ames Research
Center

USA 0.4 4000 8 20

Bolshoi Pleiades SGI Altix
ICE

NASA Ames Research
Center

USA 6 13,900 12 100

Phoenix A-1 DeepComp
7000

HS21/
x3950
Cluster

Chinese Academy of
Science

China 1.9 1024 3 15

Aquarius
A-1

HLRB-II SGI Altix
4700

Leibniz
Rechenzentrum
Garching

Germany 3.5 1024 3 45

GHalo Marenostrum IBM JS21
Blades

Barcelona
Supercomputing
Center

Spain 2 1000 1 60

Via Lactea II Jaguar Cray XT4 Oak Ridge National
Lab

USA 1.5 3000 0.3 20

3 Results from the Millennium simulations have been rescaled to the latest set of cosmological parameters [268,269].

M. Kuhlen et al. / Dark Universe 1 (2012) 50–93 67
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1 Billion Light Years

Bolshoi-Planck Cosmological 
Simulation

Anatoly Klypin & Joel Primack	

Finished 6 Aug 2013 on Pleiades computer 	


at NASA Ames Research Center
8.6x108 particles   1 kpc resolution



Bolshoi-Planck	

20483 = 8.6G particles	

250/h Mpc box	

1/h kpc resolution	

complete to Vmax=50 km/s

MultiDark-Planck	

38403 = 56G particles	

1/h Gpc box	

10/h kpc resolution	

complete to Vmax=130 km/s

Bolshoi-Planck	

has a lot more 	

massive halos 	

at high redshifts	

than Bolshoi!
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MNRAS 336 (2002) 112 
The abundance and clustering of dark haloes in the 

standard Lambda CDM cosmogony 
H. J. Mo, S.D.M. White

We define the characteristic properties of a dark halo within a sphere of radius r200 chosen so that the mean enclosed density is 200 times 
the mean cosmic value.  Then, with the Fourier transform of a radius R spherical top hat 

and the growth factor is 

and equation (9) then follows by differentiation.

Lahav, Lilje, Primack, & Rees 1991
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Numerical simulations show that although the scaling properties implied by the PS 
argument hold remarkably well for a wide variety of hierarchical cosmogonies, substantially 
better fits to simulated mass functions are obtained if the error function in equation (12) is 
replaced by a function of slightly different shape. Sheth & Tormen (1999) suggested the 
following modification of equation (9)

[See Sheth, Mo & Tormen (2001) and Sheth & Tormen (2002) for a justification of this 
formula in terms of an ellipsoidal model for perturbation collapse.] The fraction of all matter 
in haloes with mass exceeding M can be obtained by integrating equation (14). To good 
approximation,

In a detailed comparison with a wide range of simulations, Jenkins et al. (2001) confirmed 
that this model is indeed a good fit provided haloes are defined at the same density 
contrast relative to the mean in all cosmologies.  This is for FOF halo finding -- but Klypin, 
Trujillo, Primack 2010 find that the more physical Bound Density Maximum (BDM) halo 
finder results in 10x lower halo number density at z=10.

The PS formula is

(14)

(9)
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T = virial temperature

∆8 = “comoving  
clustering length 
of halos” = rms 
overdensity of 
halos > M at 
plotted redshift

∆8,0 = comoving  
clustering length of 
halo descendants 
at z = 0

A 1012 M☉ halo now 
and a 2x1010 M☉ 
halo at z = 20 both 
have T ~ 106 K (i.e,          
Vc ~ 200 km/s)

About 1% of the 
mass is in halos with 
M > 1015 M☉ at z = 0, 
M > 1012 M☉ at z = 5,  
and M > 1010 M☉ at z 
= 10



Cosmological Simulation Methods
Dissipationless Simulations 

Particle-Particle (PP) - Aarseth NbodyN, N=1,...,6 
Particle Mesh (PM) - see Klypin & Holtzman 1997 
Adaptive PM (P3M) - Efstathiou et al. 
Tree - Barnes & Hut 1986, PKDGRAV Stadel 
TreePM - GADGET2, Springel 2005 
Adaptive Mesh Refinement (AMR) - Klypin (ART)

Hydrodynamical Simulations 
Fixed grid - Cen & Ostriker 
Smooth Particle Hydrodynamics (SPH) - GADGET2, Springel 2005 
                       - Gasoline, Wadsley, Stadel, & Quinn 
Adaptive grid - ART+hydro - Klypin & Kravtsov; ENZO - Norman et al.; 
                      - RAMSES - Teyssier 

Initial Conditions 
Standard: Gaussian P(k) realized uniformly, Zel’dovich displacement 
Multimass - put lower mass particles in a small part of sim volume 
Constrained realization - small scale: simulate individual halos (NFW) 

  large scale: simulate particular region Reviews 
Bertschinger ARAA 1998; Klypin lectures 2002; U Washington website 
  http://www-hpcc.astro.washington.edu/; UC-HiPACC 2010 summer school 
at UCSC http://hipacc.ucsc.edu/html/2010SummerSchool_archive.html 

http://www-hpcc.astro.washington.edu
http://hipacc.ucsc.edu/html/2010SummerSchool_archive.html


the radius at which the logarithmic slope of the
density profile is equal to −2. This scale corre-
sponds to rs for the NFW profile and ≈ 0.35rs for
the Moore et al. profile.

Figure 3 presents the comparison between the
analytic profiles normalized to have the same virial
mass and the same radius rmax. We show results
for halos of low and high values of concentration
representative of cluster- and low-mass galaxy ha-
los, respectively. The bottom panels show the pro-
files, while the top panels show the corresponding
logarithmic slope as a function of radius. The fig-
ure shows that the two profiles are very similar
throughout the main body of the halos. Only in
the very central region do the differences become
significant. The difference is more apparent in the
logarithmic slope than in the actual density pro-
files. Moreover, for galaxy-mass halos the differ-
ence sets in at a rather small radius ! 0.01rvir,
which would correspond to scales < 1 kpc for the
typical dark matter dominated dwarf and LSB
galaxies. At the observationally interesting scales
the differences between NFW and Moore et al.
profiles are fairly small and the NFW profile pro-
vides an accurate description of the halo density
distribution.

Note also that for galaxy-size (e.g., high-
concentration) halos the logarithmic slope of the
NFW profile has not yet reached its asymptotic
inner value of −1 even at scales as small as
0.01rvir. At this distance the logarithmic slope
of the NFW profile is ≈ −1.4 − 1.5 for halos with
mass ∼ 1012h−1M⊙. For cluster-size halos this
slope is ≈ −1.2. This dependence of the slope at a
given fraction of the virial radius on the virial mass
of the halo is very similar to the results plotted
in Figure 3 of Jing & Suto (2000). These authors
interpreted it as evidence that halo profiles are
not universal. It is obvious, however, that their
results are consistent with NFW profiles and the
dependence of the slope on mass can be simply a
manifestation of the well-studied cvir(M) relation.

The NFW and Moore et al. profiles can be
compared in a different way. We can approximate
the Moore et al. halo of a given concentration with
the NFW profile. Fractional deviations of the fits
depend on the halo concentration and on the range
of radii used for the fits. A low-concentration halo
has larger deviations, but even for C = 7 case, the
deviations are less than 15% if we fit the halo at

Fig. 3.— Comparison of the Moore et al. and the
NFW profiles. Each profile is normalized to have the
same virial mass and the same radius of the maximum
circular velocity. Left panels: High-concentration halo
typical of small galaxy-size halos CNFW = 17. Right

panels: Low-concentration halo typical of cluster-size
halos. The deviations are very small (< 3%) for radii
r > rs/2. Top panels show the local logarithmic slope
of the profiles. Note that for the high concentration
halo the slope of the profile is significantly larger than
the asymptotic value -1 even at very small radii r ≈

0.01rvir.

scales 0.01 < r/rvir < 1. For a high-concentration
halo with C = 17, the deviations are much smaller:
less than 8% for the same range of scales.

To summarize, we find that the differences be-
tween the NFW and the Moore et al. profiles are
very small (∆ρ/ρ < 10%) for radii above 1% of
the virial radius for typical galaxy-size halos with
CNFW

>∼ 12. The differences are larger for halos
with smaller concentrations. In the case of the
NFW profile, the asymptotic value of the central
slope γ = −1 is not achieved even at radii as small
as 1%-2% of the virial radius.

3.2. Convergence study

The effects of numerical resolution can be stud-
ied by resimulating the same objects with higher
force and mass resolution and with a larger num-
ber of time steps. In this study we performed

8

Fig. 1.— Example of the construction of mass re-
finement in lagrangian space (here for illustration we
show a 2D case). Three central blocks of particles
were marked for highest mass resolution. Each block
produces 162 particles of the smallest mass. Adjacent
blocks correspond to the four times lower resolution
and produce 82 particles each. The procedure is re-
peated recursively until we reach the lowest level of
resolution. The region of the highest resolution can
have arbitrary shape.

Figure 2 shows an example of mass refinement
for one of the halos in our simulations. A large
fraction of high resolution particles ends up in
the central halo, which does not have any larger
mass particles (see insert in the bottom panel). At
z = 10, the region occupied by the high resolution
particles is non-spherical: it is substantially elon-
gated in the direction perpendicular to the large
filament clearly seen at z = 0.

After the initial conditions are set, we run the
simulation again allowing the code to perform
mesh refinement based only on the number of par-
ticles with the smallest mass.

2.3. Numerical simulations

We simulated a flat low-density cosmological
model (ΛCDM) with Ω0 = 1 − ΩΛ = 0.3, the
Hubble parameter (in units of 100 kms−1Mpc−1)
h = 0.7, and the spectrum normalization σ8 = 0.9.
We have run two sets of simulations. The first set

Fig. 2.— Distribution of particles of different masses
in a thin slice through the center of halo A1 (see Ta-
ble 1) at z = 10 (top panel) and at z = 0 (bot-
tom panel). To avoid crowding of points the thick-
ness of the slice is made smaller in the center (about
30h−1kpc) and larger (1h−1Mpc) in the outer parts
of the forming halo. Particles of different mass are
shown with different symbols: tiny dots, dots, large
dots, squares, and open circles.

used 1283 zeroth-level grid in a computational box
of 30h−1Mpc. The second set of simulations used
2563 grid in a 25h−1Mpc box and had higher mass
resolution. In the simulations used in this paper,
the threshold for cell refinement (see above) was
low on the zeroth level: nthresh(0) = 2. Thus, ev-

5

Klypin, Kravtsov, Bullock 
& Primack 2001



http://new-universe.org/zenphoto/Chapter3/Videos/
Many relevant videos can be found at this URL:

http://new-universe.org/zenphoto/Chapter3/Videos/
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Particle number in cosmological N-body simulations vs. pub date
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adaptive mesh refinement

Bolshoi

Millennium 
XXL
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Springel et al. 2005

The Millennium Run
• properties of 
halos (radial 
profile, 
concentration, 
shapes)!
• evolution of the 
number density 
of halos, essential 
for normalization of 
Press-Schechter- 
type models!
• evolution of the 
distribution and 
clustering of 
halos in real and 
redshift space, for 
comparison with 
observations!
• accretion 
history of halos, 
assembly bias 
(variation of large-
scale clustering with 
as- sembly history), 
and correlation with 
halo properties 
including angular 
momenta and 
shapes!
• halo statistics 
including the mass 
and velocity 
functions, angular 
momentum and 
shapes, subhalo 
numbers and 
distribution, and 
correlation with 
environment

• void statistics, 
including sizes and 
shapes and their 
evolution, and the 
orientation of halo 
spins around voids!
• quantitative 
descriptions of the 
evolving cosmic 
web, including 
applications to weak 
gravitational lensing!
• preparation of 
mock catalogs, 
essential for 
analyzing SDSS 
and other survey 
data, and for 
preparing for new 
large surveys for 
dark energy etc.!
• merger trees, 
essential for semi-
analytic 
modeling of the 
evolving galaxy 
population, including 
models for the 
galaxy merger rate, 
the history of star 
formation and 
galaxy colors and 
morphology, the 
evolving AGN 
luminosity function, 
stellar and AGN 
feedback, recycling 
of gas and metals, 
etc.

The Millennium Run 
was a landmark 
simulation, and it has 
been the basis for 
~300 papers.  
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WMAP+SN+Clusters Determination of σ8 and ΩM 



σ8  = 0.82
h = 0.70

Cosmological parameters are consistent with 
the latest observations

Force and Mass Resolution are nearly an
order of magnitude better than Millennium-I

Force resolution is the same as Millennium-II, 
in a volume 16x larger

Halo finding is complete to Vcirc > 50 km/s, 
using both BDM and ROCKSTAR halo finders

Bolshoi and MultiDark halo catalogs were 
released in  September 2011 at Astro Inst 
Potsdam; Merger Trees will soon be available

0



steeper slope LF

median Vcirc with AC

median Vcirc without ACLuminosity-Velocity !
Relation

Trujillo-Gomez, 

Klypin, Primack, 

& Romanowsky 

ApJ 2011

“AC” = Adiabatic Contraction of 
dark matter halos when baryons 
cool & condense to halo centers,

following Blumenthal, Faber, 
Flores, & Primack 1986

Bolshoi!
Sub-Halo!
Abundance!
Matching

Theory & Observations	

Agree Pretty Well



Bolshoi!
Sub-Halo!
Abundance!
Matching

Baryonic Mass - Velocity !
Relation

Theory & Observations	

Agree Pretty Well

Trujillo-Gomez, 

Klypin, Primack, 

& Romanowsky 

ApJ 2011



Velocity !
Function

observed VF!
(HIPASS + 

SDSS)

theoretical 
VF with AC

theoretical VF 
without AC

Discrepancy due to!
incomplete observations 

or ΛCDM failure?

Theory & Observations	

Agree Pretty Well

Bolshoi!
Sub-Halo!
Abundance!
Matching

Trujillo-Gomez, 

Klypin, Primack, 

& Romanowsky 

ApJ 2011



Klypin, Karachentsev, Nasonova 2012

Total sample:   813 galaxies	

Within 10 Mpc:    686	

       MB<-13  N=304	

       MB<-10  N=611	
!
80-90% are spirals or dIrr (T>0)	
!
Errors of distances are 8-10%	
!
80% with D<10Mpc have HI linewidth	
!
Vrot = 	

  150x10^(-(20.5+MB)/8.5)km/s

Local Volume: D <10 Mpc

Distribution of observed line-widths     
(similar after correction for inclination)

No disagreement 
for V > 60 km/s

A factor of two disagreement at  V = 40 km/s

ΛCDM

Presented at KITP Conf “First Light and Faintest Dwarfs” Feb 2012 and UCSC Galaxy Workshop Aug 2012

Deeper Local Survey -- better  
agreement with ΛCDM but still more 
halos than galaxies below 50 km/s



Cosmic baryon fraction = 0.045/0.31 = 14%   
Milky Way M*/Mhalo = 0.3 x 14% = 4%

Mstar/Mbar

30%

2%

0.2%

7%

0.7%

(Mstar/Mh)max= 4%

Highest stellar mass fraction (~4%) 
for Milky Way mass halos, for 
which stars are ≲30% of baryons. 

Mstar/Mh

Behroozi, Wechsler, Conroy ApJL, 762, L31 (2013)

STELLAR MASS – HALO MASS RELATION



2001 MNRAS 321, 559 

Dependence of Halo Concentration on 
Mass and Redshift



Concentration falls as 
mass increases

Concentration falls even 
faster for subhalos as 

mass increases

Concentration rises as 
density increases

Bullock et al. 2001



Spread of Halo Concentrations

Bullock et al. 2001



Evolution of Halo Concentration with Redshift

Concentration falls as 
redshift increases

Cvir ∝ 1/(1+z) 
at fixed mass

Bullock et al. 2001



<s> = short / 
long axis of 
dark halos vs. 
mass and 
redshift.  Dark 
halos are more 
elongated the 
more massive 
they are and the 
earlier they form.  
We found that 
the halo <s> 
scales as a 
power-law in 
Mhalo/M*.  Halo 
shape is also 
related to the 
Wechsler halo 
formation scale 
factor ac.

Allgood+2006

Halo Shapes

z=0

z=2

z=1

<s>



Halos become 
more spherical 
at larger 
radius and 
smaller mass.   
As before,  
      
s =  
!
These 
predictions 
can be tested 
against cluster 
X-ray data and 
galaxy weak 
lensing data.

Allgood+2006

Rounder

Longer

Lower Mass

Higher Mass

short axis
long axis

redshift z=0
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Columbia 
Supercomputer 
NASA Ames 

2005

Simulation: 
Brandon  
Allgood & 
Joel Primack 
!
Visualization: 
Chris Henze !
(rotation to  
show 3D)


