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We present the exact solution to a one-dimensional multicomponent quantum lattice model interacting

by an exchange operator which falls off as the inverse sinh square of the distance.

This interaction

contains a variable range as a parameter and can thus interpolate between the known solutions for the

nearest-neighbor chain and the inverse-square chain.

The energy, susceptibility, charge stiffness, and

the dispersion relations for low-lying excitations are explicitly calculated for the absolute ground state.
as a function of both the range of the interaction and the number of species of fermions.

PACS numbers: 05.30.Fk, 03.65.Db

In a recent Letter [1], to be called S2, Sutherland and
Shastry solved a one-dimensional, continuum, multicom-
ponent quantum many-body system with a hyperbolic
exchange interaction, governed by the following Hamil-
tonian:
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We have set # = 1, the mass to be unity, P, is the
exchange operator which permutes particles j and &, and
we always have in mind the thermodynamic limit, when
the number of particles N and the box size A both become
infinite, while the density N/A = d remains finite. This
model was shown to be integrable by Polychronakos
[2]. In S2, scattering in this system was shown to be
nondiffractive, and so the system could be solved exactly
(in the thermodynamic limit, with finite size corrections
being exponentially small in A) by the asymptotic Bethe
ansatz [3]. The system is characterized by the number of
different types b ( f ) of bosons (fermions) in the system:;
we write this as a B?F/ system. Thus B (F) represents
a single component system of identical bosons (fermions)
interacting with an interaction strength A (A ¥ 1).

This system has a classical limit, obtained by taking
A — =, and, in the ground state, the particles freeze into
a lattice with lattice spacing A/N = 1/d, so that x; —
j/d. Expanding the Hamiltonian in 1/A, we find Heon —
Heys + 2AH),,, where He,s represents the Hamiltonian
for the elastic degrees of freedom—phonons and soli-
tons—identical to the single component F system [4].
The additional term of order A gives the Hamiltonian for
the compositional degrees of freedom H\,y,

I + Py

1
2 2 GaRI = ol

j>k

Hy = (2)

There is exactly one particle to a site. Thus, to order
A, the elastic and compositional degrees of freedom
separate. Coupling between the two occurs through an
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expansion of the interaction about the regular lattice,
and so is of order (8x?) ~ I/A and down by another
factor of 1/A. (A similar procedure is used to derive the
Heisenberg antiferromagnet from the half-filled Hubbard
model.) This idea of freezing into a lattice has been
used by Polychronakos [5] for the Haldane-Shastry chain
(1/7?), and more generally in S2.

In this Letter, we will study the spectrum of this lattice
Hamiltonian. The Hamiltonian has many realizations—
as does the corresponding nearest-neighbor model—such
as by spins, a (supersymmetric) 7-J model, SU(N) spins,
etc. In fact, this system interpolates between the nearest-
neighbor model [6,7] (d — 0), and the 1/ lattice [1,8,9]
(d — =) treated in S2. Our solution here will rely heavily
on Sutherland’s treatment [6]—to be called S1—of the
nearest-neighbor system. Two results proven in S1 can
easily be shown for the hyperbolic case: (i) the ground
state of the B®F/ system is identical to the ground state
of the BF/ system, so for the ground state we need
never consider more than one type of boson which we
usually think of as a vacancy; (ii) the Hamiltonian with
Pjx — —Pj is unitarily equivalent to Hy,, hence “ferro”
and ‘“antiferro” cases are both included in the ground state
of Hy,. The pure (antiferro) ferro case is B? (F/). Partial
results concerning the integrability of this model have
previously appeared in the literature [10].

Because the system is nondiffractive, the wave
function must be l&wen asymptotically as ‘I’(le) ~

p V(PIQ)expli X;_, xjkp;], where x; < .. < .
P is one of the N! permutations of the N asymptotic
momenta k;, Q is one of the N! rearrangements of the
particles, and W(P|Q) are (N!)* amplitudes related by
two-body scattering. The k’s are determined by a set of
eigenvalue equations, which say that the phase shift of a
particle going around the ring must be unity mod 27:

exp[iij] l_l —CXP[“i(}o(k/ - km)l

ml#7])
DX XXy X W =L (3)
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Here X;,, = X(k; — k) are two-body scattering opera-
tors identical to those for the §-function gas or the nearest-
neighbor lattice model; the eigenvectors and eigenvalues
are given in S1. The two-body phase shift 8y(k) is the
phase shift for scattering from a 1/ sinh?(r) potential, and
is given as o(k) = i In[T(1 + ik/2)T'(A — ik/2)]/T(1 —
ik/2)T'(A + ik/2).

Using the eigenvalues of the X’s from S1, one obtains
coupled equations for the k’s, the first being

Ak =27I(k) + D 6ok — k') = D 62k — @)). (4)
k' a

Here (k) is the phase shift for a §-function gas: 6(k) =
2arctan(k/2A). The I(k) are the quantum numbers, from
In(*+1)/27. The remaining equations are identical with
those of the nearest-neighbor model; the k’s couple
directly only to the second equation, which has the
form 0 = 27wJ(a) — >, 6(2(@ — k)) + ---. The remain-
ing terms and equations are the same as for the nearest-
neighbor model, and their form and number depend upon
what types of particles we have.

When we take the limit A — o, we must also rescale
the asymptotic momenta k, defining a new variable
x = k/2A. Likewise, the asymptotic momenta a for
the compositional degrees of freedom must be rescaled,
but we use the same symbol, so a — a/2A. Then
the phase shift for particle-particle scattering has an
expansion in 1/A of the form 6g(k) — 2A6¢(x) + 6,(x) +
..., where 8j(x) = %ln(l + 1/x2). Finally, for one more
redefinition, let 6(x) — 2arctan(x).

We now expand the first equation in 1/A, ob-
taining order A—which we call the =zeroth or-
der, since it starts the expansion—the equation
Ax =>,6p(x — x'). Let Np(x)dx be the number
of x’s in x — x + dx. Then the equation for p be-
comes an integral equation, and upon differentiating
1/27d = (1/2) f’iA 04(x — x")p(x")dx' = Lp. Let
L™! be the inverse of L, so p = L™ [1/2wd]. The
normalization of p is 1 = [*, p(x)dx = 11p. Before
discussing the solution to this integral equation, we go on
and examine the first order corrections to the equation for
the x’s.

We write the x’s which satisfy the zeroth order equation
as xo and then look for corrections to the x’s as x =
xo + 8x/21 + ---. Let y(x) = 8x(x)p(x) and NR(a)da
is the number of a’s in da. Then the first order equation
is

1(x) 1 fA , ,
Ly=~-"2 4+ — . Nx!
y N ) 01(x — x")p(x")dx

B
6Q2(x — a))R(a)da. o)
B

27 J-

Now this equation is linear, so we can write y = yg + i,
where 7 is the correction for the elastic modes, while 7y,
is the correction from the compositional modes. We are

interested only in the compositional degrees of freedom in
this Letter, so we write y for y;, which obeys the integral
equation Ly = —(1/27) [2,0Q2(x — a))R(a)da = —g.
Expanding the energy and momentum to the same order,
we find

AE/2MAN = xty = —xtL7'g = —gtL"'x
= —gle = e'g = Enu/N, (6a)
AP/dN = 1ty/d = —11L""g/d
= —g'L7"/d = —2mg'p = Pi/N. (6b)

Here, ¢ and the derivative ¢’ obey the equations Le =
x and Le = x%/2 — u, e(+*A) = 0. Remember, all inte-
grals over x are integrals only over the interval —A
to A. These expressions of Eq. (6) are exactly the en-
ergy and momentum for the lattice Hamiltonian H,,
of Eq. (2). The classical ground state energy can also
be expressed as E/4A’N = (x2/2)tp = 1te/27d + p =
% 2;—1sinh™2(j/d). The only effect of the x’s—and thus
the k’s—on the a’s is through the expression

20(2(a - x))

A
= Nf 0Q2(a — x))p(x)dx = Np(a). (7)
—A

Returning to the expressions for the energy and mo-
mentum of the lattice Hamiltonian Eq. (6), and substitut-
ing the expression for g, we see that they can be writ-
ten as P/N = ptBR, and E,/N = etBR, with & de-
fined by £(a) = = [*, 6'(2(e — x))e(x)dx. Eliminating
a between p(a) and e(a) gives the dispersion relation
e(p) for a single excitation of the lattice Hamiltonian.
This can also be expressed by the Fourier transform of
the hopping matrix element, and so &(p) = — Zj;l[l -
(=1)/ cos(jp)]/ sinh?(j/d).

As will become clearer, the solution to the hyperbolic
lattice problem depends crucially on the two classical
ground state densities p(x) and e(x), obeying integral
equations with integral operator L. Unfortunately, these
equations cannot be solved in closed form, even though
we know the densities obey an infinite number of sum
rules, arising from the classical limit of the Lax equations.
The energy sum rule is the first of this hierarchy.
However, we can derive what appears to be a convergent
expansion for p(x) and e(x) in terms of the Chebyshev T
and U polynomials, of the form

1 <
px) = T |:1 + JZipjTZJ(X/A):|, (8a)
e(x) = —2VA2 = x2 ) ¢;Uy;(x/A). (8b)
j=0
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In the nearest-neighbor limit of A — 0, when 6(x) —
— Inlx|, one finds that the expansions stop at the first
term, so that p(x) — 1/7VAZ — x2 = §(x), and e(x) —
—2+/A2 — x2 = —7A%8(x). This gives d™' — — In[A/2].
At the other limit of an inverse square interaction,
when A — o, then fy(x) — 78(x), so p(x) — 1/2A,
d— 2A/m,and e — x? — 2u = x? — A2,

We make extensive use of the solution from S1 for the
nearest-neighbor chain, so we summarize the results here.
We restrict ourselves in this Letter to the most interest-
ing case of the F/ system, with N; particles of type j, and
N| = e = Nf LCtMl =N — Nl,Mz =N — N| - Nz.

.., My — 1= N;. Then there are f — 1 coupled equa-
tions for f — 1 sets of roots, the jth set being M; roots in
number. For the ground state in the thermodynamic limit,
these sets of roots distribute with densities r;(a) between
the limits —b; and b;, normalized so that [ 11’1,/ rila)da =
M;/N = m;j or 1Thr = m. We have adopted a very use-
ful notation where the f — 1 r’s and m’s are arranged
as column vectors. Let K, represent an integral operator
with difference kernel K,(a) = 6'(na)/2m, & be a col-
umn vector with components x; = §;,K>(«a), b a matrix
projection operator which imposes the integration limits
*b; on a;, and K a symmetric matrix of integral opera-
tors with elements K;,, = 8; K2 — (8jm—1 + 8;m+1)K;.
Then the ground state densities satisfy the f — 1 coupled
integral equations ¢ = r + Kbr = (1 + K)br. With the
Hamiltonian normalized as H,, = — 3 ;.4[1 + P;], the
energy is E/N = —27¢Vbr. Finally, the momentum is
P/N = {tbr, with ¢’ = 27 ¢, which of course is zero for
the ground state.

In the case of the absolute ground state, when there are
equal numbers of each type of particle so n; = N;/N =
1/f,then all limits b; = %, so b = 1, and the equation can
be solved by Fourier transforms. The eigenvalues of the
integral operators K, are given by the Fourier transform of
the kernel K,(s) = e sI/", We see K, = (K»)2. We now
define the resolvent operator J by (1 + J)(1 + K) = (1 +
K)(1 + J)=1. Then 1 + J is also a symmetric matrix
of integral operators with difference kernels, whose eigen-
values are given by Fourier transforms. The Fourier trans-
form of the densities are then given as 7;(s) = sinh[s(f —

A A
Ead/N = = [ etoas f“Ap(x/)dx’Re[t//(l/f

The ground state momentum is, of course, zero.

For the low-lying excitations, one calculates the shift
in the asymptotic momenta, weighted by the ground
state distributions, and this quantity does not depend
on the momentum function p(a). Thus, the only
change for the general case comes from the expressions
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J)/2]/sinh( fs/2). The ground state energy is calculated
as E/N = — [Z, e 1125 (s)ds = —2[¢(1) — w(1/]/f.
with ¢(x) as the digamma function.

For the excitations about the absolute ground state,
there are f — 1 branches. The energy and momentum for
these branches are given as

' 27 sin(7j/f) ‘0.
AE(a) f coshQRaa/f) — cos(mj/f) )
AP;(a) = 2arctan[cot(7j/2f) tanh(7ra/f)]
~ = /1. (90)

Eliminating « between the two equations gives the
dispersion relations. At k = 0, all branches have a
common velocity v = 27 /f. This leads to our final
result, that if we deviate slightly from equal filling, so
the concentrations are n; = 1/f + &n;. then to leading
order in the &n’s, AE/N = TTZ;_, 8n;. and thus the
susceptibility exists and is isotropic.

Let us rewrite the coupled equations for the general
problem as & = (I + K)b?. The inhomogeneous term
is given by Eq. (7) and can be rewritten as £ = &p by
defining ¢ as an a column vector of integral operators,
with &, = §,;K,. This is a natural extension of the
previous notation. Since the equations are linear, the
solution to the general problem is given by superposition
as 7 = rp, r being the solution to the nearest-neighbor
problem. For the lattice with equal filling, when b = 1, r
is just a vector of translationally invariant operators.

Examining the equations giving the energy and mo-
mentum, we see that they can be rewritten as P, /N =
ptethr = ptitbrp and En /N = et &tbr = et étbrp,
so both can be expressed as quadratic forms in p and
e. Here {’ = 27w¢. The concentrations n; remain un-
changed, due to the normalization of p. We see that sin-
gularities in the ground state only occur at surfaces of
equal filling, the same as for the nearest-neighbor case.
Again, taking the absolute ground state with equal filling,
we can explicitly evaluate these expressions using the pre-
vious results, giving for the ground state energy

+ile = xN/f) = + ilx = X))/ f))7f. (10)

for the energy and momentum, so we can write for
the excitations AP, = f/iA APj(a — x)p(x)dx and
AEg = — [, AE(@ — x)e(x)dx/2m, where AP;(a)
and AE;(a) are the nearest-neighbor expressions of
Eq. (9). The corresponding velocitics for these gap-
less excitations are all identical and equal to v =
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FIG. 1. The ground state energy Ej,./N is shown as a func-

tion of the number of species of fermions f, for representative
values of the parameter A.

J2 sexpQax/flex)ldx/f [, exp(2mx/f)p(x)dx. This
expression is very much like that of a recently solved
model for a magnetic fluid, which has the Heisenberg-
Ising model imbedded in a continuum system [11].

In Figs. 1 and 2, we show the ground state energy
and velocity, measured in terms of the nearest-neighbor

T

v-sinh2(1/d)

A—e (1/1)

A=4

T T 1 T
0 1/4 1/3 1/2 1/f 1
FIG. 2. The hydrodynamic velocity v is shown as a function
of the number of species of fermions f, for representative
values of the parameter A.

interaction energy sinh?(1/d), as functions of the num-
ber of species of fermions f, for several typical densities
d, and hence various ranges for the hyperbolic interac-
tion. In both figures, we have taken as examples, lim-
its of A = 1/2,1,2,4 corresponding to densities of d =
0.6735,1.0388, 1.7293, and 3.0596, respectively. In addi-
tion, we have the limit A — 0, d — 0, corresponding to the
nearest-neighbor interaction, and the limit A — o0, d — oo,
corresponding to the 1/r? interaction.

The susceptibility can be written using the above ex-

pression for v as AE/N ~ =% jf-=1 on? = XT]ZJf:, on’.
Finally, by a thermodynamic argument [12], if we intro-
duce fluxes ®; = N ¢; conjugate to the charge of type j,
then AE/N ~ o= >1_  8¢? = 23/, 84?2, so the charge
stiffness D obeys Dy ™! = v2.
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