
Applying	  the	  00	  component	  of	  Einstein’s	  equations	  

to	  both	  the	  8luctuation	  and	  background	  in	  the	  8igure	  in	  my	  Week	  6,	  page	  5,	  notes	  

one	  8inds	  

or	  



(This	  is	  from	  my	  Varenna	  Lectures.)	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  



(a)	  



(b)	  

(c)	  



(d)	  





(c) The circular velocity V satisfies V
2 = GM/R, so plugging in the values V = 220 km/s

and R = 100h
−1 kpc, ρvir = (RV

2
/G) 3/(4πR

3) = 1.8 × 10−26
h

2 g cm−3. Then using

the result from (b), (1 + zvir) = 6(0.018)1/3Ω−1/3
m = 1.37Ω1/3

m . For Ωm = 0.27, this is

(1 + zvir) = 2.43.

(d) Because of dissipative energy loss, the gas and stars will have much higher central

density than the dark matter. If one were to use that density in the above calculation, one

would get a higher formation redshift than that of the halo, which would be misleading.

On the other hand, the redshift calculated in part (c) is that of the entire halo. But

dark matter halos don’t have constant density; instead, the central region has much higher

density – which indicates that it formed at higher redshift.

c) Virialization occurs at a fixed overdensity, ρ/ρ̄ = 178, as we derived in b). The

background density scales as (1+ z)3 so the physical density of the galaxy today (constant

since virialization) is

ρ = 178ρ̄(zv) = 178 (1 + zv)
3 · 3H

2
0

8πG
.

The density is related to the mass M by ρ = M/(4πR
3
/3) and the mass is related to the

circular velocity by

σ2
=

GM

R
.

Putting all this together one finds

(1 + zv)
3

=
2

178

�
σ

H0R

�2

.

Substituting the given values yields zv = 3.8.

At turnaround, r is maximum hence θ = π. Plugging this in gives an overdensity
ρ/ρ̄ = 9π2

/16 = 5.55.

Taking virialization to be at a time given by θ = 2π means substituting that into
(θ − sin θ)2, which comes from η6, but using the half radius criterion means 1 − cos θ =
(1 − cos π)/2 = 1. Alternately one could work out ρ/ρ̄ at virialization relative to at
turnaround: the density ρ has increased by 8 since r has decreased by 2, while ρ̄ ∼ a

−3 ∼
t̄
−2 has decreased by 4 since t̄ ∼ η3 has doubled (θ = π became 2π). Either way gives

�
ρ

ρ̄

�

v

= 18π2 = 178.

b) Expanding equation (1) for the overdensity to O(θ5) gives

δρ

ρ
≡ ρ− ρ̄

ρ̄
→ 3

20
θ2 → 3

20
η2

.

Since η2 ∼ a then δρ/ρ ∝ a.

The velocity is

v ≡ dr

dt
=

dr

dθ

�
dt

dθ

=
r0

a0

sin θ

1− cos θ
.

The Hubble parameter is

H =
2
3t̄

=
2

3t0

�
η

η0

�−3

.

One can then calculate δv by expanding to O(θ5). A faster way is to calculate v/r to
O(θ−3) since the next higher order term is missing. Either way, the answer is

δv ≡
v −Hr

Hr
= − 1

20
θ2 = −1

3
δρ

ρ
,

which is not surprising since in the linear regime ρr
3 =const implies δρ/ρ = −3(δr/r) =

−3(v −Hr)/(Hr).

(a) For virialized halos, ρP /ρ = (9/2)(2π)2 = 178. After virialization ρP is (approx-
imately) constant while ρ = ρ0a

−3. So to determine avir set ρP /ρ = (ρP /ρ0)a−3
vir,

avir = (178ρ0/ρvir)1/3 = (1 + zvir)−1. For simplicity assuming an Einstein-de Sitter
universe, tvir = a

3/2
vir t0.

(b) For E-dS, ρ0 = ρc = 3H
2
/(8πG) = 1.36 × 1011

h
2
70M⊙ Mpc−3. More generally, ρ0 =

Ωmρc. Using the latter,

(1 + zvir) = (ρvir)1/3(178Ωmρc)−1/3 = 6.7(ρvir/10−24g cm−3)1/3(Ωmh
2)−1/3

.


