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Order by projection in single-band Hubbard model: a DMRG study
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In a Fermi system near or at half-filling, a specific superconducting pairing channel, if not explicitly
included in the Hamiltonian, can be boosted by suppressing a competing pairing channel; this is
exemplified by the enhancement of extended s-wave correlations upon suppressing s-wave Cooper
pairing. This phenomenon, originally found by the use of generalized uncertainty relations is referred
to as order by projection. The case of zero on-site Coulomb interaction in the thermodynamic
limit, confirms this mechanism through the analytical solution. In this study, we go further and
systematically investigate this mechanism for a strongly correlated fermionic Hubbard model, now
with finite on-site interaction, on a square lattice with an extended set of hopping parameters. We
explore the behaviors of different pairing channels when one of them is suppressed, utilizing density
matrix renormalization group calculations. Our findings provide numerical evidence supporting the
existence of order by projection in the strongly correlated system we studied. We also investigate
the effect of the strength of Hubbard U, next-nearest neighbor ¢, hole-doping, as well as finite-size

scaling approaching the thermodynamic limit.

INTRODUCTION

The Hubbard model [1] stands as one of the
foundational pillars in the research of strongly
correlated electron systems, illuminating phenomena
ranging from Mott-insulator to magnetism. More
importantly, the Hubbard model and its extensions
have been one of the frequently used low-energy
effective models for interpreting the high-temperature
superconductivity in transition-metal oxides [2]. Unlike
conventional superconductivity, which are well-described
by Bardeen—Cooper—Schrieffer (BCS) theory and
typically involve electron pairs bound through lattice
vibrations [3, 4], unconventional superconductivity
arises from mechanisms beyond the BCS framework,
such as electronic correlation and spin fluctuations [5, 6].
However, there are widespread debates about whether
the Hubbard model encompasses a superconducting
phase and can be consequently applied to unconventional
superconductivity, depending on individual beliefs and
the methods used. Addressing the gaps in the model
study and bridging the discrepancy between the
understanding of the Hubbard model and its ability
to faithfully explain all experimental phenomena is
challenging. This discrepancy is constrained by the
model’s inherent inability to be solved exactly, both
theoretically and numerically. As a result, reaching a
conclusion that achieves the broadest possible consensus
remains difficult and is still under development.

In our work, we explore one feasible method for tuning
superconductivity in the single-band Hubabrd model [7],
which involves the application of the uncertainty
principle [8]. This principle provides a lower bound
limitation on the product of the fluctuations of two
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conjugate physical quantities, the most famous example
was expressed succinctly by Heisenberg’s inequality
AxAp > h/2. In strongly correlated electron systems,
it has been found that the Cooper pairs with different
symmetries could form pairs of “conjugate quantities”,
such as the extended s-wave Cooper pairs and the
s-wave Cooper pairs on a d-dimensional hypercubic
lattice [7]. In analogy to the inequality of position
and momentum, the pairing correlations of extended
s-wave Cooper pairs could be enhanced from the process
of suppressing the s-wave Cooper pairs, which forms
a “superconductivity squeezed state”. This is what
we called order by projection, a phenomenon originally
introduced by Shastry [7, 9-11].

On the framework of the single-band Hubbard model,
order by projection is realized in its simplest form by
adding a term to the Hamiltonian (as will discussed in
Eq. 1) that amounts to projecting out s-wave Cooper
pairs. When order by projection inequalities are applied
to the Hubbard model with finite on-site repulsion
U, as in the case of cuprates where the Hubbard
U can be relatively strong, only a lower bound of
the extended s-wave Cooper pairs can be provided
analytically. Whether the order by projection mechanism
can be broadly applied to finite U systems with different
superconducting pairing symmetries is beyond the scope
of the analytical description and has not been studied
yet. Targeting the above gaps, we use a numerical
unbiased method, density matrix renormalization group
(DMRG) [12], to study an extension of the Hubbard
model that includes a projection term of the s-wave
Cooper pairs.

RESULTS
Model



We are interested in the many-body fermionic system
on a square lattice, as shown in Fig. 1, with the
projection out of the s-wave Cooper pairs, described by
the Hamiltonian as:

H=Hy+ Hpyoj - (1)

The first term H, is the single-band fermionic Hubbard
model, defined as:

Hy=—t Y (¢l,¢j0 +he)
(ig),o

—t Z (&l ¢j0 +hc) + UZ”ZT”W
((i)),0

(2)

where é;-fa (¢io) is the creation (annihilation) operator of
an electron with spin ¢ =1,/ at site ¢, ¢t (> 0) and ¢’
are hopping integrals between the nearest neighbor and
the next-nearest neighbor sites, U is the on-site Coulomb
repulsion, and 7;, = é;rgéw is the number operator. The
Hubbard model with on-site repulsion U/t ~ 8 is believed
to describe the low energy physics relevant to cuprates.
For simplicity, we set t as the energy unit in the following
discussions. .

The second term Hj,; penalizes the hoppings of the
s-wave Cooper pairs with energy Us:

Fywog — UL BB, 3)

where B is the annihilation operator for the s-wave
Cooper pairs summed over all sites:

B=Y ¢ . (4)

i

If Uy is negative, it encourages the formation of s-wave
pairing in the ground state. This is simply understood
because at the mean field level, Eq. (3) reduces to
the BCS pairing Hamiltonian. Conversely, and less
intuitively, it has been shown that a positive Us; which
strongly discourages s-wave pairing, leads instead to the
enhancement of the extended s-wave pairing. This is the
so-called order by projection effect.

The main objective of this work is to study the
influence of the projection term Hp.,; on different
channels of Cooper pairs. Here we list the Cooper pairs
considered in this work: extended s-wave pairing (A),

s-wave pairing (B) and d-wave pairing (D) on the square
lattice, which are defined as follows:

A ZA —ZAzz+w+Azz+ua
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FIG. 1. Model Hamiltonian and analogue of order by
projection to the uncertainty principle. (a) A schematic
of the single-band Hubbard model with the projection
out of the s-wave pairing for a square lattice in our
calculation. U represents the on-site Coulomb interaction
for double occupancy. One gains energy t for single electron
hopping between nearest neighbors; one pays energy U, for
pair-hopping, where the pair-hoppings pertain to long range.
The next nearest neighbor hopping ¢’ is not shown in this
schematic. (b) Uncertainty principle and squeezed state for
space and momentum. (c) Order by projection mechanism
and “superconductivity squeezed state” for s-wave pairing
(B) and extended s-wave pairing (A). The extended s-wave
pairing is enhanced when projecting out the s-wave pairing.

where Au = ¢G5, + ¢j1€;y. The correlation functions
related to these pairings are called pair-density matrices:

= (AlA;), PE =(B!B;), P2 =(DID;), (6)

where ( --) denotes the expected value at the ground
state |®g) of the Hamiltonian described in Eq.(1).

We first evaluate the average Cooper pair densities
across all sites (Ny):

pA:< Z ij>
Z (7)
pD:<N ZFZPUD
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to measure the enhancement or suppression of the Cooper
pairs with different pairing symmetries. Additionally,



we will explore the eigenvalues of the pair-density
matrices in Eq. (6), in which the largest eigenvalue of
each pair-density matrix corresponds to the condensate
occupation of each order [13]. If a specific kind of
Cooper pair condenses, its condensation occupation
scales linearly with the system size ~ O(Ny) for a
fixed electron density, while all other eigenvalues scale
as ~ O(1). This behavior indicates that the system
exhibits off-diagonal long-range order [13, 14]. Thus, we
look at the ratio between the largest and second-largest
eigenvalues of its pair-density matrix, which are denoted
respectively for the extended s-wave, s-wave, and d-wave
pairings as:

R A (P ~ M(PF) ~ M(PR) ®)
T Ra(P) T Ma(PE) T M(PDY

The ratio R was initially introduced by Rigol, Shastry,
and Haas [15, 16]. Calculating the ratio R is equivalent
to studying the largest eigenvalue without accounting
for any normalization effects. When condensation takes
place, the behavior of the ratio is anticipated to follow
R ~ U2N, + ® for a large number of sites N, where ¥
represents the order parameter with an order of O(1), and
® exhibits sublinear scaling with respect to the system
size.

We aim to investigate that whether turning on pair
hoppings U, atop the Hubbard model with finite U
will enhance or decrease pairings of interest, along with
other relevant quantities to understand the underlying
physics of the new states. We will investigate the
ground state energy, ground state wavefunction and
the corresponding pair density matrices for the model
Hamiltonian using DMRG, which is a powerful numerical
method to provide the ground state wavefunction with
high resolution for strongly correlated systems at
relatively large quasi-one-dimensional clusters. In our
calculations, we use cylindrical clusters with the length
and width of the system taken as L, and L,, given the
total site number N, = L, - L,. We use open boundary
conditions along the z-axis and set L, to 4, 8, 16, 20,
and 32 for fine length scaling, and maintain periodic
boundary conditions along the y-axis with L, fixed
at 4, which helps retain some properties beyond one
dimension while reducing computational difficulty.

Order by projection at half-filling

The first question we want to address is whether the
enhancement of the extended s-wave pairing, achieved by
projecting out the s-wave pairing scenario, remains valid
when the Hubbard repulsion is finite at half-filling. To
gain an overall understanding of this question, we first
explore the impact of the repulsive interaction, within
the range of 0 < Us < 1, which projects out the s-wave
pairing.

Fig. 2 shows the U, dependence of ground state energy
per site E//Ng, pair density of extended s-wave p4, pair
density of s-wave pp, and pair density of d-wave pp

for multiple system sizes at half-filling. Results for
weak attraction with a negative Us within the range of
—1/N, < Us < 0 are provided in the supplementary
material [17] for completeness.

Fig. 2 (a) shows the change in ground state energy
per site is as small as ~ 0.04 when U varies from
0 to 1 and diminishes as L, increases. This scale of
energy change can be considered a perturbation to Hy.
The enhancement of the extended s-wave pair density
pa in Fig. 2 (b) confirms the prediction of the order
by projection mechanism. In the same Uy region, the
s-wave pair density pp is suppressed with increasing
Us, as shown in Fig. 2 (c), reflecting the “projection
out” of the s-wave pairing. Additionally, the impact
of Us; on the enhancement of ps and the suppression
of pp becomes more pronounced as the system size
N increases. The dependence of py on the cylinder
length L, is shown in Fig. 3 (a). Assuming that the
leading order of p4 is proportional to L%, we fitted the
calculated data for 0.1 < U, < 1 and obtained an index
« in the range of 0.3 < a < 0.6. The scaling of p4 is
equivalent to (ATA) oc L1t which indicates that the
system exhibits quasi-long-range order. The d-wave
pair density pp, however, remains almost unchanged,
as shown in Fig. 2(d), indicating that the d-wave pair
density is not sensitive to order by projection of s-wave
pairing and functions as an independent channel.

Next, we calculate the ratios R4, Rp, and Rp
defined in Eq. 8 as functions of Us. Only Rj4 increases
monotonically with U,, while Rp and Rp remain
approximately 1 and are almost unchanged for large
system sizes (with the results of R4 shown in Fig.
3(b), and Rp and Rp shown in the supplementary
material [17]). If we consider the leading order of R4 to
be L, the fitted data for 0.1 < U, < 1 in Fig. 3(b) show
that the index [ stays in the range of 1.2 > 5 > 0.85.
This indicates that the extended s-wave Cooper pairs
condense due to the order by projection mechanism.

Furthermore, we investigate whether the mechanism of
order by projection will be influenced by the next-nearest
neighbor hopping t’. Three kinds of pair densities
calculated as functions of ¢/ under U = 8 and U, = 1
are shown in Fig. 4. Generally speaking, the impact
of ¢ is marginal, as indicated by the limited range of
values observed for these pair densities, yet we can still
discern the different effect of ¢ on the three kinds of pair
densities. When ¢’ > 0 (< 0), p4 increases (decreases)
with continuously increasing [t'|, while pp remains
scarcely affected by t’ for the same energy range. For
pp, the minimum value of it appears near ¢’ = 0.1. Our
findings regarding the enhancement of d-wave pairing for
t’ < 0 are consistent with numerous studies indicating
that negative ¢’ enhances d-wave superconductivity in
the single-band Hubbard model [18-20].

At last, we focus on how the value of Coulomb
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FIG. 2. (a) Ground state energy E/Ns, (b) extended s-wave
pair density pa, (c) s-wave pair density pp and (d) d-wave
pair density pp versus strength U, of projection term ffpmj
under U = 8 and ¢ = 0 at half-filling. System length L, =
4,8,16, 20, 32 are tested.

interaction U affects the enhancement of extended s-wave
pairing in the order by production scenario for the
Hubbard model. Fig. 5 shows the calculated ground
state energy per site, E/N;, alongside three kinds of pair
densities as they evolve with increasing U, for different
Hubbard repulsion U = 4,6, and 8. The behavior of the
ground state energy and the pair densities share the same
qualitative characteristics. Fig. 5 (a) and (d) show the
ground state energy and the d-wave Cooper pair density
pp are raised by larger U, which is consistent with the
general characteristic of the Hubbard model. Fig. 5 (b)
and (c) show both pa, pp and their slopes |0pa/0Uq],
|0pp/0Us| increase simultaneously as Hubbard repulsion
U decreases from 8 to 4, which indicates that the
enhancement (suppression) of pa (pp) with growing Us
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FIG. 3. (a) Extended s-wave pair density pa and (b) the
ratio Ra between the largest and second-largest eigenvalues
of the extended s-wave pair-density matrix (see Eq. 8) versus
system length L, in the case of U = 8 and t' = 0 at half-filling
for U; = 0.1 ~ 1.
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FIG. 4. (a) Extended s-wave pair density pa, (b) s-wave
pair density pp (the inset zooms in on the energy range by
a factor of 10%) and (c) d-wave pair density pp versus the
second nearest neighbor hopping ' under U = 8 and Us = 1
at half-filling.



becomes more remarkable.

The U dependence can be understood in the following
way: The projection terms éj’réziéj 1Gjt represent the
hopping of a s-wave Cooper pair, which annihilates two
electrons at a double-occupancy site j and creates them
at an empty site . However, in a system with a large
on-site Hubbard repulsion U at half-filling, there is a
greater likelihood of hosting one electron per site |1)
and [{) in the antiferromagnetic Mott insulating phase,
rather than double-occupancy |1}) or an empty site |0).
In other words, a smaller U results in an increase in the
densities of both double-occupancy |1]) and empty site
|0}, thereby amplifying the effect of the projection with
strength Us.

Order by projection at light doping

In this section, we investigate the effect of hole-doping
on the order by projection mechanism when the Hubbard
repulsion is finite. To facilitate comparison with the
half-filling case, we apply hole-doping levels of § = 1/32
and § = 1/16 in the calculations at U = 8 with
a system length of L, = 16. The results for the
ground-state energy per site, E//N,, and the variation of
three correlation functions with increasing U, are shown
in Fig. S10. Additional results for a longer system are
provided in the supplementary material [17].

In contrast to the case at half-filling, the ground-state
energy decreases with hole-doping, while the effect
of Us on the enhancement (suppression) of pa (pp)
with increasing Us, ie. |0pa/0Us| and |0pp/0Us|,
becomes more remarkable. Notice that the projection
term Hpyo; contains the s-wave Cooper pair hopping
between any two sites. =~ When the system slightly
moves away from half-filling, the density of electrons
decreases at hole-doping, leading to a decrease |Apdouble|
in the density of the double-occupancy |f}) and
increase |Apempty| in the density of empty site
|0). However, under a finite positive on-site U, the
hole-doping caused increasing in the density of empty
site |Apempty| is much larger than its reduction in the
density of the double-occupancy |Apgouble| (it is about
|Apempty|/|Apdouble] > 10, as shown in supplementary
material [17] Fig. S4 and S5). In other words, a little
reduction in number of double occupancy sites, but each
pair of electrons on the double occupancy sites now has
the potential to hop to much more choices of empty sites
in the hole-doped case. Thus, the order by projection
effect is also enhanced by hole-doping, as shown in the
enhanced extended s-wave density pys for Us; ~ 1 and
a larger slope of ps as a function of Us at increased
hole-doping concentration.

DISCUSSION

In this paper, we have studied the influence of
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FIG. 5. (a) Ground state energy E/N,, (b) extended s-wave
pair density pa, (c) s-wave pair density pp and (d) d-wave
pair density pp versus strength U, of projection term ﬁpmj
under different Hubbard repulsion U with ¢’ = 0 at half-filling
and system’s length L, = 16. Blue, orange and green colors
correspond to U = 4,6, 8.

projecting out the s-wave Cooper pairs on a Fermi
Hubbard model with finite Hubbard repulsion U
by DMRG method. As the projection strength U,
increases, the s-wave Cooper pair density pp decreases
while the extended s-wave Cooper pair density pa is
enhanced remarkably even though it does not appear
in the Hamiltonian, which provides numerical evidence
to the order by projection mechanism with finite
on-site repulsion U. In previous work [7], a lower
bound of the ratio between ps and pp is given as
pa/ps > (Us(Ng — N. + 2) + U — 2u)?/4, where
N, is the number of electrons and p is the chemical
potential. As shown in Fig. 7, our DMRG calculation
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of pa/pp remains above (Us(Ny — N, + 2) + U)?/4
for all doping levels and Hubbard U values studied,
which makes the above inequality automatically hold.
Also, the scaling behavior of p4 and the ratio Ra
shown in Fig. 3 indicate that the order by projection
leads to the appearance of quasi-long-range order and
the condensation of extended s-wave Cooper pairs. In
addition, the extended s-wave and d-wave ordering could
be altered by t as evidenced by Fig. 4, whereas the
s-wave channel is almost unchanged.

Interestingly, we found a competition between
Hubbard repulsion U and the hole-doping level away
from half-filling in the enhancement of the order by
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FIG. 7. The ratio between extended s-wave pair density and
s-wave pair density pa/pp versus strength Us of projection
term Hproj under (a) different Hubbard repulsion U with ¢’ =
0 at half-filling and (b) different hole doping § with U = 8
and #' = 0. The dashed lines show (Us(Ns — N +2) + U)? /4
for each U or doping case, where N; is the system size and
N, is the number of electrons.

projection effect. The presence of a strong on-site
Hubbard repulsion U in the system suppresses the
distribution of the double occupancy |1]) and the empty
site |0), thus making the order by projection effect less
pronounced. Meanwhile, in the case of U = 0 near
half-filling [11], the exact solution in the thermodynamic
limit indicates that pg ~ 1/6, which shows that hole
doping § decreases pa, as well as its respective rate of
change with respect to Us: |0pa/0Us|. However, DMRG
results at finite U provide positive evidence contrary
to this analytical analysis for U/t > 0: we found that
|0pa/0Ug| is enhanced by hole doping.

Besides the projection of the s-wave Cooper pair, the
order by projection mechanism is reported to be valid for
a general form Hp,qj = U,BTB with B = Yo ei¢E67E¢éET
at U = 0. It will be an interesting addition to investigate
the projection out of other Cooper pair channels, such
as d-wave pairs in the presence of Hubbard repulsion
U, as well as on other lattices, such as triangular and
honeycomb ones. Moreover, the pair-hopping terms are
more likely to be dependent on the distance between
two sites, so it is natural to ask whether the order
by projection mechanism still works for this case. In
the simplest case, that the projection term Hp,o; only
contains the interaction between the first and second
nearest neighbor sites (more details are provided in
supplementary material [17]), this effect on p4 and pp



becomes weak but it still works. These open questions
will merit further research in the future.

METHODS

Our DMRG calculations are performed under the
conservation of the good quantum number of total
electrons with equal spin up and down, ensuring that
> n.(SF) = 0 for both half-filling and hole doped cases.
We maintain bond dimensions between 5000 and 7000
to achieve results with a satisfactory truncation error of

e ~ 1076, The convergence quality of our results with
increasing bond dimension has been investigated and is
shown in the supplementary material [17].
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Supplementary Materials for “Order by projection in single-band Hubbard model: a DMRG study”

I. PAIR DENSITY MATRICES IN THE REGION OF NEGATIVE U,

In the case of U/t = 8 and ¢’ = 0 at half-filling, as a comparison, the ground state energy per site E/N, and the
pair densities for extended s-wave pair density pa, s-wave pair density pp, and d-wave pair density pp as functions of
negative U are shown in Fig. S8, where Uy is the range of —t/Ny < U; < 0. With an increase in |Us|, pp is enhanced
while p 4 is suppressed.
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FIG. S8. In the region of Us < 0, (a) ground state energy E/N,, (b) extended s-wave pair density pa, (¢) s-wave pair density

pp and (d) d-wave pair density pp versus strength U, of projection term I—:Tpmj under U = 8t, t' = 0. Red, green, brown, and
blue colors correspond to the system’s length L, = 4,8, 16, 32.

II. RATIO BETWEEN THE LARGEST AND SECOND-LARGEST EIGENVALUES OF THE
PAIR-DENSITY MATRIX

In the case of U/t = 8 and t' = 0 at half-filling, the ratios Rg and Rp as functions of Uy are shown in Fig. S9.
They are almost unchanged for large system size L, > 16.
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FIG. S9. The ratio between the largest and second-largest eigenvalues of the (a) s-wave pair-density matrix Rp and (b) d-wave
pair-density matrix Rp versus Us in the case of U/t = 8 and t' = 0 at half-filling for different length L,. Red, green, brown,
and blue colors correspond to the system’s length L, = 4, 8,16, 32.



10
III. HOLE DOPING NEAR HALF-FILLING AT SYSTEM LENGTH Ly = 20

In the case of U/t = 8 and ¢’ = 0 at system length L, = 20, the results of the ground-state energy per site E/Nj
and three correlation functions varying with increasing U, are shown in Fig. S10.
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FIG. S10. (a) Ground state energy E/Ns, (b) extended s-wave pair density pa, (c) s-wave pair density pp and (d) d-wave pair
density pp versus strength U, of projection term Hpyo; under different hole doping 6 with U = 8t and t' = 0 at system’s length
L, = 20. Red, green, and purple colors correspond to § = 1/20,1/40, 0.

IV. THE DENSITY OF DOUBLE OCCUPANCY AND EMPTY SITES

In this section, we provide the results about the density of double occupancy and empty sites, which are defined by

(D2 nirniay) (89)

Pdouble = Ns ’

Pempty = <ZZ( ]\1})( l’)> = Pdouble + 67 (SlO)

where § is the ratio of hole-doping. In the case of U/t = 8 and ¢’ = 0 at system length L, = 16, the plot of pgouple as
a function of U for 6 = 1/16,1/32,0 is shown in Fig. S11. After applying hole-doping, the change in the density of
double occupancy and empty sites are Apgouble a1d Apempty, Which are shown in Fig. S12. In the range of Us > 0,
Apempty > 10 * Apgouble, which makes the effect of projection term become more remarkable.

V. THE CASES OF SHORT-RANGE INTERACTIONS

In this section, we provide some examples of results from the projection terms that only contain short-range
interactions. The full projection term considered in the main text is:
Hpoj = UB'B =0, ¢l ¢85 (S11)
]
Here we consider two cases: the projection term with the first nearest-neighbor interaction, and another one with
both the first and second nearest-neighbor interactions, which are given by
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® 5=1/16 ® 6=1/32 ® =0

0.0 0.2 0.4 0.6 0.8 1.0
Us(®

FIG. S11. The density of double occupancy pdouble versus strength U, of projection term Hproj under different hole doping §
with U = 8t, t' = 0 at system length L, = 16. Red, green, and purple colors correspond to § = 1/16,1/32,0.
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FIG. S12. (a) The change in the density of double occupancy Apgouble and (b) the change in the density of empty sites Apempty
versus strength Us of projection term ﬁpmj under different hole doping § with U = 8t, t' = 0 at system length L, = 16. Red
and green colors correspond to § = 1/16,1/32.

() _ atoat Ao (2 _ atoat 4o ctoat o4 s
Hproj - US Z CITCLCJ-leT’ Hproj - US Z C;[TCL,CJ'J(CJ-T + US Z CITCLCJ-J,CJ'T' (812)
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Under U = 8t, t' = 0 at system length L, = 16, the pair densities for extended s-wave pair density pa and s-wave
pair density pp as functions of negative U, are shown in Fig. S13.
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FIG. S13. (a) Extended s-wave pair density pa and (b) s-wave pair density pp versus strength Us of projection term ﬁproj
under U = 8t, t' = 0 at system length L, = 16. Red, green, and purple colors correspond to the system with the first neighbor
pairing hoping, the first and second neighbor pairing hoping, and pairing hoping between all neighbors.

VI. CONVERGENCE OF DMRG CALCULATION WITH INCREASING BOND DIMENSION
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FIG. S14. Results of DMRG calculation at different bond dimensions: (a) ground state energy E /N, (b) extended s-wave pair
density pa, (c) s-wave pair density pp and (d) d-wave pair density pp versus strength Us of projection term Hproj under U = 8¢,
t’ = 0 with the system’s length L, = 4. Red, green, and purple colors correspond to the bond dimensions M = 3072, 4096, 5120.
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FIG. S15. Results of DMRG calculation at different bond dimensions: (a) ground state energy E /N, (b) extended s-wave pair
density pa, (c) s-wave pair density pp and (d) d-wave pair density pp versus strength Us of projection term flpmj under U = 8¢,
t’ = 0 with the system’s length L, = 8. Red, green, and purple colors correspond to the bond dimensions M = 3072, 4096, 5120.
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FIG. S16. Results of DMRG calculation at different bond dimensions: (a) ground state energy E/N,, (b) extended s-wave pair

density pa, (c) s-wave pair density pp and (d) d-wave pair density pp versus strength U of projection term Hpyoj under U = 8t,
t' = 0 with the system’s length L, = 16. Red, green, and purple colors correspond to the bond dimensions M = 3072, 4096, 5120.
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FIG. S17. Results of DMRG calculation at different bond dimensions: (a) ground state energy E /N, (b) extended s-wave pair

density pa, (c) s-wave pair density pp and (d) d-wave pair density pp versus strength Us of projection term Hproj under U = 8¢,
t' = 0 with the system’s length L, = 20. Red, green, and purple colors correspond to the bond dimensions M = 3072, 4096, 5120.
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FIG. S18. Results of DMRG calculation at different bond dimensions: (a) ground state energy E/N,, (b) extended s-wave pair

density pa, (c) s-wave pair density pp and (d) d-wave pair density pp versus strength U of projection term Hpyoj under U = 8t,
t’ = 0 with the system’s length L, = 32. Red, green, and purple colors correspond to the bond dimensions M = 3072, 4096, 5120.
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FIG. S19. Results of DMRG calculation at different bond dimensions: the ratio R4 between the largest and second-largest
eigenvalues of the extended s-wave pair-density matrix versus U, in the case of U/t = 8 and ¢’ = 0 at half-filling for (a)
L, =4, (b) Ly = 8, (¢) Ly = 16, and (d) L, = 32. Red, green, and purple colors correspond to the bond dimensions
M = 3072,4096, 5120.
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FIG. S20. Results of DMRG calculation at different bond dimensions: (a) ground state energy E/N,, (b) extended s-wave pair
density pa, (c) s-wave pair density pp and (d) d-wave pair density pp versus strength U of projection term Hproj under U = 4,
t' = 0 with the system’s length L, = 16. Red, green, and purple colors correspond to the bond dimensions M = 4096, 5120, 6144.
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FIG. S21. Results of DMRG calculation at different bond dimensions: (a) ground state energy E /N, (b) extended s-wave pair
density pa, (c) s-wave pair density pp and (d) d-wave pair density pp versus strength Us of projection term flpmj under U = 6t,
t’ = 0 with the system’s length L, = 16. Red, green, and purple colors correspond to the bond dimensions M = 4096, 5120, 6144.
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FIG. S22. Results of DMRG calculation at different bond dimensions: (a) ground state energy F/N,, (b) extended s-wave
pair density pa, (c) s-wave pair density pp and (d) d-wave pair density pp versus strength Us of projection term ﬁproj under
U = 8t, t' = 0 at hole doping § = 1/32 with the system’s length L, = 16. Red, green, purple, and brown colors correspond to
the bond dimensions M = 4096, 5120, 6144, 7168.
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FIG. S23. Results of DMRG calculation at different bond dimensions: (a) ground state energy E/Ns, (b) extended s-wave
pair density pa, (c) s-wave pair density pp and (d) d-wave pair density pp versus strength U, of projection term Hpyoj under
U = 8t, t' = 0 at hole doping § = 1/16 with the system’s length L, = 16. Red, green, purple, and brown colors correspond to
the bond dimensions M = 4096, 5120, 6144, 7168.



