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Newton's Principia and Inverse-Square 
Orbits 

M. Nauenberg 

Michael Nauenberg received his Ph.D. in physics from Cornell 
University in 1959 as a student of Hans Bethe. Afterwards he 
went to the Institute for Advanced Studies at Princeton for two 
years. He taught at Columbia University, Stanford University, 
and the University of California at Santa Cruz, where since 1966 
he has helped establish a new Department of Physics. His 
current research is in nonlinear dynamics and in the semiclassi- 
cal approximation to quantum mechanics. He is also interested 
in the origins of modern science and at present is studying the 
development of science and mathematics in the seventeenth 
century. 

For over a decade now, Robert Weinstock has been claiming "that no known proof 
[that an inverse-square force implies conic section orbits] comes from the mind or 

pen of Isaac Newton" [l]-[4]. In his original 1982 article, provocatively titled 

"Dismantling a centuries-old myth: Newton's Principia and inverse-square orbits" 

[1], and again in reference [4], he states explicitly that in Corollary 1 of Proposi- 
tions 11-13 in Book I of the Principia [5], "Newton has [not] even outlined a 

proof" of this theorem. In this note I first demonstrate that several statements 
which Weinstock offers to support his claim are incorrect [6]. I then show that, 
contrary to Weinstock's assertion, this Corollary 1, in conjunction with other 

Propositions in the Principia, does give a proof that inverse-square forces lead to 
conic section orbits [7]-[10]. 

The discussion by Weinstock in his article "Credit where credit won't do" [4] 
repeats arguments presented in earlier papers, so I quote here from these works 
where appropriate. 

Claim 1. In reference to Propositions 11-13, Weinstock claims that 

The conic section here described is, on the other hand, merely a geometrical 
construct; there is no evidence as yet that any particle actually traverses it [a conic 
section] as an orbit. This must be understood. [1] 

Actually, what "must be understood" is that Props. 11-13 are special examples 
of Prop. 6, where Newton describes, in precise mathematical fashion, the construc? 
tion of the orbit of a particle (its position as a function of time) on a given planar 
geometrical curve. I shall call these Kepler orbits. In Props. 11-13 the curve is a 
conic section (ellipse, hyperbola, and parabola, respectively) and the construction 
of Kepler orbits on these curves is worked out in complete detail in Props. 30 and 
31. The principle for the construction is to apply Kepler's second law [11]: that in 

equal time intervals equal areas are swept by the position vector SP relative to a 

given fixed point S; see Figure 1. Thus, as a measure of the time elapsed for a 

particle traversing an are AP of the curve, Newton uses the area ASP of a sector 
made up of this are and the radial lines from the fixed point S to the ends of the 

endpoints A and P of the are. The constant of proportionality between area and 
time is determined by the initial velocity and position of the particle. This constant 
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Figure 1 
Discussion and diagram for parabolic motion, Proposition 30, Book I, Principia (1687 
edition). 

corresponds to twice the rate at which the area is swept, / = vSY (l is also the 

angular momentum for unit mass), where v is the velocity of the particle when it is 
at P, and SY is the perpendicular distance from S to the tangent line to the curve 
at P. [For a short time interval dt the are AP is approximated by a straight line 

segment with length v 8t and the sector ASP by a corresponding triangle with 
vertices at A, S, and P. Therefore the area of this sector is approximately 

\{vSY)8t] 
I discuss here the simplest case (Prop. 30), which is the construction of a Kepler 

orbit on a parabola with the focus S as the fixed point; see Figure 1. In Cartesian 
coordinates x and y, with the vertex A as the origin, P a point on the parabola, 
and O its projection on the x axis, 

y =Lx, (1) 

where x =AO, y=PO, and L = AAS is the latus rectum. The area of the sector 

APS swept by the radius vector SP is given by Newton in analytic form in the 
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Figure 2 
Graphical solution, according to Proposition 30, of the position (dots) of a particle on a 
parabolic orbit at 10 equal time intervals. 

second line from the bottom of the text in Figure 1: 

APS = 
\y(x + \L). (2) 

Newton also gives a construction to evaluate this area geometrically. Setting a 

perpendicular to the jc-axis at the midpoint G between A and S, Newton shows 
that the point H on this axis which is equidistant from S and P is at a height GH 

proportional to the area of the sector APS, 

3 y 3 
GH=-APS = ?\x+-L L 2L \ 4 (3) 

Thus the location of the point P on the parabola at any "time" GH is readily 
obtained by drawing a circle centered at H with radius HS, and finding its 
intersection P with the parabola, solving (3) geometrically. Applying this construc? 

tion, Figure 2 illustrates a Kepler orbit on a parabola, showing the location of a 

particle (marked by dots) at ten equal time intervals (indicated by tick marks on 
the time-axis GH). This refutes graphically Weinstock's claim #1 that "there is no 
evidence as yet that any particle actually traverses it [the parabola in this case] as 
an orbit" [12]. 

Claim 2. According to Weinstock, 

Nowhere in the Principia is it proved that there actually exists a central force law 

requiring a particle to move in a conic section with a focus as a center. [1] 
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On the contrary, in Prop. 2 Newton proves that 

Every body, that moves in any [italics mine] curved line described in a plane and 
by a radius drawn to a point either immovable, or moving forwards with an 
uniform rectilinear motion, describes about that point areas proportional to the 
times [Kepler orbit], is urged by a centripetal force directed to that point. [13] 

Then in Prop. 6 Newton describes, in precise mathematical fashion, a geometrical 
construction to evaluate the magnitude of this centripetal (central) force (propor? 
tional to the acceleration) which is required to constrain a particle to move along 
the prescribed Kepler orbit [14]. Thus, Weinstock's claim #2 is also refuted. 

The only question remaining at this point is whether there might be other curves 
besides conic sections, along which Kepler orbits under an inverse-square force 
could occur for certain initial conditions. In Prop. 17 Newton gives the initial 
conditions (position and velocity) for which the orbit is either an ellipse, a 

parabola, or a hyperbola. For example, for the case of a parabola, equation (1), he 
shows that the latus rectum L is given by 

E = 2SP + 2KP, (4) 

where KP is a length defined in terms of the initial position and velocity vector. It 
can be readily shown that 

SY2 
KP = 2?-SP (5) 

where SY is the perpendicular distance from the focus to the tangent line at P. 
Since the (constant) rate at which the radius vector sweeps out area is proportional 
to / = vSY, where v is the speed at P, it follows from (4) and (5) that 

1 l2 cL c 
-V2 = -=? = -r = -, (6) 2 2SY2 4SY2 SP' w 

where c = l2/L is a constant (Prop. 16). This says the "total energy" E = v2/2 - 

c/SP = 0, corresponding to parabolic motion for an inverse-square force. Similarly, 
Newton shows that for elliptic orbits L < 2SP + 2KP, corresponding to E < 0, and 
for hyperbolic orbits L > 2SP + 2KP, corresponding to E > 0. 

In the first edition of the Principia (1687) Newton asserted without proof, in 

Corollary 1 of Props. 11-13, that 

From these three last Propositions it follows that if any body... is urged by the 
action of a centripetal force that is inversely proportional to the square of the 
distance of the places from the center, the body will move in one of the conic 

sections, having its focus in the center of force: and conversely. 

Already in 1710 Johann Bernoulli publicly criticized this corollary, stating that [15] 
"M. Newton l'a suppose [une Section Conique], pg. 55, Corol. 1, sans le demontrer." 
In later recollections [16], Newton stated that 

The Demonstration of the first Corollary of the 11'*, 12'/z & 13'/z Propositions 
being very obvious [my italics], I omitted it in the first edition & instead contented 

my self with adding the 17'* proposition where it is proved that a body in going 
from any place with any velocity will in all cases describe a conic Section: which is 
that very Corollary... But at the desire of Mr Cotes I... . 

As we have seen in the case of a parabola, Newton shows in Prop. 17 how to 
evaluate the latus rectum L [the single parameter that determines a parabola 
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apart from orientation, equation (1)] in terms of initial conditions, "any place with 

any velocity," equation (4). Evidently at the urging of Roger Cotes, the editor of 
the second edition of the Principia (1713), Newton became aware that this 

corollary required clarification. Since the orbits in Props. 11-13 are conic sections, 
these three propositions cannot be invoked, without further justification, to rule out 
the existence of other possible orbits under the action of an inverse-square force 

corresponding to curves that are not conic sections. In other words, conic section 
orbits could turn out to be only a subclass of all the possible orbits that exist under 
the action of inverse-square forces [10]. 

In a letter dated October 11, 1709, Newton instructed Cotes [17] to add an 
addendum to Corollary 1, which in the third edition became (y): 

For the focus, the point of contact, and the position of the tangent, being given, a 
conic section may be described, which at that point shall have a given curvature. 
But the curvature is given from the centripetal force and velocity of the body being 
given; and two orbits, touching one the other, cannot be described by the same 
centripetal force and the same velocity. 

Claim 3. In Weinstock's view, 

What (y) says in the context of its appearance is that if the inverse-square orbit is 
a conic section, then that conic is uniquely determined by initial conditions. [3] [4] 

Weinstock fails to note that in the second edition of the Principia Newton 
introduced a second measure of force in Prop. 6, and added Corollary 4: 

The same things being supposed, the centripetal force is as the square of the 
velocity directly and that chord inversely. 

Here the word "chord" corresponds to twice the component of the radius of 
curvature vector along the radial direction. In modern notation this corresponds to 
the relation (apart from a factor 2) for the component an of the acceleration 
normal to the orbit [18], 

v2 

9 

where v is the velocity and p is the radius of curvature [19]. Thus Newton provided 
an explicit expression to evaluate "the curvature [p]...from the centripetal force 

[a] and the velocity [v] of the body." This provided a new argument, independent 
of Prop. 17, that for arbitrary initial conditions, there is a Kepler orbit along a 
conic section of suitable curvature, meeting those conditions. The final clause of 

(y) is, as Weinstock suggests, a uniqueness theorem. A proof of this theorem is 

readily demonstrated for polygonal orbits [20] by the geometrical constructions in 

Prop. 1, and it was assumed by Newton to be also valid in the limit of continuous 
orbits [21]. It is demonstrated independently in Prop. 41, which will be discussed 
below. 

In conclusion, Newton proved that (a) the class of Kepler orbits along conic 
sections all have an inverse-square acceleration (Props. 11-13); (b) there is a 
member of the class satisfying each pair (position and velocity) of possible initial 
conditions [Prop. 17; addendum (y) together with Corollary 4 of Proposition 6]; 
and (c) there is a unique orbit for each pair of initial conditions (Prop. 1; Prop. 41). 
This constitutes a valid proof that under an inverse-square force every orbit is a 
conic section. Weinstock's claim #3 that addendum (y) assumes that an inverse- 

square orbit is a conic section is clearly incorrect. 
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Proposition 41. In Prop. 41, Newton develops a second, more straightforward 
method to obtain a general solution in integral form to the inverse problem, as it 
was called in the eighteenth century, 

Supposing a centripetal [central] force of any kind, and granting the quadratures 
[integrals] of curvilinear figures; it is required to find as well the curves in which 
bodies will move, as the times of their motion in the curves found. 

Here Newton gives explicitly the standard integral formulas for the polar angle of 
the orbit and for the time along the orbit as a function of the radial distance. This 

proposition gives also a proof of the uniqueness theorem announced in Corollary 1 
to Props. 11-13. Of course, Newton's notation is not that found in modern 

textbooks, because the Principia is written in a geometrical language (familiar to 
his contemporaries). Moreover, calculus textbooks [22] were not yet available in 
1687. In a few lines in Prop. 41 he obtains the relation 

QxIN 
AxKN=-r= (8) 

JABFD - ZZ 
v J 

From the diagram accompanying Prop. 41 and the text, one finds that A = r, 
KN = r80,Q = r2X 80/dt, IN = dr,Z = Q/A, and ABFD = 2(E - V(r)\ where r 
is the radial distance and 0 is the polar angle. Hence (8) corresponds to the 
standard form found in modern textbooks of mechanics, 

d0 l 
(9) dr 

r2^J2(E-V{r)-l2/2r2) 

where / = Q is the conserved angular momentum, E is the conserved total energy, 
and V(r) is the potential energy, V(r) = - 

ff(r)rdr. For an inverse-square central 

force, V(r) = -c/r [23]. Newton also gives an expression corresponding to dt/dr 
= (r2/l)d0/dr which by integration determines the time t as a function of the 
radius r. 

Twenty-three years after the publication of the Principia, Johann Bernoulli 
obtained the solution for V(r)= -c/r (inverse-square forces) by integrating (9) 

directly, with a change of variables [15]. He obtained this equation by effectively 
repeating Newton's derivation in Prop. 41, admitting that 

La demonstration de ce Lemme [Prop. 40] se trouve dans le Livre de M. Newton 
De Princ. Math. Nat. pag. 125, 

but stating that 

les quadratures des espaces curvilignes etant donne & meme plus commodement 

que M. Newton ne Pa trouvee dans la pag. 127. & c. de ses Princ. Math. 

However, Newton had already discussed the solution of the inverse problem in 

Prop. 17 of the first edition [6] of the Principia (1687), and in the second edition 

(1713) he provided an addendum to Corollary 1 to Props. 11-13 which demon- 
strated again that conic sections are the unique orbits for inverse-square forces. 

Evidently, he did not think it was necessary to re-state his results a third time as a 

corollary [24] to Prop. 41. After all, he had developed (although not yet published) 
the fundamental theorem of calculus and he could have easily shown [23] [25] that 
conic sections were the solution of the integral given by equation (8). Instead, he 
chose to discuss in Corollary 3 of Prop. 41 the solution of (8) for the inverse-cube 

force, which he had not yet treated in complete generality earlier (in Prop. 9). 
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Conclusion. To summarize, in Prop. 1 Newton shows that the orbit under the 
action of a centripetal force obeys Kepler's area law, and in Prop. 2 he proves the 

converse, that the force on a particle that moves according to the area law is 

centripetal. The proofs of these two propositions are based on a model of forces 

corresponding to instantaneous impulses acting on a particle at equal'time inter- 
vals. Such forces lead to polygonal orbits. It is clear that each orbit is then 
determined uniquely by the initial position and velocity vectors [10]. Newton 
describes a limiting process from discrete impulses and polygonal orbits to a 
continuous force and smooth curved orbits, as the time interval between impulses 
becomes vanishingly small [21]. He asserts that in this limit a discrete orbit 

(uniquely determined by initial position and velocity vectors) gives rise to a curved 
orbit corresponding to the action of a continuous force. Prop. 6 shows how to 
calculate the forces for a given orbit. It starts with a chosen planar curve and a 
fixed point in the plane, which in Props. 11-13 is one of the conic sections (ellipse, 
parabola, or hyperbola) with one focus as the fixed point. The motion of a particle 
on a given curve, the dynamical orbit, is defined mathematically by giving its 

position on the curve as a function of time, where time is measured by the area 
law. Hence the position of a point particle is determined purely geometrically by 
requiring that its motion on the curve satisfy the area law with respect to the 
chosen fixed point. This definition requires that there be no retrograde motion [14] 
along the given curve relative to this fixed point, a restriction that Newton did not 
discuss in the Principia. The initial conditions, position and velocity, determine the 
constant of proportionality between area change and time change (the angular 
momentum per unit mass) which completes the mathematical construction of a 

unique orbit. In particular, the acceleration vector associated with the motion of 
the particle is now completely determined by this geometrical construction. Prop. 2 
demonstrates that the acceleration always points toward the chosen focus. In 

Props. 30 and 31, Newton explicitly solves analytically and geometrically for the 

dependence of time (area) on position, and vice versa, for the case of conic section 
curves (see Figures 1 and 2 for the parabolic orbit). 

This is pure mathematics. Physics enters with the application of the second law 
of motion. Newton sets the resulting acceleration vector proportional to a given 
centripetal force vector (directed toward the chosen fixed point), which can 
therefore be assumed to act on the particle. The acceleration is then uniquely 
specified by the radial dependence of the given force. It is in this sense that the 
force is said to be the cause for the particle to move on its orbit. Prop. 6 gives a 

geometrical expression to calculate the magnitude of the acceleration of the body 
on its given orbit (apart from a missing constant of proportionality l2 and a factor 

2), and consequently the centripetal force acting on it. For the special case of a 
conic section with the force center at a focus, this force is shown, in Props. 11-13, 
to be inversely proportional to the square of the distance of the particle from the 
chosen focus. 

In an addendum (y) to Corollary 1 to Props. 11-13, Newton stated the 

geometrical proposition that given (a) a focus, (b) a point (initial position), (c) a 

tangent line at that point (initial velocity), and (d) the curvature at that point, a 
conic section is uniquely specified. In Corollary 4 of Prop. 6 the curvature is 
determined by the velocity and the component of the force along the radius of 
curvature vector, equation (7). Hence, for inverse-square forces each initial condi? 
tion is satisfied by a conic section orbit, as is demonstrated also in Prop. 17. Finally 
the uniqueness theorem, that the pair of initial conditions determine a single orbit, 
is implied by Prop. 1 and explicitly demonstrated in Prop. 41. This completes 
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Newton's proof that conic sections are the only orbits for inverse-square forces. 

Moreover, in Prop. 41 Newton gave a general integral (quadrature) for the solution 
to the inverse problem for arbitrary central forces, which can be applied readily to 
the case of inverse-square forces. However, he chose not to include this case as a 

corollary to Prop. 41 in the Principia [24]. It should be noted that he had already 
worked out geometrically the time (area) dependence of conic section orbits in 

Props. 30-31. The analytic solution of Newton's equation (9), showing by direct 

integration that it corresponds to a conic section, was first published in 1710 by 
Johann Bernoulli [15]. It was historically important [26], but added little beyond 
simplifying the proof of the inverse problem. 

Acknowledgments. I would like to thank B. Braden, A. P. French, and B. Pourciau for valuable 
comments. 
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Developments, Dover, 1949. Arnol'd points out that Newton had shown that the solutions depend 
smoothly on the initial condition, which is sufficient to insure uniqueness in the continuum limit; 
see V. I. Arnol'd, Huygens & Barrow, Newton & Hooke, Birkhauser, 1990, pp. 32-33. 

22. The first treatise on differential calculus, Analyse des Infiniment Petits, Four Vintelligence des lignes 
courbes, was published by the Marquis de l'Hopital in 1696. It was based on lectures by his tutor, 
Johann Bernoulli. 

220 THE COLLEGE MATHEMATICS JOURNAL 



23. It is straightforward to verify, by taking a first-order derivative of the radius r with respect to the 
polar angle 6 for the equation of a conic section in polar coordinates, 

(10) 1 +ecos(0) 
' 

that the conic section is the unique solution of equation (9), with Ls = l2/c and e = y 1 + 2El2/c2 , 
apart from an arbitrary constant of integration determining the orientation of the axis of the conic 
section. The parameter Ls can also be determined by the "focus, point of contact... tangent... [and] 
curvature [p]" according to the relation [18] 

L, = psin3(a) (11) 

?where a is the angle between the radius vector and the velocity vector. 
24. Had Newton stated in a corollary to Prop. 41 that the quadratures for inverse-square forces yield 

conic sections, it is likely that some of the controversies, which continue to the present time, would 
not have occurred. Although this might have been an oversight in the first edition of the Principia, 
which Newton could have easily corrected in the second or third edition, I suspect that he chose not 
to add such a corollary to avoid having to acknowledge Bernoulli's result, [15]. 

25. D.T. Whiteside, ed., The Mathematical Papers of Isaac Newton 1670-1673, Cambridge University 
Press, 1969. A table of integrals related to conic sections appears in pp. 244-255. 

26. C. Wilson, Newton's orbit problem: A historian's response (in this issue). 

Robert Weinstock's Response to Nauenberg 

The late-submitted fourth critique is little more than an effort to bestow validity 
upon Newton's purported proof that (isf) => (cso) as it appears in Props. 11-13 
cum Corollary 1 in the third edition of Principia Book I. The effort, epitomized in 
a sequence {(a), (b), (c)} of three declarations led by "In conclusion, Newton proved 
that," appears early in the second half of the critique. I attend overbriefly below to 
some of the content of what precedes and follows it; here I examine the sequence 
itself so as to establish its failure to outline a valid proof that (isf) => (cso): 

Declaration (a) is a paraphrase of what is accomplished in Props. 11-13 as 

presented in (a) of my article: to wit, a proof that if a particle moves in a "Kepler 
orbit," then it must undergo an inverse-square acceleration. (Nauenberg's alterna- 
tive wording tends to mask the role of the given Kepler orbit as hypothesis.) 

Decl. (b) is a restatement of the first sentence of (y)?which my case against 
{(a),(l3),(y)} allows to pass without proof: i.e., without need to invoke, as 

Nauenberg does, Prop. 17 and Corollary 4 to Prop. 6. 
Decl. (c) is a paraphrase of the second sentence of (y)?which my case against 

{(a),(/3),(y)} also allows to pass without proof: i.e., without need to invoke, in the 
manner of Nauenberg, either Prop. 1 or Prop. 41. 

It should be transparent, then, that whatever argument is present in {(a), (b), (c)} 
?of which Nauenberg states, "This constitutes a valid proof that under an 

inverse-square force every orbit is a conic section"?is the same as that of the 
content of {(a),(/3),(y)}. In order to refute Nauenberg's claim, therefore, I merely 
offer to the reader once again my several arguments under "Inverse-square orbits" 
that refute the validity of {(a),(/3),(y)} as proof that (isf) => (cso). 

Ending his "In conclusion" paragraph, Nauenberg asserts that my "claim #3 

that...(y) assumes that an inverse-square orbit is a conic section is clearly 
incorrect." I have never made the claim he attributes to me. The reader can verify 
the fact by reexamining my article's characterization of (y): "What (y) says in the 
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context of its appearance..."?or by reading, under "Claim 3" in his critique, 
Nauenberg's initial version of my characterization of (y): identical to my own! 

Of the three "claims" of mine enumerated by Nauenberg, neither #1 nor #2 
can be found anywhere in my current article?despite his clear implication of the 

contrary. Only #3 (in its original statement by Nauenberg) appears therein; but 
what is attacked by him is his gross distortion of it, as seen directly above. 

No reader should be misled by any of the several additional misrepresentations 
employed in Nauenberg's critique in its effort to discredit my case against the 

Principia's purported proof that (isf) => (cso)?of which I cite a subset: 

Nauenberg is wrong to assert?in his attempt to refute my (1982) "Claim 
1"?that in Prop. 6 Newton describes, in any fashion, "the construction of the 
orbit of a particle." Prop. 6 establishes merely that if a body moves along a gwen 
are under the sole influence of a force directed toward a particular point, then that 
force must be proportional to a definite ratio of certain geometric quantities 
related to the are. (In his long antepenultimate paragraph ("To summarize..."), 
Nauenberg writes, surprisingly, "Prop. 6 shows how to calculate the forces for a 

given orbit"?an essentially correct representation of the proposition!) 
In his attempt to demolish my (1982) "Claim 2," Nauenberg offers Prop. 2 as 

proving the existence of "a central force law requiring a particle to move in a conic 
section... ." Yet Prop. 2 uses as hypothesis motion along a given curve; for it can, 
without change of meaning, be reworded: "If a body moves along any curve..., 
and if it describes... areas proportional to the times, then it is urged... ." His use 
of Prop. 6 for the same demolition purpose exhibits, as shown in the preceding 
paragraph, the very flaw immanent in his use of Prop. 2. 

In quoting?without contradiction?Newton's late-in-life reference to Prop. 17, 
Nauenberg encourages propagation of a long-enduring misrepresentation: namely, 
in the words quoted, "the 17th proposition where it is proved that a body in going 
from any place with any velocity [under the sole influence of an inverse-square 
central attraction] will in all cases describe a conic Section." This spurious 
representation of Prop. 17 has had a fascinating career, in which not only Newton, 
but also L. Euler and I. B. Cohen, for example, are incriminated. For details and 

references, see my reference [33]. 
The offer tendered above relative to the three earlier critiques of my article 

applies also to the fourth: To receive a relatively complete reply to all four critics, 
each interested reader is invited to apply to me by mail; I shall endeavor to 

respond promptly. 

Another County Heard From 

The view of science that [Newton] exhibits, the clarity with which he writes, the 
number of new things he finds, manifest a physical and mathematical insight of 
which there is no parallel in science at any time. 

S. Chandrasekhar, Scientific American, March 1994, p. 33. 
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