
Joel Primack
University of California, Santa Cruz

Astro/Phys 224      Spring 2012

Origin and Evolution 
of the Universe

Week 5 
CMB and

Structure Formation

Thursday, May 3, 12



Cosmic Microwave Background
Early History
Although Penzias and Wilson discovered the CMB in 1965, Weinberg (p. 104) points out 
that Adams and McKellar had shown that the rotational spectra of cyanogen (CN) 
molecules observed in 1941 suggested that the background temperature is about 3K.  

The COBE FIRAS measurements showed that the spectrum is that of thermal radiation 
with T = 2.73K.  John Mather, the FIRAS PI, shared the 2006 Nobel Prize with George 
Smoot, the COBE/DMR PI.

The earth’s motion (including that of the sun and the Milky Way) produces a CMB dipole 
anisotropy.

The CMB dipole anisotropy was discovered by 
Paul Henry (1971) and Edward Conklin (1972),  
and confirmed by Conklin and Wilkinson (1977) 
and Smoot, Gorenstein, and Muller (1977) -- 
see http://www.astro.ucla.edu/~wright/CMB-dipole-history.html

The upper panel of the figure shows the CMB 
dipole anisotropy in the COBE data.  It is 
usually subtracted when the temperature 
anisotropy map is displayed (lower panel).
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Thursday, May 3, 12

http://www.astro.ucla.edu/~wright/CMB-dipole-history.html
http://www.astro.ucla.edu/~wright/CMB-dipole-history.html


CMB Temperature Anisotropy
Sachs & Wolfe (1967, ApJ, 147, 73) showed that on large angular scales the 
temperature anisotropy is ΔT/T = φ/3c2 .  White & Hu give a pedagogical derivation 
in http://background.uchicago.edu/~whu/Papers/sw.pdf

This was first convincingly seen by the COBE DMR experiment, reported by George 
Smoot on April 27, 1992.  Their result ΔT/T = 10-5  had been predicted by the CDM 
model (Blumenthal, Faber, Primack, & Rees 1984).  The search then began for smaller-
angular-scale CMB anisotropies.
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WMAP
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Scientific American      February 2004
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30o barely visible
Angular Thermal  Variations

1o prominent 0.1o barely visible
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This and the next several slides are from a talk by Wayne Hu; see 
http://background.uchicago.edu/~whu/beginners/introduction.html
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See also Annual Rev. Astron. and Astrophys. 2002
Cosmic Microwave Background Anisotropies
by Wayne Hu  and Scott Dodelson 
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http://background.uchicago.edu/
~whu/Presentations/
warnerprint.pdf

From Wayne Hu’s Warner Prize 
Lecture, AAS meeting Jan 2001
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Annu. Rev. Astron. and 
Astrophys. 2002
Cosmic Microwave Background 
Anisotropies by Wayne Hu  and 
Scott Dodelson 
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http://space.mit.edu/home/tegmark/

For animation of the effects of changes in 
cosmological parameters on the CMB angular 
power spectrum and the matter power spectrum, 
plus links to many CMB websites, see Max 
Tegmark’s and Wayne Hu’s websites:

http://background.uchicago.edu/~whu/physics/
physics.html
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G. Hinshaw et al.

Fig. 12. The foreground-reduced Internal Linear Combination (ILC) map.

WMAP 5-year data and papers are at http://lambda.gsfc.nasa.gov/ 
ApJS, 180, 225 (2009)
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     Considering a range of extended models, we continue to find that the 
standard ΛCDM model is consistently preferred by the data. The 
improved measurement of the third peak now requires the existence of 
light relativistic species, assumed to be neutrinos, at high confidence. 
The standard scenario has three neutrino species, but the three-year 
WMAP data could not rule out models with none. The CDM model also 
continues to succeed in fitting a substantial array of other 
observations. Certain tensions between other observations and those of 
WMAP, such as the amplitude of matter fluctuations measured by weak 
lensing surveys and using the Ly-α forest, and the primordial lithium 
abundance, have either been resolved with improved understanding of 
systematics, or show promise of being explained by recent observations. 
With further WMAP observations we will better probe both the universe at 
a range of epochs, measuring fluctuation characteristics to probe the 
initial inflationary process, or other non-inflationary scenario, improving 
measurements of the composition of the universe at the recombination 
era, and characterizing the reionization process in the universe.

J. Dunkley, et.al.  Five-Year Wilkinson Microwave Anisotropy Probe (WMAP) 
Observations: Likelihoods and Parameters from WMAP Data (2008)
Final paragraph of Conclusions:
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WMAP Internal Linear Combination Map

The WMAP 7-Year Internal Linear Combination Map is a weighted 
linear combination of the five WMAP frequency maps. The weights are computed 
using criteria which minimize the Galactic foreground contribution to the sky signal. 
The resultant map provides a low-contamination image of the CMB anisotropy.
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Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations:
Sky Maps, Systematic Errors, and Basic Results  -  N. Jarosik et al. -  January 2010

http://lambda.gsfc.nasa.gov/product/space/

Thursday, May 3, 12

http://lambda.gsfc.nasa.gov/product/space/
http://lambda.gsfc.nasa.gov/product/space/


Thursday, May 3, 12



Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations:
Sky Maps, Systematic Errors, and Basic Results  -  N. Jarosik et al. -  January 2010

http://lambda.gsfc.nasa.gov/product/space/

Fig. 9.— The temperature 
(TT) and temperature-
polarization (TE) power 
spectra for the seven-year 
WMAP data set. The solid 
lines show the predicted 
spectrum for the best-fit 
flat ΛCDM model. The 
error bars on the data 
points represent 
measurement errors while 
the shaded region 
indicates the uncertainty in 
the model spectrum 
arising from cosmic 
variance.

1st peak at 10 
⇒ space is flat

TE anti-correlation
constrains non-

adiabatic fluctuations
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Table 8. WMAP Seven-
year Cosmological 
Parameter Summary

The parameters reported in 
the first section assume the 
6 parameter flat CDM model, 
first using WMAP data only 
(Larson et al. 2010), then 
using WMAP+BAO+H0 data 
(Komatsu et al. 2010). The H0 
data consists of a Gaussian 
prior on the present-day value 
of the Hubble constant, 
H0 = 74.2±3.6 km s−1 Mpc
−1(Riess et al. 2009), while the 
BAO priors on the distance 
ratio rs(zd)/DV(z) at z = 0.2, 0.3 
are obtained from the Sloan 
Digital Sky Survey Data 
Release 7 (Percival et al. 
2009). Uncertainties are 68% 
CL unless otherwise noted.

N. Jarosik et al. -
  January 2010
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SEVEN-YEAR WILKINSON MICROWAVE ANISOTROPY PROBE (WMAP) OBSERVATIONS: 
COSMOLOGICAL INTERPRETATION  -  E. Komatsu, et al.  -  January 2010
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SEVEN-YEAR WILKINSON MICROWAVE ANISOTROPY PROBE (WMAP) OBSERVATIONS: 
COSMOLOGICAL INTERPRETATION  -  E. Komatsu, et al.  -  January 2010
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Late Cosmological Epochs
recombination 
last scattering

380 kyr   z~1000

~100 Myr   z~30

~480 Myr  z~10

13.7 Gyr   z=0 

dark ages

first stars 
“reionization” 

galaxy formation

today
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FLUCTUATIONS: LINEAR THEORY

“TOP HAT” MODEL

GROWING MODE

Recall: (here a = R, Λ=0)

“TOP HAT MODEL”
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The Initial Fluctuations 

rms perturbation:  

At Inflation:  Gaussian, adiabatic  

Fourier transform:
xki

k
k ex






 ⋅∑= δδ )(

Power Spectrum: nkkkP ∝><≡ 2|)(~|)(


δ
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Gravitational Instability: Dark Matter

Small fluctuations:  

Continuity:  

Euler:  

Poisson:  

comoving coordinates 

matter era  

growing mode:  

irrotational, potential flow:  

Linear approximation:  
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       Thus far, we have considered only the evolution of fluctuations in the dark matter.  But of 
course we have to consider also the ordinary matter, known in cosmology as 
“baryons” (implicitly including the electrons).  See Madau’s lectures “The Astrophysics of 
Early Galaxy Formation” (http://arxiv.org/abs/0706.0123v1 ) for a summary.  We have already seen 
that the baryons are primarily in the form of atoms after z ~ 1000, with a residual ionization 
fraction of a few x 10-4.  They become fully reionized by z ~ 6, but they were not reionized at 
z~20 since the COBE satellite found that “Compton parameter” y ≤ 1.5 x 10-5, where 

This implies that Thus, for example, a universe that 
was reionized and reheated at z = 20 to (xe, Te) = (1, > 4×105 K) would violate the COBE 
y-limit.

The figure at right shows the 
evolution of the radiation (dashed 
line, labeled CMB) and matter 
(solid line, labeled GAS) 
temperatures after recombination, in 
the absence of any reheating 
mechanism. 
(From Madau’s lectures, at 
physics.ucsc.edu/~joel/Phys224 .)

8 Piero Madau: Early Galaxy Formation

Figure 3. Evolution of the radiation (dashed line, labeled CMB) and matter (solid line,
labeled GAS) temperatures after recombination, in the absence of any reheating mechanism.

The coefficient of the fractional temperature difference reaches unity at the “thermaliza-
tion redshift” zth ≈ 130. That is, the residual ionization is enough to keep the matter in
temperature equilibrium with the CMB well after decoupling. At redshift lower than zth

the temperature of intergalactic gas falls adiabatically faster than that of the radiation,
Te ∝ a−2. From the analysis above, the rate of change of the radiation energy density
due to Compton scattering can be written as

du

dt
=

4

3

σT aBT 4

c

3kBne

me
(Te − T ), (2.29)

or

du

u
= 4dy, dy ≡ (neσT cdt)

kB(Te − T )

mec2
= dτe

kB(Te − T )

mec2
. (2.30)

Compton scattering causes a distorsion of the CMB spectrum, depopulating the Rayleigh-
Jeans regime in favor of photons in the Wien tail. The “Compton-parameter”

y =

∫ z

0

kBTe

mec2

dτe

dz
dz (2.31)

is a dimensionless measure of this distorsion, and is proportional to the pressure of the
electron gas nekBTe. The COBE satellite has shown the CMB to be thermal to high
accuracy, setting a limit y ≤ 1.5×10−5 (Fixsen et al. 1996). This can be shown to imply

〈xeTe〉[(1 + z)3/2 − 1] < 4× 107 K. (2.32)

A universe that was reionized and reheated at z = 20 to (xe, Te) = (1, > 4 × 105 K), for
example, would violate the COBE y-limit.
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with , σT = (8π/3)(e2/mc2)2
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The linear evolution of sub-horizon density perturbations in the dark matter-baryon
fluid is governed in the matter-dominated era by two second-order differential equations:

for the dark matter, and

for the baryons, where δdm(k) and δb(k) are the Fourier components of the density
fluctuations in the dark matter and baryons,† fdm and fb are the corresponding mass
fractions, cs is the gas sound speed, k is the (comoving) wavenumber, and the derivatives are 
taken with respect to cosmic time.  Here

† For each fluid component (i = b, dm) the real space fluctuation in the density field,
can be written as a sum over Fourier modes,

is the time-dependent matter density parameter, and ρ(t) is the total background
matter density. Because there is ~5 times more dark matter than baryons, it is the former
that defines the pattern of gravitational wells in which structure formation occurs.  In
the case where fb ≃ 0 and the universe is static (H = 0), equation (1) above becomes

(1)

(2)

“Hubble friction”
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After a few dynamical times, only the exponentially growing term is significant: gravity tends 
to make small density fluctuations in a static pressureless medium grow exponentially with 
time.  Sir James Jeans (1902) was the first to discuss this.

   The additional term ∝ H        present in an expanding universe can be thought as a “Hubble 
friction” term that acts to slow down the growth of density perturbations.  Equation (1) admits 
the general solution for the growing mode:

where tdyn denotes the dynamical timescale. This equation has the solution

so that an Einstein-de Sitter universe gives the familiar scaling δdm(a) = a with coefficient 
unity.  The right-hand side of equation (3) is called the linear growth factor D(a) = D+(a). 
Different values of Ωm, ΩΛ lead to different linear growth factors.  
    Growing modes actually decrease in density, but not as fast as the average universe. Note 
how, in contrast to the exponential growth found in the static case, the growth of 
perturbations even in the case of an Einstein-de Sitter (Ωm =1) universe is just algebraic 
rather than exponential.  This was discovered by the Russian physicist Lifshitz (1946).

(3)

Thursday, May 3, 12



Thursday, May 3, 12



   The consequence is that dark matter 
fluctuations grow proportionally to the 
scale factor a(t) when matter is the 
dominant component of the universe, but 
only logarithmically when radiation is 
dominant.  Thus there is not much 
difference in the amplitudes of fluctuations 
of mass M < 1015 Msun, which enter the 
horizon before zmr ~ 4 ×103, while there is 
a stronger dependance on M for 
fluctuations with M > 1015 Msun.

  There is a similar suppression of the growth of matter fluctuations once the gravitationally 
dominant component of the universe is the dark energy, for example a cosmological constant.  
Lahav, Lilje, Primack, & Rees (1991) showed that the growth factor in this case is well 
approximated by 

Here is again given by

inside horizon
outside horizon

Primack & Blumenthal 1983
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≈

The Linear Transfer Function T(k)
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An approximate fitting function for T(k) in a ΛCDM universe is (Bardeen et al. 1986)

where (Sugayama 1995)

For accurate work, for example for starting high-resolution N-body simulations, it is best to 
use instead of fitting functions the numerical output of highly accurate integration of the 
Boltzmann equations, for example from CMBFast, which is available at 
http://lambda.gsfc.nasa.gov/toolbox/  which points to 
http://lambda.gsfc.nasa.gov/toolbox/tb_cmbfast_ov.cfm 

W e l c o m e to the CMBFAST Website!
This is the most extensively used code for computing cosmic microwave background anisotropy, 
polarization and matter power spectra. The code has been tested over a wide range of cosmological 
parameters. We are continuously testing and updating the code based on suggestions from the 
cosmological community. Do not hesitate to contact us if you have any questions or suggestions.

U. Seljak & M. Zaldarriaga
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Scale-Invariant Spectrum (Harrison-Zel’dovich)

mass

t time

M

δ

M
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CDM Power Spectrum

δ

Meq mass

CDM

             HDM 
free streaming

mass

t timeteq

δ growth when matter 
is self-gravitating

Pk

kpeak ∝ Ωm h k

CDMHDM
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Formation of Large-Scale Structure

M

1

0

CDM: bottom-up

Fluctuation growth in the linear regime:

HDM: top-down

M

1

0

free 
streaming

rms fluctuation at mass scale M:

Galaxies        Clusters     Superclusters Galaxies        Clusters     Superclusters
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From Peter Schneider, Extragalactic Astronomy 
and Cosmology (Springer, 2006)

Einstein-de Sitter

Open universe

Benchmark model

Structure forms
earliest in Open,
next in Benchmark,
latest in EdS model.

Open

Benchmark

EdS
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Linear Growth Rate Function D(a)

From Klypin, Trujillo-Gomez, Primack - Bolshoi paper 1 (2011, ApJ 740, 102) - Appendix A
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From Peter Schneider, 
Extragalactic Astronomy and 
Cosmology (Springer, 2006)

(σ8, Γ)

P(k)

nonlinear

linear
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On large scales (k small), the gravity of the dark matter dominates.  But on small scales, 
pressure dominates and growth of baryonic fluctuations is prevented.  Gravity and 
pressure are equal at the Jeans scale

The Jeans mass is the dark matter + baryon mass enclosed within a sphere of radius 
πa/kJ, 

where µ is the mean molecular weight.  The evolution of MJ is shown below, assuming that 
reionization occurs at z=15:
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Jeans-type analysis for HDM, WDM, and CDM

Hot Dark Matter

Warm Dark Matter

Cold Dark Matter
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GRAVITY – The Ultimate Capitalist Principle

The early universe expands 
almost perfectly uniformly.  
But there are small 
differences in density from 
place to place (about 30 
parts per million).   Because 
of gravity, denser regions 
expand more slowly, less 
dense regions more rapidly.  
Thus gravity amplifies the 
contrast between them, 
until…

Astronomers say that a region of the universe with more matter is “richer.” 
Gravity magnifies differences—if one region is slightly denser than average, it 
will expand slightly more slowly and grow relatively denser than its 
surroundings, while regions with less than average density will become 
increasingly less dense. The rich always get richer, and the poor poorer.

Temperature map at 380,000 years after the Big 
Bang.  Blue (cooler) regions are slightly denser.  
From NASA’s WMAP satellite, 2003.  

Thursday, May 3, 12



Structure Formation by Gravitational Collapse

When any region 
becomes about 
twice as dense as 
typical regions its 
size, it reaches a 
maximum radius, 
stops expanding, 

and starts falling 
together. The forces 
between the 
subregions generate 
velocities which 
prevent the material 
from all falling 
toward the center.

Through Violent 
Relaxation the dark 
matter quickly reaches a 
stable configuration 
that’s about half the 
maximum radius but 
denser in the center.

Simulation of top-hat collapse: 
P.J.E. Peebles 1970, ApJ, 75, 13.

Used in my 1984 summer school lectures “Dark matter, Galaxies, 
and Large Scale Structure,”  http://tinyurl.com/3bjknb3
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TOP HAT             VIOLENT          VIRIALIZED
Max Expansion         RELAXATION

rmax rvirrm rv
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Growth and Collapse of 
Fluctuations

Schematic sketches of radius, density, and density 
contrast of an overdense fluctuation.  It initially expands 
with the Hubble expansion, reaches a maximum radius 
(solid vertical line), and undergoes violent relaxation 
during collapse (dashed vertical line), which results in 
the dissipationless matter forming a stable halo.  
Meanwhile the ordinary matter ρb continues to dissipate 
kinetic energy and contract, thereby becoming more 
tightly bound, until dissipation is halted by star or disk 
formation, explaining the origin of galactic spheroids 
and disks.  
(This was the simplified discussion of BFPR84; the 
figure is from my 1984 lectures at the Varenna school.
Now we take into account halo growth by accretion, 
and the usual assumption is that spheroids form mostly 
as a result of galaxy mergers Toomre 1977.)
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