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Equilibrium in Chemical Reactions

Peter Young
I. FORMALISM

This is a considerably shortened version of Ch. 9 of Kittel and Kroemer.
We saw in an earlier handout [1], that for a system at constant V and T the (generalized)
(Helmholtz) free energy, F', is minimized in equilibrium with respect, for example, to the energy

exchanged with a reservoir. From the thermodynamic identity, discussed in another handout[2],
dF = —SdT — PdV (1)

we see that dF' is indeed zero at constant V' and 7', showing F' is extremal (i.e. at a maximum
or minimum). The more detailed discussion in handout [1] is needed to see that it is indeed a
minimum.

In this handout we discuss chemical reactions, which take place not at constant volume, but at
constant pressure P (so V adjusts itself to maintain the pressure at the specified value). We saw
in handout [2] that we should use the (generalized) Gibbs free energy G = F' 4+ PV for systems at

fixed P and T since the thermodynamic identity for G is
dG = —=SdT + VdP. (2)

(In previous handouts I put a “tilde” on the symbol for the generalized free energy to emphasize
that it can apply to non-equilibrium situations. Here, however, I will adhere to standard usage

and write the generalized Gibbs free energy simply as G.) It follows that

(3)

if P and T are fixed, so G is a maximum or minimum. A more detailed discussion, analogous to
that Ref. [1] for F', shows that G is actually a minimum. Here we consider a mixture of chemicals
which can react, and use the result that dG = 0 when there is a small change in the concentration
of the different chemical species, to gain information about the equilibrium concentrations. The
main result will be Eq. (17) below.

As shown in class and handout [2], the chemical potential is the Gibbs free energy per particle:

G = Ny. (4)



When we have several chemical species, each has its own chemical potential so the total Gibbs free

energy is

G =3 Njkj (5)

where j denotes a particular chemical species.
We next give some examples of chemical reactions which we will use to illustrate the theory in

what follows:

example (a) Hy+Cly «— 2HCI (6a)
example (b) Hy «— 2H (6b)
example (c) HyO <— H" +OH™ (6¢)

Example (a) is a standard chemical reaction in which an acid is formed. Example (b) describes
the equilibrium between atomic and molecular hydrogen (of importance in astronomy since there
is hydrogen in the intergalactic medium), and example (c¢) describes the dissociation of water into
H* and OH~ ions (which is of importance in chemistry).

If we label a chemical species by A; and indicate by v; the (integer) amount of species j in the

reaction, then the reaction can be written symbolically as

ZVjAj:O' (7)
J

For our three examples in Egs. (6), we have

A = Hs, AQZCZQ, AgZHCl,

VT = 1, Vo = 1, V3 = —2, (8&)
Ay = Hy, Ax=H,
V= 1, Vy = —2, (8b)
and

A = HyO, Ay=H", A3=0H",

vy = 1, vy = —1, vy = —1. (SC)

The problem is to determine the equilibrium concentration of the different species. Suppose

the number of molecules of species j changes by dN;, then the change in Gibbs free energy is



dG =5 j p;dNj. However, in equilibrium this must vanish, since G is a minimum, so
3" iy dN; = 0. 0
J

The changes in molecular number, dN; are not independent, however, because the reaction must
proceed as specified in Eq. (7). In fact we must have dN; o v; since each time the reaction in
Eq. (7) takes place the number of molecules of species j changes by v;. Hence we can write the

condition for equilibrium, Eq. (9), as

Z/le/jzo. (10)

To proceed further we assume that the chemical species form an ideal gas. We showed in
handout [3] that, if the molecule has no internal degrees of freedom (and we set the energy of the

molecule at rest to be zero)

5 (T) = ks T log (”) (11)
nQj
where
m-kBT 3/2
i=1/Vg; = J ) 12
nQj /Va; ( k2 ) (12)

is the quantum concentration. When there are internal degrees of freedom we showed in class, and
in Qu. 4, HW 5, that ng; is replaced by ng;Z;(int), where Z;(int) is the partition function for
the internal degrees of freedom. In general we will only include the state of lowest energy (of the

internal degrees of freedom), so
Zj(int) = exp(=SEo,;), (13)

Note, however, that we will not, in general, be able to set the ground state energies Ej ; to be zero
for all chemical species j because of the binding energy of the molecules. Allowing for this, the

expression for the chemical potential of species j in Eq. (11) is modified to

1 (T) = kpT log (W) . (14)

Note that if we just include the lowest of the internal energy states, so Z;(int) is given by Eq. (13),

the expression for the chemical potential in Eq. (14) can be written as

"
wi(T) = Eoj + kT log <J> , (15)
nQ;



which is just the simpler expression in Eq. (11) above, but shifted by the energy of the chemical
species, Ej ;.

The equilibrium condition, Eq. (10) can therefore be written

or, equivalently, exponentiating this we have

I (zmm) = w

Now ng; and Z(int) depend only on 7" and not on pressure or the concentrations. Hence we can

write [[;[nq;Z(int)]"s = K(T'), where K(T') is only a function of T', and so Eq. (17) can be written

[I»7 =K@, (18)

which is often called the law of mass action. It says that the combination of concentrations on the
LHS only depends on temperature. This means that if one concentration changes the others must
also change to compensate.

Equation (17) is the main result of this handout. Sometimes its simpler form, Eq. (18), will
suffice. Note that Eq. (17) is just one condition that must be satisfied and so it is not enough to
determine all the equilibrium concentrations n;. For that, additional information must be given,

as discussed in the examples below.

II. EXAMPLES

We now apply Eq. (17) to the examples (b) and (c).

Example (b), Hy +— 2H

As stated in Eq. (8b) we have vy, = 1,vg = —2. We take the zero of energy to be the energy of
two isolated hydrogen atoms at rest, and neglect the internal degrees of the freedom of the atom
or molecule so Zg(int) = 1. The molecule has a binding energy AE of 4.5 eV ~ 50,000K, so
Zp,(int) = exp(BAE). Equation (17) then becomes

2
nNH, ng

- : 19

nQm, ePAF <nQH> (19)




or equivalently,
ﬁ — ¢ BAE M ’ (20)
NnH, NQH,
which is sometimes called the Saha equation.
From Eq. (12) we have ngpn, = 23/ >ngm, and, to maintain simplicity of the expressions, we will
replace the factor of 23/2 by unity. The other factors are much more important. We are particularly

interested in the ratio of atomic to molecular hydrogen. Taking the square root of Eq. (19) gives

n _
_UCH _ -BAE/2 /Ay » (21)
nNH,
SO
_BAE/2
nH o _° . (22)
nH, V nHQ/nQHQ

Note that Eq. (22) by itself does not tell us the two concentrations nyg and ng, but only a condition
which must be satisfied by them. (Clearly one equation cannot determine two quantities.) However,
if we provide additional information, for example that we start with a concentration ng of hydrogen
molecules and the only source of atomic hydrogen is the dissociation of these molecules, then have
a second condition, ng, +ng/2 = ng, which can be combined with Eq. (22) to determine both ng
and ng,.

Referring to Eq. (22), one might have naively expected that the ratio ng/ng, would be just
the Boltzmann factor, e #2F. However, the actual result differs from this in two rather surprising

and interesting ways:

1. The exponent has AE/2 rather than AE. This arises because each dissociation gives two
hydrogen atoms, and so the binding energy per hydrogen atom is AE/2. Since the atoms
must be created in pairs there is a constraint that the number of them is even. However, if

Ny is large, this constraint is unimportant, and so we get the Boltzmann factor with AE/2.

2. The factor \/nm,/nou, in the denominator. In the dilute (classical) limit this is very small
compared with unity (remember 1/ngn, = Vgu, and the condition for the classical limit
is [3] nVp < 1), and so the fraction of atomic hydrogen is much greater than one would
expect simply from the Boltzmann factor. The reason is that the two separated atoms have

much more entropy than the single molecule. This is called the entropy of dissociation.

My understanding is that the temperature in intergalactic space is much less than AE/2kp ~

25,000 K, so just from the Boltzmann factor one would expect the hydrogen there to be in the



molecular form, but actually it is mainly atomic because the concentration of hydrogen is incredibly
low, so the entropy of dissociation is extremely high and this turns out to dominate over the

Boltzmann factor.

Example (c), HoO «— HT + OH~

As stated in Eq. (8¢c), we have vg,0 = 1,vy+ = —1,vpg- = —1. Hence, according to Eq. (18)
RHTOH™ _ pe(y, (23)
NH,0

where K (T') only depends on temperature.
As in the previous example, one needs additional information to determine the concentrations.
For example, in pure water, the number of positive and negative ions must be equal, and one finds

experimentally at room temperature

nyg+ = nog- = 107 mol 171, (24)

where the units are moles per liter. In other words, there is a small amount of dissociation of the
water molecule into its constituent ions.

Now suppose we add an acid (which provides additional HT ions), or a base (which provides
additional OH~ ions), to the water. According to the law of mass action, Eq. (23), as long as
the ionization fraction remains small compared with unity (so the concentration of water, ns,o,
remains more or less unchanged), the product ny+ noy- is a constant given, according to Eq. (24),

by

ng+ nog- = 107 mol?172. (25)

I emphasize that, according to Eq. (18), this is valid even if an acid or base has been added to the
water which results in ng+ # noy-. Note that if ngy+ increases, the density of OH~ ions must
decrease in order that the product remains given by Eq. (25), and vice versa.

The acidity of a solution in water is specified by its pH value which is defined to be

pH = — loglo ng+ . ‘ (26)

Hence pure water has a pH of 7. An acidic solution has a pH less than 7, with a very strong acid

having a value of around zero. A basic solution has a pH larger than 7.
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