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I call attention to several errors in a recent article by
Vollmer' that invalidate his explanation for how the line
spectrum of atoms is transformed into the continuous spec-
trum of thermal radiation. Following Einstein’s 1916
derivation® of Planck’s black-body formula, the transforma-
tion of this line spectrum to thermal radiation at discrete
frequencies associated with these transitions has been dis-
cussed often, particularly in the astronomy literature.” But
the question of how discrete atomic transitions can give rise
to black-body radiation that is continuous in frequency has
been ignored. To fill this gap, I present here a novel deriva-
tion of this transformation in a model of a hot gas of atoms
with only two energy levels.

Vollmer’s arguments are based on Einstein’s original
model of stationary atoms,” but with only two energy levels
corresponding to an excited state and a ground state, which
are in thermal equilibrium with the emitted and absorbed
photons.5 Such a model cannot give rise to a thermal spec-
trum which is continuous for a finite range of frequencies
because, apart from a line width due to the finite lifetime of
the excited state, the photons are essentially monochromatic
with a frequency v,. This frequency is determined by the
well-known Bohr-Einstein relation hv,=¢€, where € is the en-
ergy difference between the two atomic levels and & is
Planck’s constant. Vollmer ignored this fundamental relation
in his derivation of the Planck black-body formula, and mis-
applied Einstein’s detailed balance condition. Instead of set-
ting N,/ N, =exp(—hv,/kT) for the ratio of the population of
the excited and ground state atomic levels at a temperature 7,
he incorrectly set N,/N,=exp(—hv/kT) for arbitrary values
of v+ vy, [see Egs. (11), (15), and (16) in Ref. 1]. Then, he
attributed the source of the continuous thermal spectrum to
the finite width of the excited level® but, as I will show, this
attribution is not correct.

Vollmer also argued that the Doppler width in the fre-
quency of photons emitted by the randomly moving atoms in
a hot gas can be neglected in the calculation of the thermal
spectrum.7 I will show, however, that in a simplified model
of two level atoms, it is precisely the Doppler shift that gives
rise, for an optically thick gas of such atoms, to a thermal
spectrum which is continuous over a range of frequencies.

The necessary and sufficient conditions for the energy dis-
tribution of thermal radiation to be a continuous function of
frequency in any given frequency range is the occurrence of
radiative processes in thermal equilibrium that emit and ab-
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sorb photons in this frequency range. It is counter intuitive
that the energy density of photons that are emitted and ab-
sorbed by various radiative process, which may also differ
greatly in intensity and in the rate of transitions, should lead
at thermal equilibrium to a universal energy density distribu-
tion. But this universality, which was first formulated in 1859
by Kirchhoff on general thermodynamic grounds, is the es-
sence of Einstein’s detailed balance derivation of the black-
body distribution first obtained in 1900 by Planck.

We illustrate how this universality comes about by consid-
ering a hot gas of two level atoms in thermal equilibrium.
When an atom in the excited state moving with velocity v,
emits a photon with frequency v, then by conservation of
momentum, the velocity in the ground state is changed to

Gy=0.- 2, (1)
mc
where m is the mass of the atom, c is the speed of light, and
7 is a unit vector along the direction of the emitted photon.
Correspondingly, by conservation of energy

1
hv= e+ m(v; - vy). (2)

We substitute for v§ in Eq. (2) the result obtained from Eq.
(1) and obtain for v/c< 1

V=V0<1+ﬂ>, (3)
c
where vy=€/h, and v, is the component of v, along 7. Equa-
tion (3) is the nonrelativistic Doppler change in frequency of
a photon emitted by a moving atom,® which is obtained by
neglecting a small term of order e/mc? due to the small loss
in photon energy given to the atom as recoil kinetic energy.
Hence, the Maxwell-Boltzmann distribution for the excited
atoms with velocity component v,, yields a Gaussian prob-
ability distribution for the emission of photons with fre-
quency v centered at v=1,

- vO)Z/ZAz’ (4)

1
P(V) = //—
V2mA

where A= VO\s”kT/ mc? is the Doppler width of the radiation.

If photons of a given frequency v are in thermal equilib-
rium with the atoms, the absorption of these photons by at-
oms in the ground state must be taken into account. Follow-
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ing Einstein’s derivation,” the radiation energy density p is
determined by the detailed balance condition between the
emission and absorption of photons,

(A + Bp)N, = BpN,, (5)

where A is the Einstein coefficient for spontaneous emission,
B is the corresponding coefficient for stimulated emission
and absorption of photons, and A/B=8mhv’/c*. Here N, and
N, are the populations of atoms in the ground and excited
states respectively, given by the canonical density distribu-
tion

N, = Cexp(- (e+ 2mv?)/kT) (6)
and
N, = C exp(- smv2/kT), (7)

where C is a normalization constant. The range of random
atomic velocities is determined by the momentum and en-
ergy conservation given in Egs. (1) and (2) for a given fre-
quency v of the photon. We solve Eq. (5) for the energy
density p and obtain

_8mhv 1 ®)
P= 8 (NN, - 1)’
where by Egs. (6) and (7) we have
Ne _ L2 2
= exp((e+ sm(v, — vg))/kT). 9)

N,

If we apply the conservation of energy relation, Eq. (2), and
substitute the resulting expression into Eq. (8), we obtain the
Planck black-body distribution for the radiation energy den-
sity

8 s

= CoxphlkD) - 1) "

for a continuous range of frequencies vt

This frequency range is restricted by the conservation of
momentum and energy in the emission and absorption of
photons by the atoms, Egs. (1) and (2). We have shown that
photons of frequency v# v, are emitted by excited atoms
moving with a component of velocity v,=c(v/vy—1) along
the direction of the propagation of this photon. But according
to the Maxwell-Boltzmann distribution, the number of such
atoms decreases exponentially as a function of (v
—1y)?/2A2%, where A=y VkT/mc? [see Eq. (4)]. Because the
mean free path €(v) for absorption of photons with frequency
v is inversely proportional to the density of these atoms, the
photons for an optically thick gas cloud with linear dimen-
sion D are no longer in thermal equilibrium when €(v) is
larger than D. According to Eq. (4), this occurs when

|(v=wp)| > ANIn(D/ € (vy)), (11)

which gives the range of frequencies for which continuous
thermal radiation occurs in this idealized model of a hot gas
cloud.
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The model of stationary atoms discussed originally by
Einstein™” and treated by Vollmer,' corresponds to m — % for
which A— 0; in this limit the thermal radiation is essentially
monochromatic with frequency v=w,,.

For an optically thin gas, D <I(v), the probability for the
absorption of photons can be neglected, and the Maxwell—
Boltzmann distribution for the random velocities of excited
atoms gives rise to the Doppler broadening of the line width.
If we include the Lorentzian line shape factor for the natural
line width of the radiation,

ylr
(=) +(9*

(12)

where v is half the line width at half maximum, the final line
shape is given by the Voigt form factor’

3 o ylT 1
Flv)= f W =+ ] \amh

This result differs from the corresponding limit in Eq. (17) of
Ref. 1, where the important effect of the Doppler shift has
been neglected.

Thermal photons due to additional atomic transitions with
different energy level separations, different masses, and dif-
ferent total number of atoms lead to the same universal
Planck black-body radiation energy distribution, even if the
range of photon frequency for the separate processes overlap.
Moreover, due to the finite lifetime of the excited levels of
atoms, the energy conservation relation Eq. (2) is not strictly
maintained, and photons can also be emitted and absorbed
with frequencies confined by the Lorentzian line shape, Eq.
(12), in the rest frame of the atoms. These photons also con-
tribute to the thermal spectrum p without modifying it.

The universality and continuity in the frequency of ther-
mal radiation is due to the fact that induced emission and
absorption of photons in radiative processes is independent
of the nature of its sources, provided that these sources emit
photons in the frequency range under consideration. How-
ever, a derivation of the thermal spectrum by Einstein’s de-
tailed balance method requires processes that conserve en-
ergy and momentum. Photons in the wings of the Lorentz
line width are due to the finite lifetime of the excited state,
which implies an uncertainty of the energy of this state.
Therefore, although these photons contribute to the thermal
spectrum, the transitions associated with these photons can-
not be included in the detailed balance equation as has been
proposed in Ref. 1. Our treatment answers the question of
the nature of the radiation spectrum in an ideal model of a
hot gas consisting of atoms with only two levels for which
the only source of photons is the transition between the ex-
cited and the ground state of the atom.

e—(V' - V0)2/2A2' (13)
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NauenbergI has pointed out some problems with my
article.” Although I agree with parts of his criticism, I cannot
follow all of his arguments.

I agree that my approach of using a simple two-level sys-
tem was oversimplified and that a proper application of Ein-
stein’s derivation is not possible if only a two-level system
with well-defined energies is assumed. However, I do not
agree with Nauenberg1 that my explanation of how a line
spectrum is transformed to the continuous spectrum of ther-
mal radiation is invalidated.

My intent was to provide a simple radiation transfer model
to explain how line spectra are transformed into continuous
spectra of blackbody radiation. To follow the apparently sim-
plest approach, I used a pure two-level system with the sim-
plest line shape, a Lorentzian, usually related to the natural
line width of the transition between two energy levels. I
agree that this choice led to an oversimplification of the
theory with an incorrect use of Einstein’s argument of ther-
mal equilibrium and detailed balance.

Although this oversimplification led to an error in my
simple model, all my other arguments would hold if a correct
system instead of a simple two-level system is chosen. For
example, any extension to more than two energy levels will
allow the use of Einstein’s argument of detailed balance (de-
tailed balance in a three-level system was discussed, for ex-
ample, by Lewis). Similarly, any mechanism that can lead to
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thermal equilibrium such as collisions, leading to the Dop-
pler width as mentioned by Nauenberg1 will do.

The main thrust of my paper, how continuous blackbody
radiation is formed from a line spectrum for a system of
atoms in thermal equilibrium is beyond the specific use of a
certain energy level system and is hence not invalidated as
stated by N.'cluenberg.1 The reasoning of my paper just needs
a line shape factor for absorption and emission processes in
the simple radiation transfer model [Ref. 2, Eq. (14)]. The
argument then uses the concept of optical depth to explain
how the line shape of the radiation changes as a function of
optical thickness of the gas. It also illustrates a simple way of
estimating emissivities of gases and explaining the broaden-
ing of spectral lines in gases due to self-absorption.

From the spectroscopy of gases, there are three well-
known and prominent examples of line shapes, the Lorentz
profile of the natural line width, the pure Gaussian profile
(approximating the Doppler profile), and the Voigt profile,
which could correctly describe the Doppler broadened pro-
file. I chose the Lorentzian (and incorrectly related it to a
two-level system) because it is a good approximation to the
Voigt profile in the far wings. If we used a more complex
system such as a three-level system in thermal equilibrium, a
Lorentzian would still be a reasonable choice.

We should keep the following arguments in mind. For a
very precise model, the Doppler shift must be included.
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However, my intent was not to state that the Doppler shift
can be neglected. Instead I argued that the Doppler width is
not important (in the context of my simple model) because it
is small compared to the width of a thermal spectrum. I agree
that a Voigt profile should be used when being very precise.
Nauenberg correctly states that his result with the Voigt pro-
file differs from my result with the Lorentzian. However, |
stated (Ref. 2, p. 216) that the line shape of a Voigt profile is
close to a Gaussian near the center and close to a Lorentzian
in the far wings, which are both reasonable approximations.

I want to mention some other ideas that resulted from
some discussions with a colleague. When considering far
wing phenomena of atoms with two energy levels, the rel-
evant processes could be referred to as Rayleigh scattering
(lower frequencies) and Thomson scattering (higher frequen-
cies). Does the argument of detailed balance hold for such
scattering processes?

In the simplest description, Rayleigh and Thomson (and
also Raman) scattering can be thought of as being due to a
three-level system process (see Ref. 3) with the transition

from the ground state to an intermediate virtual state and
then the transition from the intermediate state to the final
state. If the ground state and the final state refer to my as-
sumed two-level system, the whole process, which would be
due to a three-level process with a virtual level, would allow
one to use detailed balance arguments and correctly extend-
ing the simple approach of my paper.2
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In discussions of free particle wave packets, authors of
quantum mechanics textbooks choose the Gaussian form.
Some authors do so without explanation.1 Others state the
reason for their choice is that this particular wave packet can
be nicely analyzed in closed form.” Apart from mathematical
convenience, why do we choose the Gaussian wave packet?
Yes, the Fourier transform of the Gaussian wave function is
also Gaussian. Also, the Gaussian wave packet gives rise to
the minimum uncertainty product at time r=0. These features
are pedagogically useful. But is there something more to the
Gaussian wave packet?

In this note, we show that the probability density of any
non-Gaussian wave packet becomes approximately Gaussian
as it disperses.3 We graphically illustrate this process by con-
sidering the example of a rectangular wave packet.

We start with the standard treatment of time dependent
wave functions using propagators (Green’s functions).” In
this approach, we write the wave function as

¢(x,t)=J K(x,x";1,0)(x",0) dx’, (1)
where the propagator K(x,x';7,0) is given by
K(x,x'52,0) = 2 ¢, (x ), (x)e ™", 2)

The sum is over the complete set of stationary states and
w,=E,/h.
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It is difficult to obtain explicit expressions of
K(x,x";t,0)in general. For a free particle, a simple, well-
known form of K(x,x";7,0) is given by4

K(x,x";1,0) = ZL J k=) y=itikil2m g
m —0

m . "2
— im(x — x")°/2ht
=1 e ) 3
i2mht 3)

Let us consider a simple, albeit artificial example of the
rectangular wave packet:

1 .
=kt |y <ar2,

#(x,0) = Va 4)
0, |x| > ar2.

Our focus is the dispersion of a wave packet. For this reason,
it does not matter whether the center of the wave packet is
moving. We set ky=0 so that the packet is at rest. If we
substitute the right-hand side of Eq. (3) and Eq. (4) into Eq.
(1), we obtain’

3/4
TN
—erfi{(—l)l/4\/2ﬂm<x+§)]}, (5)

where erfi(x) is the imaginary error function,® and Eq. (5) is
valid for #>0.
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Fig. 1. Probability density of the rectangular wave packet at time =0 (thin
solid line), r=0.1 (thick solid line), r=0.2 (dashed line), and r=0.5 (dot-
dashed line).

Figure 1 shows the probability density of the rectangular
wave packet at time r=0 (thin solid line), r=0.1 (thick solid
line), r=0.2 (dashed line), and t=0.5 (dot-dashed line). In
these plots, the parameters are a=1, m=1, and i=1.

Let us understand what is happening to the rectangular
wave packet. The wave packet is composed of an infinite
number of plane waves. At time t=0 these plane waves in-
terfere to form a rectangular shape. As time elapses, the com-
ponent plane waves travel, both to the right (k>0) and left
(k<<0), at different phase velocities fik/2m. Thus the pattern
of the interference of these plane waves gradually changes,
resulting in the dispersion of the wave packet. At time ¢
=0.1, we see that the rectangle begins to break up. At this
time, the maximum height of the wave packet exceeds the
height of the rectangle because the body of the packet is
squeezed, but the total probability must remain equal to
unity. At time =0.2, we see two secondary maxima, one on
the right and the other on the left of the central maximum.
The central body of the wave packet is formed as a result of
the interference of very slow moving plane waves with very
small wave numbers k. By time 7=0.5, all of the higher order
maxima with very small maximum heights are out of sight,
and we see the main body of the wave packet that appears
Gaussian.

(0]

1

0.8
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0.2

0

-0.2

q

Fig. 2. Plot of ® for the initial rectangular wave packet as a function of ¢ at
times =0.1 (solid line), =0.2 (dashed line), and r=0.5 (dot-dashed line).

951 Am. J. Phys., Vol. 75, No. 10, October 2007

-3

0.8
0.6

0.4

-3

0.6 ]
0.4

0.2

-3 -2 -1 0 1 2 3
(c) t=05

Fig. 3. Comparison between the exact probability density plots (solid lines)
and the approximate plots (dashed lines) at time (a) t=0.1, (b) 7/=0.2, and (c)
t=0.5. The initial wave packet is rectangular.

We now show the Gaussian approximation of a wave
packet as the wave packet disperses. To examine the disper-
sion of a wave packet of initial shape ¢(x,0), we substitute
the right-hand side of Eq. (3) into Eq. (1) and change the
order of the integration variables. Then ¢{(x,) can be written
as an integral over the wave numbers k:
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1 [~ .
lﬁ(x,t) — ;Tf q)(k)ezkx—zﬁkzr/Zm dk, (6)
where
k)= |  x',0)e* ax’. (7)

—00

The wave packet in Eq. (6) is the sum of the component
plane waves.

We next change the integration variable in Eq. (6) to illus-
trate the role that time plays in the process of dispersion. Let

m
q= \lz—mk. (8)

Then Egs. (6) and (7) become

lx, t)— VZﬁf @(q,t)exp[ i\ —
- i(ﬁ—t)zqz] dq, )
m
d(g,1) = f P(x',0) exp( \/% ’) dx’. (10)

For the rectangular wave packet of initial shape given in Eq.
(4), @(q.1) is given by

and

i h
sin (VAt/2ma
Vht/2maq

Figure 2 shows a plot of ® as a function of ¢ at times 7
=0.1 (solid line), t=0.2 (dashed line), and t=0.5 (dot-dashed
line). We see that the central part of ® becomes squeezed as
time elapses. This behavior suggests that the dominant con-
tribution to the integral in Eq. (9) comes from small values
of ¢q. Thus, we may approximate the integral by small values
of ¢, and the small ¢ approximation improves as time
elapses. This observation is consistent with our intuitive ex-
planation of Fig. 1, in that small ¢ means small k, which
implies a small phase velocity. The main contribution to the
Gaussian-like central body of the wave packet is the result of
the interference of the slow moving component plane waves.

To perform the approximation in the integral of Eq. (9),
we first rewrite ®(q,1) as

e el [lb(q,t)], (12)

and Taylor expand In [®(g,1)] to second order in gq. (There is
no need to approximate the other exponential factor in the
integrand because it contains only terms in ¢ and ¢°.)

In[®(g,0)] = In[D(0,1)] + [{9—{2 In (@)] q

q=0
1| & 5
+5{(9_q21n (q))}qzoq . (13)

We calculate the coefficient for each order of g and obtain
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241 5
In [®(q.0)] = 1n (By) - i\ na- —tyzq : (14)

where
B, () y
e T \gy) (13)
_ f V,0) d, (16)

with n=0,1,2. By substituting Egs. (12) and (14) into Eq.
(9), and integrating over ¢, we obtain the normalized wave
function

Wlx,1) = <ﬁ>l/4——l exp {— o) ")’ }
' T \'Y, + iht/m 2(y, + iht/m)
(17)
The probability density is given by
p(x,1) = A |72 ! exp {_ Yol =) }
' ™ \r’/y% + (htlm)? )’% + (fit/m)?
(18)

Thus, we see that the probability density becomes approxi-
mately Gaussian after the wave packet disperses.

For the initially rectangular wave packet, Fig. 3 shows the
comparison between the exact probability density plots (solid
lines), generated from Eq. (5), and the approximate ones
(dashed lines), generated by Eq. (18) at time ¢=0.1, r=0.2,
and #=0.5. We see that the small ¢ approximation made im-
proves as time elapses.

We showed that a free particle wave packet of any shape
becomes approximately Gaussian after a period of time. The
approximation we made in Egs. (6)—(18) is similar to that
employed in the proof of the central limit theorem.” What we
have shown in this note may be viewed as a quantum me-
chanical version of the central limit theorem.

ACKNOWLEDGMENTS

The author would like to thank T. Darkhosh and C. Adler
for enlightening conversations. Special thanks to C. Raney
for a careful reading of the manuscript.

“Electronic mail: kmita@smem.edu

1See, for example, A. Goswami, Quantum Mechanics (Brown, Dubuque,
1A, 1997), p. 29.

%See, for example, R. W. Robinett, Quantum Mechanics (Oxford U. P.,
New York, 1997), p. 57.

3For previous articles on the dispersion of wave packets see, for example,
H. M. Bradford, “Propagation and spreading of a pulse or wave packet,”
Am. J. Phys. 44, 1058-1063 (1976); B. R. Holstein and A. R. Swift,
“Spreading wave packets—a cautionary note,” Am. J. Phys. 40, 829-832
(1972); G. W. Ford and R. F. O’Connell, “Wave packet spreading: Tem-
perature and squeezing effects with applications to quantum measurement
and decoherence,” Am. J. Phys. 70, 319-324 (2002).

*For a good discussion of the propagator see, for example, E. Merzbacher,
Quantum Mechanics (Wiley, New York, 1998), pp. 348-354.

>The computations were performed by Mathematica. The triangular wave
packet can be treated similarly. The triangle quickly becomes Gaussian

Notes and Discussions 952



without the multiple maxima. In this case, the exact expression of i(x,)
is too lengthy to include in this note. Griffiths briefly discusses the ex-
ample of the rectangular wave packet. See D. J. Griffiths, Introduction to
Quantum Mechanics (Prentice Hall, Upper Saddle River, NJ, 2005), pp.
62-63.

®The imaginary error function is defined by erfi(z)=erf(iz)/i, where erf(z)
is the error function.

’See, for example, F. Reif, Fundamentals of Statistical and Thermal Phys-
ics (McGraw-Hill, Boston, MA, 1965), pp. 37-40.

Comment on “Quantum mechanics of the 1/x? potential,” by Andrew
M. Essin and David J. Griffiths [Am. J. Phys. 74 (2), 109-117 (2006)]

C. Cisneros?

Instituto de Ciencias Fisicas, Universidad Nacional Autonoma de México, Cuernavaca, Morelos, México

R. P. Martinez-y-Romerob)

Facultad de Ciencias, Universidad Nacional Autonoma de México, Mexico City, D. F., México

H. N. Nufiez-Yépez®

Nonlinear Dynamical Systems Group and Computational Sciences Research Center, Department of
Mathematics and Statistics, San Diego State University, San Diego, California 92182
and Departamento de Fisica, Universidad Autonoma Metropolitana-Iztapalapa, Mexico City, D. F., México

A. L. Salas-Brito?

Nonlinear Dynamical Systems Group and Computational Sciences Research Center, Department of
Mathematics and Statistics, San Diego State University, San Diego, California 92182 and Laboratorio
de Sistemas Dindmicos, Universidad Autéonoma Metropolitana-Azcapotzalco, Apartado Postal 21-267,

C. P. 04000, Coyoacdn, D. F. México

(Received 2 January 2007; accepted 27 April 2007)
[DOI: 10.1119/1.2742401]

A recent paper1 on the quantum mechanical properties of
the attractive —1/x* potential explains in simple terms the
unusual quantum properties we would expect from a system
described by a singular potential. These properties include
the need for considering the restrictions imposed by the
Hamiltonian H and the renormalization that is required to
obtain physically proper (or “true” as they are called in Ref.
1) solutions. Reference 1 also discusses the need to guarantee
not only the Hermiticity but also the self-adjointness of
H—an operator is self-adjoint if the action of H is the same
as that of H' and both operators have the same domain,
Dy=Dy. That is, both H and H' need to be defined over
exactly the same set of functions in Hilbert space.

We will show that the —1/x? potential can also be used to
exhibit at least one more unusual feature of some singular
quantum systems, namely, the existence of a superselection
rule. To this end, we need to regard the problem as defined
on the whole x-axis and not only on the positive real axis,
0=x< o, as done in Ref. 1.

The conditions established in Ref. 1 restrict the set of
functions, #(x), for which H is physically appropriate to
those vanishing at the origin #(0)=0 with a finite derivative
at x=0 [we have simplified the condition stated in Eq. (73) of
Ref. 1]. Because the boundary condition on the wave func-
tion, ¢(0)=0, is the same as the condition when there is an
infinite potential at the origin, the physical consequences
should be the same. That is, there must exist an effective
separation of any physical effects occurring on the left from
those on the right of the discontinuity. This feature has been
called the space-splitting effect by some authors.”™ Note that
space-splitting also occurs when such potentials are studied
on curved spaces, as has been recently proven for the poten-
tial —1/|x| in Ref. 5. This effect also appears when the prob-
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lem is analyzed using the deformed Heisenberg relation
[x,p]=ih(1+Bp?) (B a real number) as shown in Ref. 6.

By using the detailed solution obtained in Ref. 1 and the
symmetry under reflection which the set of eigenstates
should satisfy, we can write the eigenfunctions as

Fi(-x), ifx=0,
- |
Vi) 0. if x>0, (12)
and
0, ifx=0,
- 1b
W) Fi(x),  ifx>0, (16)

where F"(x) is any of the valid solutions, that is, those that
can describe either bounded or scattering states as deter-
mined in Ref. 1. The superscript & (not necessarily an inte-
ger) serves to distinguish the different eigenstates. The form
of the solutions given in Egs. (1a) and (1b) indicates that the
singularity acts as an impenetrable barrier, effectively split-
ting the configuration space available to the system into two
independent regions. This feature can be checked by calcu-
lating the flux, jo<(yaf’ =" y’),” at the origin and noting
that it always vanishes for the states in Eq. (1). According to
the general analysis in Ref. 1, we can infer that even the
scattering states comply with this peculiar space-splitting ef-
fect. Such an effect can be explained using the notion of
superselection rules, another curious but important feature of
quantum systems that establishes limitations on the general
validity of the superposition principle.9’10

To establish the setting for discussing the limitations on
the superposition principle, let us consider the even and odd
states of the problem. The reflection invariance of the —1/x?
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potential might lead us to expect the existence of such even
and odd eigenstates. This conclusion is incorrect for this po-
tential as we show in what follows.

From the eigenfunctions a//l and 1//1 we can define even
and odd functions

V) = %wﬁ_(x) ). (20)

Yoaa(x) = j—aw_(x) ). (2b)

The problem is that the functions in Eq. (2) cannot represent
different eigenstates of the problem. If we accept Egs. (2a)
and (2b) as two distinct realizable states of the —1/x> poten-
tial, then those states should be completely independent of
each other. However, it is easy to see that they are not inde-
pendent solutions of the problem, because their Wronskian
determinant Vanishes,2’8
: Y ol
W2, ) =det , =0, 3
WLyl ailids dgl rax 3)

meaning that the functions ¢/ and zpﬁ are not linearly inde-
pendent. Hence, contrary to our assumption, they cannot de-
scribe independent states of the system. But, if we cannot
distinguish between ., and i/4q, it is clear that the relative
phase of the components along the left and right eigenstates,
l,bf and zﬂl, is fundamentally irrelevant. Therefore, if we ex-
tend the argument, any superposition of the form

ayl+ aﬁrtﬂ’;, (4)

where a” and a]l, are complex numbers, is necessarily devoid
of meaning as a coherent superposition.z’s’10 For the super-
position (4) to make sense, either one of the coefficients must
vanish or it has to be interpreted as a statistical mixed state
(that is, as an incoherent superposition).7’”’12 We can see
more clearly the dependence of the even and the odd states
by calculating their probability densities and noting that they
are identical:

|Irlfeven|2 = |l;bodd|2' (5)

For a superselection rule to appear in a quantum system,
there should exist an operator G that commutes with every
other observable operator of the system and is not just a
multiple of the identity. This property also implies that every
physically realizable state of the system should be an eigen-
state of G and, as a consequence, the superposition of some
states is restricted. Moreover, any quantity not commuting
with G cannot be an observable of the system.”"5 For the
—1/x* problem, G is given by

G=§ (AR

), (6)

where we have used ket notation for the states (1); the sum
may also mean integration if 4 is continuous. It is clear that
G|y/y==|y/"), and so we can interpret G as the operator that
returns the side of the singularity on which the particle is
moving. This property also exists in the classical case be-
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cause a classical particle moving under a —1/x> potential will
remain trapped forever on the same side where it started its
motion."?

G commutes with all dynamical variables of the system,
but does not commute with the parity operator P, [P,G]
# 0, meaning that parity is not an observable property of the
system and that parity eigenstates cannot exist in the
system.g’10 Another way of stating this property is 77|¢/;>
=|¢/); that is, the eigenstates /'(x) and zﬂ}r(x) are ‘“‘mirror
images” of one another. That is, P| iﬂi) describes particles
located on the opposite side of the ones described by |¢£>

We have shown the existence of a superselection rule in
the —1/x? potential using an argument similar to that used to
forbid coherent superpositions of states describing photons
(generally, bosons) with states describing electrons (gener-
ally, fermions). Such an argument is straightforward. Under
rotations by 2, R, ., photonic states remain unchanged, but
electronic states are multiplied by a phase ¢™=—1." Thus, as
long as the photonic and the electronic states are not mixed
with one another, there are no consequences for the physics
described by the state. If we are considering instead a super-
position of the form

[M) = a,|photon) + a,|electron), (7)

then a 27 rotation completely changes the physical content
of the state, transforming it to

Ry+/M) = a,|photon) — a,|electron). (8)

Therefore, to maintain the consistency of quantum theory, we
require that either a,=0 or a,=0. Thus, the coherent super-
position [M) has to be forbidden. Any such state can only be
interpreted as a statistical mixed state. This superselection
rule is called univalence.'"'*"

Superselection rules in nonrelativistic quantum theory ex-
plain the existence of properties such as the mass, electric
charge, or the handedness of a molecular system, which do
not require a quantum operator to be described. They also
help to understand the existence of chiral molecules such as
sugar or serine with a doubly degenerate ground state in
which the component states differ from one another only in
their handedness. Thus, superselection rules also explain the
apparent paradox of optical isomers in molecular
physics.ll 12

We believe that superselection rules should be explained
in an intermediate course on quantum mechanics. In spite of
the existence of pedagogical descriptions of superselection
rules'"'? and of their importance, we know of only two text-
books that discuss the concept.15 10 In any case, we think the
properties discussed in this comment would be an interesting
addition to the discussion of Ref. 1 of the curious quantum
features of the 1/x? potential.
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