Solitons in the Korteweg-de Vries Equation (KdV
Equation)

m [ntroduction

The Korteweg-de Vries Equation (KdV equation) describes the theory ot water waves In
shal | ow channel s, such as a canal. It is a non-linear equation which exhibits specia

sol utions, known as solitons, which are stable and do not disperse with tine. Further-
nore there as solutions with nore than one soliton which can nove towards each other,
interact and then enmerge at the sane speed with no change in shape (but with a tine

"l ag" or "speed up").

The KdV equation is
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Because of the u du/dx termthe equation is non-linear (this term increases four
times if uis doubled).

m One soliton solution

The sinplest soliton solution Is

u(x, t) = -2sech? (x - 4t),

which 1s a trough of depth 2 traveling to the right wth speed 4 and not changing its
shape.

Let us verify that it does satisfy the equation

4= uexact [Xx_, t_]1 = -2Sech[x - 4t]1"2

ous- -2 Sech[4t -x]?

5= D[uexact [x, t], t] == 6uexact [x, t]D[uexact [Xx, t], x] - D[uexact[x, t], {x, 3}] //Sinmplify
outs]= True

Mat hematica returns True, indicating that equation is satisfied.

Mat hemati ca function NDSolve can solve partial differential equations in two (but not
nmore than two) variables, such as x and t. However, it tends to be very slow and

require a lot of nenory. Nonetheless, if we put in the soliton at the initial tineg,
it correctly propagates the soliton in tinme:

nel= Xmn = -8; xmax = §;
sol = NDSol ve[ {D[u[x, t], t] = 6u[x, t]1D[u[x, t], x] - D[u[x, t], {x, 3}1,
uf[x, 0] = -2Sech[x]”™2, u[xmn, t] = u[xmax, t1}, u, {x, xmn, xmax}, {t, -1, 1}]

NDSol ve: : nxsst
Usi ng maxi mum nunber of grid points 10000 al |l owed by the MaxPoints or M nStepSize
options for independent variable x. >

outel= {{u-Interpol atingFunction[{{-8., 8.}, {-1., 1.}}, <>1}}

Plotting the solution shows the trough propagating to the right.
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n7= Plot3D[u[x, t] /. Flatten[sol ], {x, -7, 7}, {t, -1, 1},
Pl ot Poi nts - 50, Pl ot Range - Al |, AxesLabel -» {"x", "t", "u"}]

out[7]=
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A contour plot can al so be useful

ngl= ContourPlot [u[x, t] /. Flatten[sol ], {t, -1, 1}, {x, -7, 7},
Col or Functi on » (Hue[O. 7' #1] &), Pl ot Points - 50, Pl ot Range -» Al |, FranelLabel -» {"t", "x"}]
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To verify that the numerical solution is the soliton, we plot both for a particular
value of t (t = 0.5 here):
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ne= Plot [{u[x, 0.5] /. Flatten[sol ], -2 Sech[x -2]2},
{X, -2, 6}, PlotStyle - {{Hue[0], Absol uteThi ckness[1]},
{Hue[0. 751, Dashi ng[{0. 01, 0.03}], Absol uteThi ckness[3]}}, AxesLabel -» {"x", "u" }]
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out[9]=
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W& see that the two agree very well.

In fact there is a whole famly of 1-soliton solutions paranetrized by the depth of
the trough. These are

[ x
u(x, t) = 7xnaxsech2[ ‘g;i (X - 2Xmax t) |,

So the deeper the trough the taster the soliton noves and the narrower 1t 1s. V& ver-
fiy that this does satisfy the KdV equation

inj1o}:= Cl ear [xmax]

In[11:= uexact [X_, t_] = -xmax Sech[Sqgrt [xmax /2] (x - 2xmaxt)]"2

Xmex (X -2t xmax) ]2
V2

inf12}:= D[uexact [Xx, t], t] == 6uexact [x, t] D[uexact[x, t], x] - D[uexact[x, t], {x, 3}] //Sinmplify

ouf11]= -Xmax Sech {

out12)= True

m Two soliton solution

The theory for solutions with nore than one soliton is conplicated and we will not
discuss it, but rather just display a two-soliton solution, verify that it is indeed a
solution, and look at its properties. Specifying adequate resolution and nunmber of
time steps, ny conputer ran out of nenory.

The theory states that an initial state
u(x, 0) = -n (n+1)sech? (x),

results in n solitons that propagate with different velocities. The solution for n = 2
I's

3 +4cosh (2x-8t) + cosh (4x-64t)
u(x, t)= -12

[3cosh (x -28t) + cosh (3x -36t)]2

(You may want to verify that this reduces to -6sech?x for t = 0.)
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It is not imediately evident that the above expression for u(x, t) satisfies the KdV
equation, but Mathematica confirns that it does:

in[13}= uexact [x_, t_]1 = -12 (3 + 4Cosh[2x-8t] + Cosh[4x -64t])/ (3Cosh[x-28t] + Cosh[3x-36t])"2

12 (3 + Cosh[64t -4x] +4Cosh[8t - 2X])

out[13]= —
(Cosh[36t -3x] +3Cosh[28t -x])?

in14= D[uexact [x, t], t] == 6uexact [x, t]D[uexact[Xx, t], x] - D[uexact[x, t], {x, 3}] //Sinmplify

out[14]= True
Next we plot the solution at time t = 1:

n[1s= Pl ot [uexact [x, 1], {x, -5, 20}, PlotRange > A |, PlotlLabel »"t=1", AxesLabel -» {"x", "u"}]

t=1
u
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out[15]=
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We see a trough of depth 8 and a trough of depth 2. To determ ne the speeds of these
troughs we |locate the mninma of the function at two different tinmes, t=2 and 3,

in[16:= Fi ndM ni mnumfuexact [x, 2], {Xx, 10}]

ouf16]= {-2., {X —>7.45069}}

in[171:= Fi ndM ni mum[uexact [x, 3], {x, 10}]
ouf17]= {-2., {x > 11.4507}}

The last two results show that trough of depth 2 travels wth speed 2.

inf18:= Fi ndM ni numfuexact [x, 2], {X, 30}]

Fi ndM ni num : | st ol

The line search decreased the step size to within tol erance specified
by AccuracyGoal and PrecisionCGoal but was unable to find a sufficient
decrease in the function. You may need nore than Machi nePreci sion
digits of working precision to neet these tol erances. >

ouf1gl= {-8., {x —>32.2747}}

in[19:= Fi ndM ni nrumfuexact [x, 3], {X, 50}]
ou19]= {-8., {Xx —>48.2747}}

The last two results show that trough ot depth 8 travels wth speed 16. Thus we have
created two solitons of the type that we discussed in the previous section. Note, how
ever, that there is no linear superposition (because the equation is non-linear), so
the 2-soliton solution is not the sumof the two individual solitons in the region
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where they overlap, as one can see fromthe explicit solutions.

Let’s now see these two solitons interact in the vicninity of t = 0. W do a 3D plot,

in20;:= Pl ot 3D[uexact [x, t], {t, -0.3, 0.3}, {x, -6, 6}, PlotPoints - 50,
Pl ot Range » {-10, 0}, AxeslLabel - {"t", "x", "u"}, ViewPoint » {-1.78, -2.06, 2.5}]

out[20]=

At negative tines, the deeper soliton, which noves taster, approaches the shall ower

one. At t = 0 they conbine to give u(x, 0) = -6sech?(x), (a single trough of depth 6)
and, after the encounter, the deeper soliton has overtaken the shall ower one and both
resune their original shape and speed. However, as a result of the interaction, the
shal | ower soliton experiences a delay and the deeper soliton is speeded up

This is also easily seen in a contour plot

in211:= Cont our Pl ot [uexact [x, t], {t, -1, 1}, {x, -12, 12},
Pl ot Poi nt s » 100, FranelLabel -» {"t", "x"}, Col or Function - (Hue[0.7#l1] &),
Pl ot Range - Al |, Contours - {-0.1, -0.6, -1.1, -1.6, -2.6, -4., -5.6}]

out[21]=

5
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Finally we show an animati on of the two solitons crossing each other.

in22:= Ani mat e [Pl ot [uexact [x, t], {x, -20, 20}, PlotRange -» {-9, 0}], {t, -1, 1, 0.02}]
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out[22]=

m Other solutions

Now suppose that the initial condition is such that is does not just produce one or
nmore solitons. W will take

u(x, 0) = -4sech? (x),
ne3l= Xmn = -12; xmax = 12;
sol = NDSol ve[ {D[u[x, t], t] = 6u[x, t]1D[u[x, t], x] - D[u[x, t], {x, 3}1,
uf[x, 0] = -4Sech[x]”2, u[xmn, t] = u[xmax, t1}, u, {Xx, xmn, xnmax}, {t, 0, 1}]

NDSol ve: : eerr :

Warning: Scal ed |ocal spatial error estimate of 19.795807677713334' at t = 1.' in the
direction of independent variable x is much greater than prescribed error
tolerance. Gid spacing with 451 points nmay be too large to achi eve the desired
accuracy or precision. A singularity may have forned or you may want to specify
a smaller grid spacing using the MaxStepSize or M nPoints nethod options. >

outzz)= {{u—Interpol atingFunction[{{-12., 12.}, {0., 1.}}, <>]}}

I gnoring the warni ng nessages, we plot the sol ution:



in4;= Plot3D[u[x, t] /. Flatten[sol ], {x, -10, 10}, {t, O, 1},
Pl ot Poi nts - 50, Pl ot Range - Al |, AxesLabel -» {"x", "t", "u"}]

- o= A . .

out[25]=

in26:= Fi ndM ni mum[u[x, 0.3] /. Flatten[sol], {x, 2.5, 3}]
out26]= {-4.84161, {x - 3.11717}}
in271:= FindM ni mumfu[x, 0.2] /. Flatten[sol], {x, 1.7, 2.2}]

ouz7- {-4. 76433, {x > 2.13993})

The peak noving to the right has a depth of about 5 and a speed of about
soliton of the famly discussed in the first section. |In addition,
moving to the left. These will disperse and | ose their formwth tine.

Finally we show an ani mation of this solution, starting fromt

1.
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and is a
there are waves

0 and going up to t
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nesl= Animate[Plot [u[x, t] /. Flatten[sol], {x, -5, 10}, PlotRange -» {-6, 0}], {t, 0, 0.8, 0.01}]

t B (E]=]
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Out[28]=
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