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TODO

1. Equations of motion derivation of the RPA density response function.
2. Improve the sections on current response functions.

3. More on diagrams. In particular explain that when dealing with the screened response, it is
convenient to also use the screened potential (sums up an infinite series of diagrams. Also
emphasize, for the transverse case, what is the effective interaction (photon propagator) for
the unscreened and also screened case. Point out that the screened interaction is, in prac-
tice very small compared with the Coulomb interactions, and can be neglected. (Magnetic

interactions weak compared with Coulomb interactions.)

I. INTRODUCTION

In this handout we study the electromagnetic response of a a conductor with a view to under-
standing absorption and reflection of electromagnetic radiation. We start by reviewing Maxwell’s
equations, pointing out the utility of separating the fields into longitudinal and transverse com-
ponents. We then consider the longitudinal and transverse responses of the electron gas in the
simplest approximation, known as the random phase approximation (RPA).

In this handout we work in units where A = 1. We will assume the sample has unit volume.

For the most part, we also assume zero temperature.



II. MAXWELL’S EQUATIONS IN VACUUM; LONGITUDINAL AND TRANSVERSE
PARTS

We start with Maxwell’s equations|1, 2] in Gaussian units, in standard notation:

V-E = 47p (1)
V.B =0 2)
10B

190E 4

If we add (1/c) times the divergence of Eq. (4) to the time derivative of Eq. (1), and recognize that

V - (V x B) =0, we obtain the continuity equation

op
TR 0, (5)

which arises from conservation of electric charge.
We recall that the electric and magnetic fields can be obtained from scalar and vector potentials,

V and A, according to

B =VxA. (6)

The fields E and B are unchanged if V and A are altered by a “gauge transformation” where

r_y 1o
V=V = cot’
A— A" = A+Vy (7)

where the gauge function x(r,t) is a function of r and ¢.
It will be very convenient to separate the vector fields in Maxwell’s equations into their longitu-
dinal and transverse components. A longitudinal field E”(r) has zero has zero curl and a transverse

field E” (r) has zero divergence, i.e.
VxEF=0, V-ET=0. (8)

An important theorem states that any field which vanishes at infinity can be uniquely written as

the sum of a longitudinal and a transverse field

E(r) = EX(r) + ET(r). 9)



If the divergence and curl of E are given to us, i.e.
V- -E=f(r), V xE =g(r), (10)
then clearly
V-Ef=f(r), VxE'=g(). (11)

Explicit expressions (which vanish at infinity) can be obtained[1] for E* and ET which solve Eq. (11)
in terms of of the given functions f and g. (These can be most simply written for the Fourier
transforms of the fields, see Egs. (31)—(36).) An example of a longitudinal field is an electrostatic
field. This illustrates that longitudinal field lines begin and end of points, lines or surfaces. An
example of a transverse field is a magnetic field, which illustrates that transverse field lines form
closed loops.

The point is that these solutions uniquely determine the vector field E according to Eq. (9). The
reason is that if we write E — E/ = E+Eq, then we must have V-E; = V xE; = 0. But the second
equality implies E; = V¢, where ¢ is a scalar function, and the first equality shows that ¢ satisfies
Laplace’s equation, i.e. V2¢ = 0. Since the boundary condition is E; — 0 for » — oo, it follows that
V¢ — 0 in that limit. A solution is obviously V¢ = 0 everywhere. However, according to a well
known theorem|1, 2], a solution of Laplace’s equation with specified values of V¢ on the boundary

is unique apart from an additive constant. Hence we must have E; = 0 everywhere. Consequently

‘a vector field E is uniquely determined by the sum of its longitudinal and transverse components |,

see Eq. (10), where longitudinal part is given in terms of the divergence of E, and the transverse
part in terms of the curl of E, by the solutions of Eq. (11) which vanish at oo.
Let us therefore now rewrite Maxwell’s equations, indicating whether the longitudinal or trans-

verse parts of the fields are being used:

V-ELY = 4np (12)
V.-BLf =0 (13)
10B
VxE +-2= =0 14
% +08t (14)
10E A7
vxBl - 22— = 7. 15
% c Ot c (15)

Eq. (13) tells that the longitudinal part of B is zero; the magnetic field is purely transverse. Hence
B in Eq. (14) can be replaced by B”. Eq. (12) tells us that the longitudinal part of E is given

by the charge density. In Eq. (15), the longitudinal part of the term involving OE/Jt cancels the



longitudinal part of the term involving J because, if we take the time derivative of Eq. (12),

OEL op
v. 2 4P 16
ot~ ot (16)
and use the continuity equation, Eq, (5) (which we now realize involves J*), we get
OE"

Since we are dealing with longitudinal fields, the fact that they have the same divergence means
that they must be equal (since we know that their curls both vanish), and so

OEL

Hence the longitudinal parts of Eq. (15) cancel.

We therefore see that two of Maxwell’s equations only refer to the longitudinal components

V-EF = 47p, (19)

BY = 0, (20)

and the other two only refer to the transverse components

10BT
El+-—"— =0 21
10ET 4
v BT LOE _ ATy (22)
c Ot c

The gauge transformation, Eq. (7), only affects the longitudinal part of the vector potential,
1.€.

vy =y X
c ot’
AL ALY = AL 4wy,

AT 5 AT = AT, (23)

We will be particularly interested in fields which oscillate at a given frequency and wavevector
so it is convenient to Fourier transform with respect to space and time. We describe the electric

field as a complex quantity
E(r,t) = Egexpli(q-r — wt)], (24)

(though, of course, it is the real part that we are interested in at the end of the calculation). Hence

E(r,t) is related to E(q,w) by the inverse transform

E(r,t) = ﬁ //Z E(q,w) expli(q - r — wt)] dw dq, (25)



while the Fourier transform is

/ / ) exp[—i(q - T — wt)] dt dr. (26)

A great advantage of Fourier transformed quantities is that the Fourier transform of a derivative
is simply the product of the Fourier transform of the function times a factor of w or q (depending

on which derivative is taken). For example, the Fourier transform of OE(r,¢)/0t is given by

 OE(r,t
// (g? ) exp[—i(q-r—wt)] dtdr = —iw // ) exp[—i(q-r—wt)|dt dr = —iwE(q,w),
—00
(27)
where we integrated by parts and assumed a “pulse” of E which is localized in time, as well as in

space, so E — 0 for { — +o00. Hence we find

OBY) b1, (g, (28)
Ot
V x E(r,t) £L iq x E(q,w). (30)

We can now solve Egs. (11) in terms of the Fourier transformed fields EX(q) and E?(q). For

the longitudinal part we have iq - EX(q) = f(q), g x E¥(q) = 0. The solution is

iE"(q) = 2 f(a). (31)

=)

Similarly for the transverse part we have iq x E7(q) = g(q), q - ET(q) = 0 which has solution

. q x g(q)
iE'(q) = ———3—, (32)
q
where we used q x (q x ET) = (q-E”)q — ¢?E”, and noted that E” is transverse so q- E”(q) = 0.
Alternatively, one can write E(q) and E”(q) in terms of the electric field itself E(q), rather than

its divergence and curl. Since f(q) = iq - E(q), we get, from Eq. (31), that

El(q) = L qEQ(q) q. (33)
El(a) =P (@) E.(q), (34)

PL,(q) = 2 (35)




is the longitudinal projection operator. Similarly, from Eq. (32) and g(q) = iq x E(q), we get

B (q) = —a x (a % Ba) - B@) - T2 q. (36)
or equivalently
E;(q) = P}, (a)E.(q), (37)
where
Pli(@) = b = 25 (38)

is the transverse projection operator. Note that the sum of the longitudinal and transverse projec-

tion operators is unity:
Pha)+ P (@) =1. (39)

We now see that to project out the longitudinal (or transverse) part of a vector field in real
space, E(r) say, we first Fourier transform, then apply the longitudinal (or transverse) projection
operator, and finally do the inverse transform back.

We give some examples of Fourier transforms of vector fields in Appendix A, indicating whether
they are longitudinal or transverse. For example we see in Eq. (A3) that the electrostatic field from

an electric dipole p is equal to
EP(q) = —4r Rl (q) = =47 P, (q)pv, (40)

i.e. is just (—4m times) the longitudinal projection operator acting the (constant) vector field p.

Similarly the magnetic field due to a magnetic dipole m is given, according to Eq. (A6) by

BIP(q) = dr (m— e q) or BIP(q) = dx PT (q)yn. (41)

and is just (47 times) the transverse projection operator acting on the constant vector m.

Note that since the sum of the longitudinal and transverse projection operators is unity, Eq. (39),
the difference between the expressions for the fields due to a magnetic dipole and an electric dipole
is independent of q, which, when Fourier transformed to real space, becomes a delta function at

r = 0. To be precise (using p here to denote the magnetic, as well as the electric, dipole moment)

BYP(r) = BEYP(r) + 47pd(r) . (42)



Hence the expressions for the fields to magnetic and electric dipoles are the same for r # 0, as is
well known[1, 2], but it is important not to forget about the extra delta function contribution at
the origin in the magnetic case.

We now consider Maxwell’s’ equations when Fourier transformed to q and w. The Maxwell

equation for the longitudinal component of E, Eq. (19), becomes

iq B"(q,w) = 4mp(q,w) (43)

and Egs. (21) and (22) which describe the transverse components become

ax B (qw) - B (q.w) =0, (44)
4
i x BT (q,w) + i B (q.w) = 37 (q.w). (45)

We also note that the longitudinal component of B vanishes

B’ (q,w)=0. (46)

Since B is always transverse, we shall omit the superscript “7” on B from now on. The continuity

equation, Eq. (5), is expressed in terms of Fourier transformed variables as

qJ"(q,w) — wp(q,w) =0. (47)

When Fourier transformed, the relation between the electric and magnetic fields and the scalar

and vector potentials, Eq. (6), becomes

E'(q.w) = —iqV(q.w) + —A*(qw),  E'(qw)= —A"(qw) (48)

B(q,w) =iq x A"(q,w), (49)

and the gauge transformation, Eq. (23), becomes

Vigw =V+x@e),  AYaw) = AMa.w) +axlaw), (50)

with AT unchanged. The longitudinal electric field can be represented either entirely by a scalar
potential, or entirely by a (time-dependent) vector potential, or by a combination of both. Because
of gauge invariance, the same results must be obtained in each case. Later, we will use this result

to obtain some important relations.



III. MAXWELL’S EQUATIONS IN MATTER

We shall be interested considering the response of the system to some “external” charge pext
and current Jey. In the absence of the material these would produce electric and magnetic fields
Eqxt and Beyt. However, the system responds and generates additional charges and currents, pint
and Jin, and corresponding electric and magnetic fields Eiyt and Biy. Maxwell’s equations refer

to the total charges, currents and fields, i.e.
E = Eint + Eext, B = Bint + Bext, 0= pint + Pexts I = Jint + Jext - (51)

In this handout, we shall imagine the “external” charges and currents to be formed in a localized
region inside the material. We can do this by combining different Fourier components just as one
builds up a wavepacket out of plane waves of a range of wavevectors.

Of course, this is not experimentally realizable. In practice the external charges and currents
really are outside the sample. In order to treat this situation one needs to relate the fields outside
the sample to those inside it, which is not trivial because of currents and charges on the surface of
the sample.

The conventional way to treat this difficulty[l, 2] in the electrostatic case is to introduce the

polarization field P, related to the induced charge density by
V-P=—pu, so 4nPl=_Ey. (52)
One also introduces the electric displacement vector D such that
D =E + 47P (53)
and
V D = 47 peys - (54)

We should note, though, that only the longitudinal part of P (and hence D) is uniquely determined
by Eq. (52). It is very convenient to define the polarization so that it vanishes outside the sample,
which means that P (and hence D) have a transverse component, whereas E does not (remember
we are considering electrostatics here). The advantage of working with D, and assuming some
relationship (usually linear) between P and E, is that one avoids having to consider explicitly the

charges on the surface of the dielectric.
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Similarly in the magnetostatic case, one introduces the magnetization, M, related to the internal

currents by
eV xM=Ji; so 4rMT =Byy. (55)
and the auxiliary field H where
VH= T (56)
SO
B=H+47M. (57)

Analogously to the electrostatic case, M (and hence H) have a longitudinal part, as well as a
transverse part. whereas B is purely transverse. By introducing H and M, and assuming some
relationship between M and H (or B), one avoids having to treat explicitly the currents on the
surface of the material.

In this handout, we focus on the linear response of the medium to applied fields, without the
additional complications of the (separate) problem of the relation between the fields inside and
outside the sample. We therefore consider the “external” charges and currents to be localized
in a region of the sample far from the surface. We decompose them into their different Fourier
components, and compute how the system responds. The surface of the material is sent to infinity
and does not enter the calculations. We will therefore not use D or H in the rest of this handout.

It will be useful to treat separately the response to longitudinal and transverse fields. For
example, if we apply an electric field E(q,w) and determine the resulting induced current Jint(q, w),

Ohm’s law tells us that
Jintu = Uuu(q7 W)El/ y (58)

where 0,,,(q,w) is the conductivity tensor. For an isotropic medium the only independent compo-

nents of 0,,,(q,w) are the longitudinal and transverse components, i.e.

ow(q,w) = Ph(@)o"(q,w) + Pl (q)o’ (q,w), (59)
4,4 qudv
= %UL(q,w) + (5,“, - 22 ) UT(q,w). (60)
In this handout we will calculate the longitudinal and transverse conductivities, o’ (q,w) and

oT(q,w), of the electron gas within a certain approximation known as the random phase approxi-

mation.
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A. The Longitudinal Maxwell’s equations in matter

Let us first consider the longitudinal response of the system, which is determined by Eq. (43).

We write this as

iq E*(q,w) = 47 (pint (@, ) + pext(a, w)) (61)

where we replaced q-E” by ¢E* since E| being longitudinal, is in the direction of q. We assume

that the system responds linearly to the external perturbation. In particular,
Pint = (—e)dn (62)

(where dn is the change in the electron number density) will be proportional to the electrostatic
potential energy eV in the system. Here we will write the longitudinal electric field in terms of a

scalar potential, see Eq. (48) and the discussion following it. Hence we have

El(q,w) = —iqV(q,w), (63)

and write
o2
(pint(q, w)) = (=€) (on(q,w)) = (=€) xse(q,w) (—€)V(q,w) = T2 Xsc(a,w) gE"(q,w),  (64)
where xsc(q,w) is called the “screened” density response function because it describes the change
in the number density in response to the total electric potential energy (—e)V, not the external
potential. (The total potential includes the screening effects of the electrons which tends to re-
duce the potential from that produced by the external charges. Longitudinal screening effects are

quantified in Eq. (69) below.) Substituting Eq. (64) into Eq. (61) gives

. 4Amie?
iqE" (q,w) = 4T pext (a4, w) + q—zxsc(q, w) gE" (q,w) . (65)
This can be written as
ie"(q,w) ¢B" (q,w) = 47 pext (q, w) , (66)

which only involves the external charge density, where the longitudinal dielectric constant e(q,w)

is given by

4mre?
6L(q7("")) =1- 7XSC(q7w) . (67)

Note that V(q) = 4me?/q?, which appears in this expression, is the Fourier transform of the

Coulomb potential e2/r.
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Since the external electric field satisfies

iqBL (q,w) = 47 pext (@, w) (68)

we see from Eq. (66) that ¢(q,w) describes the extent to which the external field is reduced (i.e.

screened) by the charges of the system:

El(quw) 1
EL(qw) €(quw)

(69)

Alternatively, because of Eq. (63), we can write this in terms of the potential rather than the field:

Viq,w) _ 1
‘/ext(qaw) EL(q’w) '

(70)

From Eq. (69) we see that there can be fluctuations in the longitudinal field without an external

field when

eL(q,w) =0, (71)

which gives the condition for longitudinal excitations in the system to be sustained.
Incidentally, if we consider the change in density in response to the external, rather than the

total, potential, i.e.

<pint(q7w)> = (—6) x(q,w) (_6)‘/63Xt(q7w) (72)

where x is the density response function, we find

1 47re?
=1 73
6L<q,W) + 2 X(qaw) ) ( )
where
Xsc(Q, w) Xsc(q, w)
X(q,w) = Ame? = eL(q w) . (74)
1- q2 Xsc(qa w) ’

Next we consider the case of dielectrics, which do not conduct and have a finite dielectric

constant for q and w — 0. From Eqgs. (52)—(54) we see that, in the (q,w) — 0 limit, we can write
P = XaiaE, or Ei = —4mxgiaE. (75)

where, according to Eq. (64), the dielectric susceptibility ygiel is related to the screened density

response by

_ 21 XSC(CL 0)
Xdiel = —€ ;1_1:% 2 (76)
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Note that the static dielectric constant of a dielectric is related to xgiel by
€(0,0) = 1 + 47X die1 - (77)

Whereas €(0,0) is finite for a dielectric (insulator), we shall see that for a metal e(q,w) diverges
for (q,w) — 0. Noting that xgies > 0, and also noting Eq. (134) below, we see that xs(q,0) is
negative. (This is the standard definition. In my view it is unfortunate that yg. is not defined such
that xsc(q,0) > 0.)

Up to now we have described the longitudinal response of the system in terms of the change in
the density. It is often convenient, instead, to describe it in terms of the resulting current, and we

define the longitudinal conductivity, o¥(q,w), by Ohm’s law:

(Ihi(aq,w)) = 0" (q,w)E" (q,w). (78)

Inserting the continuity equation, Eq. (47), into Eq. (64) we find
g W
(I(a,w)) = 262?Xsc(qyw)EL(qv w), (79)
which gives
L 2 W
(@ w) =i S Xee(q W) (80)

Comparing with Eq. (67) we find the relationship between ¢ and o!:

—
(qw) =1+ —o"(qw). (81)

In a conductor o%(q,w) is finite for (q,w) — 0, so €(q,w) diverges in this limit, By contrast,
for an insulator, €(0,0) is finite, see also Eqgs. (75)—(77), so ¢(0,w) is imaginary (non-dissipative)
and vanishes like iw as w — 0.

It will also turn out to be useful to consider the gauge in which E” is given by a vector potential
AL rather than a scalar potential V, see Eq. (50) and the discussion below it. From Eq. (48) we

see that in this gauge
El(q.w) = ~AL(qw). (82)
c

We define XSLC, i(d,w) as the (screened) response of the (number) current to (e/c times) the vector
potential, i.e.

62
(Thi(@,w)) = (—e) (i (q,w)) = —;Xch,j(q,w)AL(q,W)a (83)
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where the number current j is related to the induced electrical current Ji,; by
Jint = (—e)j, (84)
and has continuity equation analogous to Eq. (47),
¢j"(q,w) = win(q,w), (85)

where dn is the change in the electron number density. From Eq. (82) the conductivity is related

to x% ;(q,w) by

2
(&
UL(qv (.U) - _EXé,J(qa CU), (86)

and so, from Eq. (81) the dielectric constant can be expressed in terms of XSLC, j(q,w) by

4rre?
fquw)=1- R Xévj(q,w) ) (87)
Comparing with Eq. (67), we see that
L w?
Xsc, j (q) w) = q_QXSC (qa w) ) (88)

which is just a consequence of the continuity equation, Eq. (47). Physically, Eq. (88) reflects that
a longitudinal electric field can be represented either by a scalar potential, the response to which
is controlled by xsc(q,w), or by a longitudinal vector potential, the response of which is controlled
by XSLCJ(q,w), i.e. it reflects gauge invariance.

An important consequence of Eq. (88) is that XSLC, ; vanishes at w = 0,

Xk i(a,0) =0 (89)

for all q. This is because a static longitudinal vector potential does not give rise to an electric or
magnetic field, and so has no observal effect.

To conclude this section, the longitudinal electrical response of the system to an external pertur-
bation is given by Eq. (66) and is characterized by the dielectric constant e’(q,w) (or equivalently
by o%(q,w) or XSLC, j(q,w)). Relationships between the different linear response functions are sum-

marized in Appendix G.

B. The Transverse Maxwell’s equations in matter

Now we consider the Maxwell equations for transverse fields, Eqgs. (44) and (45). We multiply
Eq. (44) by gx and substitute for B from Eq. (45) to get

i(w? — PP)E (q,w) = 41wIT (q,w), (90)
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where we used q x (q x ET) = —¢?E” (since q - ET = 0).
Writing J7 = JT

int

+ JI, and assuming that JL  is proportional to the (total) electric field

(Ohm’s law),
(T (a,w)) = o7 (q,w)E" (q,w), (91)
Eq. (90) becomes
| e 4rioT (q,w) 9 9| wr T
i |w 1+T — ¢ | E' (q,w) = dmwl i (q, w) . (92)

We can combine the two terms involving w? by defining a transverse dielectric constant €’ (q,w)

by

dmio”
Tlaw) =1+ T DE) (93)

which has exactly the same form as the corresponding expression for the longitudinal functions,
Eq. (81).
If we define a field D(q,w) by

D(q,w) = €' (q,w)E" (q,w) (94)
then

D(q,) = B (,0) + = ] (a,0), (95)

int

which can be instructively written in the time domain as

dD(r,t)  9ET(r,t) .
5 = 5 + 47, (v, ). (96)

In the absence of the material, E = Eq¢y and o7 =0, so Eq. (92) becomes
i(W? = ) Bl (q,w) = drwI iy (q,w), (97)

and dividing this into Eq. (92) gives

BT(qvw) _ ET(qvw) _ w2 - C2q2 _ 1
BL . (q,w) EL (qw) w?l(qw)—c2¢® 1+4driwoT(qw)/(w?—c2¢?)’

(98)

where we used that B o< E, see Eq. (44). We see that in the longitudinal case, Eq. (69), the ratio of
the total to external electric fields is the inverse of the dielectric constant. The same is not true in

the transverse case because of the factors of w? and c?¢?. Physically the reason is that transverse
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fluctuations couple to electromagnetic waves which propagate with speed ¢ (in vacuum). Note

however, that Eqgs. (69) and (98) are equivalent for ¢ = 0. We shall see, quite generally, that

the difference between the longitudinal and transverse responses vanishes at ¢ = 0. ‘

From Eq. (98) we see that the condition for self-sustaining transverse fluctuations (i.e. that

exist without an external current) is

2.2

2 cq
W= ————. 99
e’'(q,w) (%9)

We can also relate the transverse conductivity to the response to current response to a vector

potential, as we did for the longitudinal case. Following the same steps as in Eqgs. (82) to (87), we

have
T e? T T
<Jint(qaw)> = _?Xsc,j(qaw)A (qvw)a (100)
T e? T
g (qvw) = _~_Xsc,j(q7w)7 (101)
iw
and
T 4re? o
€ (quw)=1- 2 Xsc,j(qaw)' (102)

It is useful to use Eq. (101) to rewrite Eq. (98), which describes transverse screening, in terms of

X% i(a,w) as follows

Bl(qw) Ef(quw) 1
Bl (qw) EL(qw) 1+4re ] j(q,w)/(¢ —w?)

(103)

For the longitudinal case, we have Eq. (88), which leads to Eq. (89), as a result of charge
conservation. However, there is no analogue of Eq. (88) for the transverse case. Nonetheless,
unless there are long-range current correlations, we expect the longitudinal and transverse current

response functions to be equal at g = 0. Since Xéj(o, 0) = 0 according to Eq. (89), we then have
T _
Xsc,j(0,0) =0. (104)

We should emphasize, however, that the assumption of no long-range current correlations breaks
down for a superconductor, and Eq. (104) is not true for these materials. Furthermore, there is
no reason to suppose that Xg; J-(q, 0) vanishes for q # 0, and we shall now see that there is a term

proportional to ¢ which gives the magnetostatic response of the material.
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From Egs. (55) to (57), we see that the low frequency and long wavelength magnetic response
can be conventionally written as

M = XmagBexta or Bint = 47TXmagBexta (105)

where Xmag is the magnetic susceptibility. In fact, we will find it more convenient to define the
magnetic susceptibility as the response to the total field B, rather than the external field Beyxy. We

therefore define
Bint = 47TXinang (106)

where

p=1+4TXmag = (1 — 47rxinag)_1 , (107)

in which

a0

is known as the magnetic permeability.

Comparing with Eqgs. (103) and noting that c¢q > w in this limit, one has

. XZ.;(a,0)
—— lim —=———,

109
R (109)

/ —
Xmag -

which is the magnetic analogue of Eq. (76). Eq. (109) implies that the transverse current response
vanishes for q — 0 like ¢2, as stated above. The coefficient of ¢2 then gives the low frequency mag-
netic susceptibility X;nag' This is generally very small because of the factor of ¢? in the denominator
of Eq. (109).

It is important to note that in a superconductor limg_.g X;fc, i (q,0) tends to a (positive) constant,
rather than vanishing like ¢?, which means that the (wave-vector dependent) magnetic susceptibility
Xmag(Q) diverges like —1/ q? according to Eq. (109).! The minus sign means that the response is
diamagnetic. Egs. (107) and (108) then show that g = 0 in this limit and B = 0, i.e. there is flux
expulsion, which is known as the Meissner effect and is a fundamental property of a superconductor.

To conclude this section, we have introduced several linear response functions, for both the
longitudinal and transverse cases. The reason is that, depending on the circumstances, one or the

other of them may be more convenient. They are all simply related and the relationships between

them are summarized in Appendix G.

! From Eq. (107), we see that the conventionally defined magnetic susceptibility Xmag tends to the uninspiring value
of —1/(4).
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IV. LONGITUDINAL RESPONSE OF THE ELECTRON GAS

In this section we consider microscopically the response of the electron gas to a longitudinal
perturbation. We will mainly consider a simple approximation, known as the Random Phase

Approximation (RPA). The next section will be a similar treatment of the transverse response.

A. Formalism

As discussed in the previous section, if we apply a time dependent electric field Eqx(r,t) to an
electron gas, the electrons move to screen the field. The effects of the screening are described by
a time and space dependent longitudinal dielectric constant ¢”(q,w), see Eq. (69). As we showed,
see also Refs. [3, 4], the dielectric constant can be related to the screened density response of the
system by Eq. (67), and to the unscreened density response x(q,w) by Eq. (73).

To compute the density response of the system to an external potential Vi we first note that

potential enters the Hamiltonian in the form

/(_e)%xt(ry t)ﬁ(l‘) dr = /(_e)%xt(qa t)ﬁT(q) dqv (110)

where n(r) is the number operator for particles at r, see Appendix B. We see that the (number)
density (at wave vector q) couples to (—e)Vext(q). We then want the response of the charge density
pi(q) = (—e)a'(q) to this perturbation. According the theory of linear response, see e.g. Ref.[4, 5]
and Eq. (C10) of Appendix C, we have {pint(q,w)) = (—€) x(q,w) (—€)Vext(q, w), Eq. (72), with

1 1
W) = P l(mlat In)2 _ —1, 111
x(a,w) ; nl{mligIn)| [En—Em—i—w—l—m E, —E,+w+1n ()
where
ﬁil = Z CL+qUCkU (112)
ko

is the (number) density creation operator at wavevector q, and 71 is a small positive number
representing a small imaginary part of the frequency. When the real part of the denominator of
Eq. (111) vanishes, x(q,w), and hence e”(q,w), picks up an imaginary part giving rise to damping
and the the sign of 7 is necessary to get the sign of the damping term correct (i.e. to make sure that
one has damping rather than exponential growth of fluctuations). We write the real and imaginary

parts of x(q,w) as x'(q,w) and x”(q,w) respectively, i.e.

x(q,w) = x'(q,w) +ix"(q,w). (113)
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In Eq. (111) the states |n) are exact eigenstates of the many-body system, and these are occupied
with Boltzmann probabilities P, = exp(—(Ey)/Z with Z =" exp(—fEy).

Physically, x(q,w) represents the change in density in response to an addition time and space-
dependent potential. In systems with Coulomb interactions, the effects of screening, in which the
effective interaction between two charges is reduced by the motion of the other charges, is very
important. For this reason it is often useful to relate the dielectric constant to change in density in
response to a change in the screened (i.e. total) potential (comprising the external potential and
the change in the potential due to the other electrons). In this case, as discussed in the previous
section and Refs. [3, 4], Eq. (73) is replaced by Eq. (67), where the screened density response
Xsc(Q,w) is related to the unscreened response by Eq. (74). One can write a general expression
for xsc(q,w), similar to Eq. (111), except that the effects of screening are not to be included when
evaluating the matrix elements[4] otherwise these effects would be double counted.?

The difference between the screened and unscreened responses can be conveniently visualized
by diagrammatic perturbation theory[4, 6]. This is not the place to go into this big subject in
detail, but if you have already had some exposure to it, the following comments may be useful.
We represent the propagation of electrons by solid lines with arrows, and the Coulomb potential
V(q) = 4me?/q® by a dashed line. Diagrams for the density-density correlation function y(q,w)
have two “sources” where an electron-hole pair (density fluctuation) is created or disappears. These
are represented by the small circles. An important theorem is that all diagrams must be connected.

Some examples are shown in Fig. 1.

FIG. 1: Some diagrams for x(q,w). The small circles indicate where the density fluctuation (particle-hole

pair) is created and destroyed. The solid lines represent propagation of electrons and the dashed line is the

Coulomb interaction V(q) = 4me?/q>.

2 To be precise[4], the matrix element (m|i(q)lm) is replaced by (m|ﬁ(q)|m>(1) where (m|fz(q)|m)<1) =
(m\ﬁ(q)|m>e(q, wmn) 5 where Wmn = Em - En
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The uncsreened density response is the sum of all such digrams (according to some rules which
we are not going to describe here). A nice feature of the diagrammatic method is that the screened
response turns out to be just the sum of all diagrams which cannot be split into separate pieces
by cutting one interaction (dashed) line. If we denote the sum of all such diagrams by a shaded

“blob”, denoted by x3(q,w), then the diagrams for x(q,w) are given by those in Fig. 2.

FIG. 2: Representing the sum of all diagrams in terms of the the sum of all diagrams which cannot be split
in two by cutting an interaction line. The latter is represented by the shaded “blob”. The dashed line is
V(q) = 4me?/q?, so the contributions of all diagrams form the geometric series in Eq. (114). This shows

that the “blob” is the screened density response ysc(q,w).

x(q,w) = xp(q,w) + xu(d,w)V(g)xn(q,w) + xu(d,w)V(g)xb(q, w)VI(g)xp(q,w) + -
Xb(9, w)

T 1 V(gw(gw)

Comparing with Eq. (74) we see that xp(q,w) = xsc(q,w).

(114)

Some diagrams for xs(q,w) are shown in Fig. 3.

FIG. 3: Some diagrams for xs(q,w).

To leading order, one just takes the first diagram, which corresponds to non-interacting elec-
trons,i.e. xsc(q,w) = x0(q,w). This approximation, known as the “Random Phase Approximation”

(RPA) is quite successful, and is all that we shall consider here. Physically, the RPA assumes that
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the most important effect of the interactions is screening. Once we have included that, we can
represent the system by non-interacting electrons.

From Eq. (111), evaluated for free electrons, and Eq. (112), we find

Xo(a,w) =2 fiell = ficrq) [ ! — — ! . (115)
K

W—€kiqtexk+in Wt exiq— €kt N

where ¢ = k?/(2m) is the energy of an electron in state k, and

1
exp(fle — p]) +1

S = (116)

is the occupancy of this single-particle state, i.e. the Fermi-Dirac distribution. At "= 0, fx is 1
for k < kr and 0 for k > kg, where kr is the Fermi wavevector. The overall factor of 2 in Eq. (115)
comes from a sum over spin. Eq. (115) describes processes in which a particle in state k (which
is occupied with probability fx) is scattered into state k + q (which is empty with probability
1= fxta):

Eq. (115) can be written in different ways which turn out to be convenient. For example, if we

make the replacement k — —(k + q) (so k+ q — —k) in the second term in Eq. (115) we have

1
W — €xiq + €k TN

Xo(q,w) = 2 Z {fic(1 = ficrq) = ficra(1 = fio)}

= 22 = ficta (117)

w—ek+q+6k+m

In the last expression if we write separately the fi and fiyq terms and make the substitution

k — —(k + q) in the latter, we have

1 1
w) =2 — — - . 118
) Zk:fk{w—qﬁq—i-ek%—m w+ek+q—ek+zn} ( )

Interestingly this last expression is just the same as Eq. (115) without the factor of 1 — fi;q (Which

incorporates the fact that an electron cannot scatter into a state if there is one already there, i.e.
the exclusion principle). It is curious that this factor does not affect the final answer.
Eq. (118) has the advantage that, at T" = 0, the only situation considered from now on, the

region of integration is simply k < kp, i.e.

1

) =2 — - . 119
k;; {w—€k+q+€k+m w+ek+q—ek+m} (119)

We will now evaluate xo(q,w) in several special limits and then comment qualitatively on the

general case.
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B. The limit w <€ vpq

We note that if q is small
€iq — ek = vrk-q, (120)

where vp = kp/m is the Fermi velocity. Hence, in the limit w < vpg we can neglect w in Eq. (119),

and get

XO(q,0)=2Z{ - ! _.}

— € 1 €k — € 2
. Lk k+q+77 k — €k+q — N

=4P > — (121)

hky kT i
where P denotes the principal part. We see that the result is real.

We will first evaluate xo(q,0) for g — 0. In fact this is easiest starting from Eq. (117) since

Yo — 0,0) —Zka a7 { B bea| s de=[pler)], a2

€k — €kiq O€k,q

where dex q = €xtq — €x. Here we have replaced the sum over k by an integral over energy with
2> — [ p(e) de, where p(e) is the density of one particle levels. We have also used that for ' — 0,
on(e)/0(e) = —d(e — ep). (Strictly speaking this derivation takes the limit q — 0 before T" — 0.
However, the order of these limits does not matter, as we shall see below by direct evaluation of
Eq. (121)).

From Egs. (67) and (121) we see that for q — 0

/{',2
fa.0)=1+%. (123)

where

6 2
K% = dne’plep) = e , (124)
€F

in which we used that the density of states at the Fermi energy is given by

3n

pler) = v (125)

where n is the particle density. Eq. (124) is due to Thomas and Fermi, and « is the Thomas-Fermi
inverse screening length. If we apply a static external potential due to a point charge of strength
Ze, i.e. Voxi(q) = 4nZe/q?, it follows from Egs. (70) and (123) that the screened potential is given
by

dnZe

Vie(a) = pERpel (126)
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Fourier transforming gives

Vee(r) = —e™"", (127)
showing that the Coulomb interaction is screened at distances greater than x~!.

Next we evaluate xo(q, 0) for arbitrary q from Eq. (121). Transforming to spherical polars gives

(q,0) g 2m /% dqs/kF k2dk P/ 0d0—1 (128)
= _ in
XoAD, (27r i q% + 2qk cos 6
= k*dk P / 129
/ 162+ 2kqu (129)
m q+ 2k
= ——— kl dk . 130
72q Jo o H —2k H (130)
Evaluating the integral over k gives
m q+2kp
0) = 4k 2kr)? — ¢%]1 : 131
x0(q,0) 871'2q{ rq + [(2kF) q]oqu_sz” (131)
Now the density of states at the Fermi surface can be expressed as
m
pler) = 3kr, (132)

as shown in any treatment of free electrons. Hence we can write Eq. (131) as

_ pler) 1 2 9 q+2kp
w@0) = 257 Lk + [(2he)? - ) 1og || 55 (13)
1.€.
[ x0(a,0) = —pler) F () ] (134)
where
1 1 1+2
F(z)= -+ — (1 —-2?)1 1
(@) =5+ x)Og[‘l—x}’ (135)
with
-4
T= G (136)
For x — 0, F(x) has the expansion
x2
Flz)=1->%+ O(z), (137)

and at z = 1, F(x) has an infinite slope due to the singularity in the log. In the limit x — oo one

finds that F'(z) — 0. A plot of F(z) is shown in Fig. 4
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[AY)

FIG. 4: A sketch of the function F(z), given by Eq. (137), which determines the static limit of the dielectric

constant in the RPA. The curve has vertical slope at z = 1 because of the logarithmic singularity in Eq. (137).

From Egs. (67), (124) and (134) the longitudinal static dielectric constant is given, in the RPA,
by

L(q,0) =1+ Ly U (138)
’ q> 2kp

Using this equation, and Eq. (70) with w = 0, to determine the static screened Coulomb interaction,
the logarithmic singularity in F'(x) turns out to control the long distance part of Vi.(r). This does
not actually tend to zero exponentially as predicted by Eq. (127) (which only considered the small-
q part of €”(q,w)) but rather decays with a power of r and oscillates: Vi (r) oc cos(2kgr)/r3 for
r — 00. These oscillations are known Friedel oscillations.

It is often convenient to express the response of the electron gas in terms of the conductivity
ol (q,w) rather than or €*(q,w). The connection between o’ (q,w) and €*(q, w) is given in Eq. (81).
If we take w — 0 and then q — 0 (the limits we have been taking in this section) we find from

Egs. (122) and (80) that, in the RPA,

.2

iKW
lim i W) = e 139
a0 WLHEQU(q w) 47q? (139)

where r, given by Eq. (124), is the Thomas-Fermi inverse screening length. Hence the conductivity

is imaginary (i.e. non-dissipative) and vanishes for w — 0.
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C. The limit w > vpq

To evaluate xo(q,w) in this limit we start with Eq. (119) which we write as

€k+q — €k
Xo(q,w) =4 - : 140
@) =4 2 CTaP - (el 140)

For w > vpq we can neglect the (exiq — ex)? factor in the denominator, to obtain
xo(@a—0,w) = —=— > (¢*+2q k). (141)

The term involving q - k gives zero when averaged over the direction of k, and since ¢ is just a
constant it can be taken outside the sum. This just leaves 2", _ k> Which simply counts the states

(in a unit volume) and so gives n, the particle density including both spin species. Hence we have

Xo(q — 0,w) = % : (142)
Substituting into Eq. (67) gives
L wy
€ (O,w)zl—ﬁ, (143)
where w), called the plasmon frequency, is given by
Ww? = 4777262 . (144)

We discussed earlier that longitudinal excitations occur when e”(q,w) = 0, and Eq. (143) shows
that this happens for w = w;, at q = 0. Since we are considering the density response of the system,
this “plasmon mode” must be a longitudinal density fluctuation. Normally, density fluctuations
give longitudinal sound waves whose frequency is proportional to q. However, here the long-range
Coulomb interaction gives these modes a finite frequency as ¢ — 0.3

The same result for w, can be obtained classically by considering the q = 0 oscillations of the
negative charge density of the electron gas relative to the (assumed) uniform positive background,
see Fig. 5. The electric field is 47 times the surface charge density nz where x is the displacement.
Hence the force on an electron is —4mne?z (the minus sign because the force is opposite to the

direction of ). Hence we obtain simple harmonic motion at frequency wy,.

3 The mechanism by which long-range interactions give excitations whose frequency normally vanishes as ¢ — 0
(so-called “Goldstone modes”) a finite value for ¢ — 0 is called, by our particle-physics colleagues, the “Higgs
mechanism”.
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FIG. 5: The displacement of the negative charges relative to the positive charges, gives an electric field which
sets up simple harmonic motion at the plasmon frequency. Hence the same plasmon frequency, Eq. (144),

is obtained classically.

We have derived Eq. (143) only within the RPA, but we show in Appendix F, see Eq. (F2),
that, due to a “sum-rule”, e*(q,w) is given precisely by 1 — wg/uﬂ for w — co. Furthermore, as
discussed in Pines and Noziéres[4], Eq. (143) is exactly true at q = 0 for all w, and hence the
plasmon frequency is given ezactly by Eq. (144) at g = 0.

If we convert Eq. (143) into an expression for the conductivity, using Eq. (81), we find the con-
ductivity to be entirely imaginary (but see the discussion below). Denoting the real and imaginary

parts of the conductivity by o1 and o respectively?, i.e.

U(qa w) =01 (q7 (U) + ia?(qa LU), (145)
we have
2
I ne
0 = 146
P ( 7w> mw ) ( )

In fact, the conductivity cannot be entirely imaginary for all w because Kramers-Kronig relations
connect the real and imaginary parts, see Egs. (D3) and (D4). for example, according to Eq. (D4),

the imaginary part is given in terms of the real part by

1 < gl(0,u)
L 1\ /
O,w) = — ———dw'. 147
.0 = 1p [~ O g, (147
Since o4(0,w) is given by Eq. (146), we must have
2
oL(0,w) = ”;“ 5(w) . (148)

The delta function at w = 0 means that we have a perfect conductor. This unphysical result
occurs because the electrons do not scatter in the RPA. In practice, collisions between electrons at

finite-T', and scattering off impurities even at T' = 0, would give a finite dc conductivity.

4 Tt is conventional to use one prime to denote the real part of a linear response function and two primes to denote
the imaginary part, see e.g. Eq. (113), but, for some reason, to use subscripts “1” and “2” for the same purpose
when dealing with the conductivity. We follow standard usage here.
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We can put in scattering phenomenologically by introducing a relaxation time 7 into the con-

ductivity as follows:

ne3r 1

ol (0,w) = (149)

m 1—iwr’

which reproduces Eqgs. (146) and (148) for 7 — co. Note that

hm—;Lf:hm——LT:P<i

rooo 771 — G TS0 w4 it

) + 1o (w). (150)

w
Eq. (149) is the result of the Drude theory of electrical conductivity. The real part of o* has a
peak centered at w = 0 and of width 77!, known as the “Drude peak”.

From Eq. (80) the corresponding expression for €*(0,w) is

L wp
0 =1—-—. 151
¢ (0,w) w(w +1i/7) (15
Note that from Eq. (148) or (149) we have

00 2 2

L ne “p
0,w)dw = —— = -2 152
|7t = 50 - (152

where w, is given by Eq. (144). (Using Eq. (148) we only get half the contribution from the delta
function because the integral starts at 0.) Eq. (152) is true in general, not just in the RPA, as
shown in Appendices E, and F. It is an important “sum-rule” which is very helpful in analyzing
experimental data for the conductivity obtained, typically, from reflectivity measurements. Actu-
ally, reflectivity involves the transverse, not the longitudinal, response but these are equal at q = 0
since there is no way to distinguish between longitudinal and transverse in this limit. (Our explicit
calculations confirm this.) In optical measurements, q is not exactly zero, but the speed of light is
so large that q is very close to zero and so the difference between the longitudinal and transverse
responses is negligible.

We emphasize that we have found very different results for o*(q,w) in the long-wavelength,
low-frequency region, depending on the order in which the limits w — 0,q — 0 are taken. If we
let w — 0 first, we see in Eq. (139) that the conductivity is imaginary (i.e. non-dissipative) and
vanishes for w — 0. This is because we set up a long-wavelength static potential, in which the
electrons come to a new equilibrium with no current flow. By contrast, if we take q — 0 first we
set up a potential which is uniform in space and oscillates slowly with frequency, which gives rise

to a current. In other words, to get the dc conductivity, we have to let q — 0 first:

Ode = lim Iir% ol(q,w). (153)

w—0q—
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Longitudinal

FIG. 6: The longitudinal excitation spectrum of the electron gas in the RPA. Excitations occur where
eF(q,w) = 0. The shaded region is where electron-hole excitations can be created. The upper boundary of
it is given by w = (1/2m)(¢® + 2¢kr) and the lower boundary by w = (1/2m)(¢* — 2gkr) or 0, whichever
is greater. There are also collective excitations known as plasmons. The plasmon dispersion relation is also

sketched. In the shaded region es(q,w), and hence, because of Eq. (81), o1(q,w), are non zero.

D. The general case

Results for yo(q,w) and the corresponding expressions for ¢’(q,w) and ¢*(q,w) for arbitrary
q and w are given in Refs. [3] and [4]. We will not give these rather complicated expressions here.
The main new feature, beyond what we have seen so far, is the appearance of an imaginary part

in e(q,w) (real part of o%(q,w)) when the denominator of Eq. (115) vanishes, i.e. when
€k+q — €k = Tw. (154)

When this happens a density fluctuation can decay into a particle-hole pair. The region where this

can occur are

]. 2
w -— + 2qk 1
< Qm(q q F) ( 55)

0 < 2k
™ (¢* - 2gkr) (q > 2kp)

This region is shown in Fig. 6.
In addition there is an elementary excitation at the the plasmon frequency, wy(gq). The condition

for this is e~ (q,w) =0, see Eq. (71). A plasmon involves a collective excitation of the whole electron
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gas. For ¢ =0, w, is given by Eq. (144) and at small ¢ this is modified to

wp(q):wp{1+§)<q;’:>2+---}. (157)

The plasmon dispersion relation is also sketched in Fig. 6.

E. Relation to the current response and gauge invariance

In the previous section we have described the longitudinal response of the electron gas in terms
of the response of the density to an external scalar potential. Alternatively, we could have looked
at the response of the longitudinal current to a vector potential. Since the density and longitudinal
currents are related by the continuity equation, Eq. (47), the two formulations are equivalent, and
response functions for density and longitudinal current are related by the simple expression in
Eq. (88). However, we shall find it useful to do the current formulation here for the longitudinal
case, because when, in the next section, we do the transverse response (which does not couple to
the density and so there one can only consider the current response) it will be helpful to compare
with analogous expressions for the longitudinal case.

If we replace the external scalar potential in Eq. (110) by an external longitudinal vector po-

tential, the Hamiltonian is

2
Ha= 53 (pit EAext(ri,t))2+Z’riej. (158)

2m &
7 1<)
We can write this as
2
e [. e
Ha =H+ - /.]p(r) - Aext(r, t) dr + T Z:Aext(ri,t)Q, (159)
where
) 1
jp(1) = 5= D [Pid(r —15) + 8(r — ri)pi] | (160)

1

is the paramagnetic current density, see Appendix B. The total current is given, according to
Appendix B, by

3(r) = Jp(r) + ——A(r) Aex (x, 1), (161)

mc

where the second term on the RHS is called the diamagnetic current. The paramagnetic current
Jjp is useful because it is independent of Acx. However it is the total current j (paramagnetic plus

diamagnetic) which enters in the continuity equation, Eq. (85), and which is gauge invariant.®

5 Gauge invariance means that one performs the following transformations which leave E, B, and the energy levels
unchanged: V — V — ¢ '9x/dt, A —= A + Vx and |n) — exp[—iex(r,t)/c]|n).
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We will be interested in the linear response of the total current in response to a magnetic vector

potential, Fourier transformed to q and w:

(s(a,0)) = i (a,0) Al (e ). (162)

where p and v are cartesian indices. For an isotropic medium (assumed here) X? ” has just two
p

distinct elements, the longitudinal and transverse parts, i.e.

(5 (@.0) = S (a.0) Al (,0). (163)

(ip (a.@)) = =X (a.w) Al (@,0) (164)

From Eqgs. (159) and (163), and the discussion of linear response in Appendix C, we find that

the longitudinal response function of the paramagnetic current is given by

1 1
; P, — — —1 165
Gy (e Z Z|m|‘7” [ —Eptwtin  En—E,+w+in (165)

where jﬁ (q) is the component of j,(q) along the direction of q.

In addition we need to include diamagnetic current, the second term on the RHS of Eq. (161).
To linear order in Aext(q,w) we just take the average of the density operator (n(r)), which is equal
to n, the mean density. Hence, the response of the total (longitudinal) current to a longitudinal

vector potential is

G (@.w) = Sxf(a.w)Ab(a.w). (166)

where

n
X5 (@w) = — + x5 (qw). (167)

The w = 0 part of Xfp(q,w) is equal to

[(mlj} (a)ln)|?
X, (4,0 —2ZP2W7 (168)

which, from Eq. (B22), can be written as

n
ACHUR s (169)

where n is the electron density, so

X5 (a,0) =0 (170)
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for all q, as noted earlier in Eq. (89).
Hence, from Egs. (167) and (169),

Xj(a,w) = x% (a,w) - xJ,(a,0)

1

(171)

B ‘ w? 2(E, — En)
= ;Pn; ’<m’3;§(q)’n>‘2 (Em _ En)Q (UJ +i77)2 _ (Em _ En)Q ’

From Eq. (B17) this becomes

2(En, — Ey)
(W + ’”7)2 - (Em - En)2

w? 1 1
—?Zmmemw[ (175)

XMM=%Z&ZWWWW (174)

Epn—FEm+w+in Ep—Ep+w+in|’

2
w
o ) 176)

where the last line follow from Eq. (111). This can also be obtained from the continuity equation,
see Eq. (88).

The paramagnetic current response can be calculated diagrammatically, as for the density re-
sponse. We can take over the diagrams in Fig. 1 except that the small circle, which denoted there
matrix elements of the density operator 7(q) , now represent matrix elements of the longitudinal
paramagnetic current j; (q,w). If the electron lines meeting at a circle have wavevectors k and
k + q, then, using the matrix elements for the current operator in Eq. (B13), it follows that the
small circles have a factor kcos 6 + ¢/2, where 6 is the angle between q and k.

As we recall from the earlier parts of this section, it is more convenient to consider the screened
response, i.e. the response to the total field (in this case vector potential) including that produced
by the electrons. It is shown by Pines and Nozieres[4] p. 256-260, that the screened response
functions have very similar properties to the unscreened ones. The screened longitudinal current

response is given by

(p (@.w)) = =xk j, (. w) A% (g,0). (77)

As for the case of the screened density response, one can represent the perturbation expansion

for jle(q, w) by a sum of diagrams which cannot be broken by cutting a single interaction line, see

6 Because the matrix elements of the density operator are those given in Eq. (B4), this factor is unity when calculating
the density response.

1 1 1
= P, L 2 _ _ (17
zn: ;Km“p(q)’"” [En—Em—i—w—i—in Bn—EBy  Em—FEntwtin  Bm —\En%)

(173)
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Fig. 3. The only differences are (i) the small circles have a “matrix element” factor of k cosf + ¢/2
(as for the unscreened response) and (ii) there is an additional diamagnetic contribution of n/m

(again as for the unscreened response)[4], so

n
X, (@) = — X5 5, (A,9) (178)
Furthermore[4],
n
Xet, i (4:0) = ——. (179)
and
L w’
Xsc,j = ?Xsc<q7w) : (180)

The last three equations correspond to Egs. (167), (169) and (176) for the unscreened case. In the
last equation ys.(q,w) is the screened density response.
As a consequence of these last two equations and Eq. (67), the longitudinal dielectric constant

can be written as

4re? 4re?

e (quw)=1- FXSLC,J'(CLW) =1-

@) (181)

w2

Using Eq. (81) one can also relate the conductivity to the current responses:

L _ 2l p _ 2l [N L
o’ (q,w)=¢e axsm(q,w)—e - [E—I-xsqu(q,w)} . (182)

It is instructive to evaluate XSLC, i(q,w) in the RPA to check that it it reproduces Eq. (180). In
the RPA, Xch,jp (q,w) is given by xo,j,(q,w), the longitudinal current response for non-interacting
electrons (just as we evaluated ys.(q,w) in the RPA from the density response for non-interacting
electrons). The matrix element of the component of j, along q connecting states in which an
electron in state k is destroyed and one in state k + q is created, is m~!(k cos @ + q/2) according
to Eq. (B13), where 0 is the angle between q and k. Using Eq. (165) we get, by comparison with
Eq. (119),

Xon —% zk: (kcos@+g>2{ ! — — ! : }, (183)

W— €kiqt ek 1IN Wt €xrq — €k TN
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where 6 is the angle between q (and j) and k. For w = 0 this simplifies too

4 q\? 1
X&jp(q,O) = —— Z <kcos€+ —> B
m 2/ q
k<kp 5t qk cos 0
4 2
= —F (q——l-chos@),
mq k<k 2
2
= = 1,
k<kp
n
. 184
) (184)
in agreement with Eq. (179).
Using this result, a bit more algebra leads to
I I n o w?
X0;5(a,w) = X, (W) + - = ?XO(%W) , (185)

in agreement with Eq. (180), where the LHS is the screened current response in the RPA, and the
RHS is the screened density response function, xo(q,w), in the RPA, see Eq. (119),

V. TRANSVERSE RESPONSE OF THE ELECTRON GAS

A. Formalism

In the previous section we considered the longitudinal response of the electron gas both in terms
of the density response and the current response. The transverse response, by contrast, does not
involve the density, and so we can only consider the current response. The formalism has been
worked out above for the longitudinal response and it turns out that we can simply transcribe the
results to get the transverse case.” In particular, the screened current response is the sum of a

diamagnetic and paramagnetic part

n
Xee (@, w) = —+ Xee,j, (@ @) , (186)

which is analagous to Eq. (178), where XSTQ jp(q,w) is defined by

iy (a.w)) = “xlej, (@ w) AT (q.w). (187)

Furthermore, from Eq. (186), the transverse dielectric constant €’(q,w), and conductivity,

o7 (q,w), which govern the transverse screening according to Eq. (98), are related to the screened

7 This is not fully obvious, and is glossed over in most of the texts. There is some discussion in Pines and Nozieres[4].



34

transverse paramagnetic current response by

4re? Ae? w2 4me?
GT(q,W) =1- 79(3;,)((17“) =1- w2 [_ Xg; ip (q,CU)] = 1= (,U_ZQ] - 2 Xg;,Jp (qvw) )
(188)
T( ) = 21 _ ol [n T 189)
o q,w)=¢ ;Xsc,j(q?w> =€ ; E +Xsc,jp(qaw> . (

Furthermore, the ratio of the transverse electric (or magnetic) field to the “external” field, given
by Eq. (103), in terms of the total current response. We have now seen it is useful to separate
this into the sum of the diamagnetic response, n/m, and the paramagnetic response, xg;’jp (q,w)

according to Eq. (186). With this separation, Eq. (103) becomes

BT(q>w) _ ET(qaw) _ 02q2_w2

BZ.(q,w) EL.(q,w) N wg +c2¢%2 — w? + 47T€2X;C;,jp(q7w) ’

(190)

where in this, and Eq. (188), we note the appearance of the plasmon frequency, wy,.

For the longitudinal case, the w = 0 limit of X j,(q,w) is just —n/m for all q, see Eq. (169).
We expect that the longitudinal and transverse cases to be equal at g = 0 (unless there are long-
range current-current correlations, which happens in a superconductor), but there is no reason for

them to be equal at q # 0. Hence we anticipate that

n
XsTc,jp(Qa 0) = -t O(¢%). (191)

Diagramatically, XSTC, i (q,w) is represented by the sum of diagrams which can not by divided into
two by cutting a single interaction (i.e. dashed) line®, as in Fig. 3. The only difference compared
with the calculation of the density response is that the circles each have a factor of the matrix
element of (one of the two components of) the transverse current. From Eq. (B13) this factor is
ksinf cos ¢ or ksinfsin ¢, where the electron lines meeting at the circle have wavevectors k and
k + q, we take a coordinate system with the polar axis in the direction of q, and 6 and ¢ are the
polar and azimuthal angles of k.

In the RPA, Xi jp(q,w) is replaced by its value for non-interacting electrons, just the first
diagram in Fig. 3. We can evaluate this by considering Eq. (165), neglecting all interactions, and
replacing the longitudinal current by one of the transverse components. According to Eq. (B13), the

matrix element connecting states where an electron in state k is destroyed and one in state k + q

8 The dashed line now represents the photon propagator 4me?/(c?q*> — w?), which also appears in Eq. (103), rather
than the Coulomb interaction.
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is created is m 1k sin® cos ¢ for j,, and m~'ksin@sin¢ for j, (assuming q is in the z-direction).

Since the average of sin? ¢ and cos? ¢ are both equal to 1 /2 we get

e = o X esinof { oo o

W — € € 1 w € — € 1
k<kp k+q+ k T +k+q k +1

Eq. (192) is to be compared with the longitudinal result in Eq. (183).

B. The limit w < vpq

To consider the limit w < vpq we set w = 0 (as we did for the longitudinal case) and get

k2 sin? 6 4 k2 sin? 60
T
X0,j, (4,0 =——P ——=——P . 193
0., (4:0) m? k<zk €ktq — €k m k%;F q% + 2qk cos 6 (193)
Writing
_ sin? 6 _ —1+cos? 6 :cose_i_F _1+i 1 . (194)
g% +2qkcosf ¢+ 2qkcosf  2qk  4k? 4k? ) q% + 2qk cos b
and substituting into Eq. (193) gives
41 ke du
T 2 2
: 0) = —2 k* dk ke —
X0,5,(4:0) m (2m)3 7T/0 [ ( 4) 73/1 q> +2qku]
4 1 ke 2 q q+ 2k
= —— Kdkd=+ (K- L
w ), P i ( 4> i HHJ}
ki’; 1 ke s ¢
_ _ _ 1
672m 27r2qm/0 K (k 4 (195)
Using
1 4rkd 1
n=2 T =y (196)

(2m)3 3 T 32

and performing the k integral gives

1 3 3(1 —22)? 14z
T 2

. =" —— 4+ - 1 1

X0.5, (4, 0) = 2m+m{ 2+8( +a7) 16 el|1-z (197)
where
q

= 1

x e (198)

Hence the full static transverse current response, given by Eq. (186), is equal to

R

n |3
a0 = 2 {30 -

3(1 — 2%)? 1+
——log
16x 1—=x




36

We are particularly interested in the low q limit (since this gives the static diamagnetic suscep-

tibility), and expanding Eq. (199) in powers of z gives

2
T n o n q
, = 2= —__. 2
XO,J((L 0) € m4k% ( 00)

We could have got this result more easily by expanding the integral in Eq. (195) in powers of ¢
before evaluating it.

From Eq. (109) it follows that the static magnetic susceptibility of the electron gas (ignoring
the spin susceptibility) is

2
! ne 1 < € )2 1 Pauli
Xmag 4m02k% 3 \2me p(€F> 3XO s ( )

where p(ep), the density of states at the Fermi energy is given by Eq. (125) and XPauh is the Pauli
spin susceptibility of the free electron gas. Note that, if we put in the factors of &, the factor in
brackets is eh/(2mc) = pp, the Bohr magneton. We emphasize that Eq. (201) is the contribution to
the magnetic susceptibility of the electron gas from its orbital motion. The minus sign indicates that
this is a diamagnetic effect. Since x},,, is very small (of order 107°), the difference between X/,
the response to the total magnetic field, and Xmag, the response to the external field, is negligible
and so Eq. (201) also gives the (more conventional) magnetic susceptibility Xmag. Eq. (201) was
first found by Landau from a calculation of the ground state energy.

We emphasize the results found in this section are very different from those found in Sec. IVB
for the longitudinal response, in the same regime, w < vpq.

It is also interesting to compute the leading imaginary part to xo,j(q,w) at low w, and we quote

the result in Sec. VD.

C. The limit w > vpq
In this limit we can write Eq. (192) as

X0, Jp( = Z (k sin 0)* (g +2qk:cos0), (202)
<kp

which tends to zero for w — oco. Hence only the first (diamagnetic) part of the current response in

Eq. (186) contributes in this limit, and so Eq. (188) becomes

2

T 1Y
€ (q_>07w)_1_ﬁ7 (203)




37

where wy, is the plasmon frequency defined in Eq. (144). Eq. (203) is the same expression as for
the longitudinal case, Eq. (143). One can add a relaxation time phenomenologically as in the
longitudinal case, Eq. (151)

w2

ef(0,w)=1— WPZ/T) (204)

We will use this expression in class to discuss the optical reflectivity of simple metals.
The condition for a transverse excitation to occur is given by w? = c?¢%/e’(q,w), Eq. (99).

Using Eq. (203) for €' (q,w) gives
w? = wﬁ + 2 (205)

for ¢ — 0, which shows that the plasmon rapidly mixes with electromagnetic waves as g increases.
The dispersion of this mode is indicated in Fig. (7) below.

It is expected, in gemeral that the longitudinal and transverse responses agree in the limit
w > vpq since the information about the perturbation cannot propagate across one wavelength
during the period of one oscillation (so how can the current know whether it is longitudinal or

transverse?).

D. The general case

General expressions for X%’;’ j(q,w) according to Eq. (192) are given by Dressel and Griiner|[3].
Naturally there is an imaginary part in the range where particle-hole excitations can be created.
This is the same as for the longitudinal case.

There are differences in the collective excitations, though, which are now given by the solutions
of Eq. (99) rather than Eq. (71). There is still a plasmon with frequency w,, see Eq. (144), at
q = 0 but this quickly merges into the branch of electromagnetic radiation, w = c¢q as ¢ increases,
see Fig, 7. In a more precise theory of the electron gas, and for a certain range of parameters,
one can also have a collective transverse branch emerging out of the particle-hole continuum, see
Fig. 3.3 of Pines and Nozieres[4]. However, this does not occur in the RPA, for which the putative
transverse branch lies inside the particle-hole continuum where it is very heavily damped.

It is also of interest to consider the leading imaginary (dissipative) part of the response at small
w. This is given by([3, 4]

3Tt n

X%jj(qvw) = _iwI@’ (Sman w) ’ (206)
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Transverse

[

N

FIG. 7: The transverse excitation spectrum of the electron gas in the RPA, given by the solutions of Eq. (99).
The shaded region is where electron-hole excitations can be created and is the same as for the longitudinal
case in Fig. 6. At ¢ = 0 there is a plasmon at w = wp, but, unlike the longitudinal case, this quickly mixes

strongly with electromagnetic waves as ¢ is increased.

which, from Eq. (189), can be more conveniently written as

37 ne?

T
= 2

Experimentally, 07 (q,0) enters in the “anomalous” skin effect. The reason is that an electromag-
netic wave decays rapidly on entering a metal, and, as a result, g, which is complex, has very large
real and imaginary parts. The imaginary part, ¢; is the inverse of the “skin depth” §p, the distance
the the wave propagates into the metal. For a clean metal at low temperatures, the conductivity
can be very large and it turns out, as you will show in a homework problem, that the system can
then be in a regime where 0y < ¢ (= vp7), where ¢ is the mean free path, the distance traveled by
an electron between collisions. In this situation one expects that ¢ will be independent of 7, since
the electrons don’t have time to scatter in the region (near the surface) where the electric field is
non-zero. Hence, Eq. (207) (which does involve 7 since it is derived in the RPA) should be a good
description provided, in addition, we have w < vr|q| (where we replace |g| by 6~1). The homework

question asks you to evaluate the skin depth in this anomalous (i.e. dg < ¢) region.
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VI. SUMMARY

We have considered the density and current response of the electron gas with a view to un-
derstanding optical reflectivity measurements of conductors. We found it convenient to consider
separately the longitudinal and transverse response, and to Fourier transform with respect to time
and space (where the definitions of longitudinal and transverse are particularly transparent). The
absorption of electromagnetic radiation involves, of course, the transverse response. Because the
interactions are of long range the analysis is simplified by considering the response to a screened
perturbation, which includes the fields set up by the system in addition to the external fields.

Because the speed of light is so much higher than the Fermi velocity, the response of the electron
system to absorption of light is effectively at very small q, more precisely at w > vpq, in which
case the distinction between longitudinal and transverse response disappears, and, in most cases,
we can set q = 0 in calculating response functions.

We have introduced several linear response functions, and the relations between them are sum-
marized in Appendix G.

We consider the response of the electron gas in the RPA, finding, in the g — 0 limit, (for both

the longitudinal and transverse cases)
w2
e(0,w) =1— w_g , (208)

where the plasmon frequency w), is given by Eq. (144). This neglects damping of the single-particle

excitations, which can be put in phenomenologically by using the expression

w2

e(0,w) =1— W”lm : (209)

where 7 is the relaxation time. From Eq. (93), this corresponds to the familiar Drude form for the

conductivity
2
ne-t 1
0,w) = _— 210
o(0,w) m 1 —wT (210)
The real part o1, given by
2
1
01(0,w) = =T (211)

m 1+ w?r?’
has a peak at w = 0, of width 77!, which is known as the “Drude peak”.

For most metals w,7 > 1 and, using this information, we will investigate in class, the reflectivity

of simple metals predicted by the Drude expression.
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In more complicated metals, with strong correlations, the shape of the curve of 01(0,w) will be
different from that predicted by the Drude theory. However, the total area under the curve will

the unchanged because of the important sum rule

0 w2 2
/ 01(0,w) = -2 =T (212)
0

Hence reflectivity data are often converted to data for o; and interpreted as “shift of spectral
weight” from one region of w to another, since the total spectral weight is fixed by the sum rule.

Transverse propagating excitations exist when the condition
2 2
2= 7??5, ik (213)

Using Eq. (209) we see that for w < 771 < w,, € (q,w) is real and negative, so that the wave is
heavily damped with the real and imaginary parts of ¢ equal. However, for w > w, el (q,w) is
real and positive and electromagnetic waves can propagate with little damping, see Fig. (7).

There can, of course, be other sources of damping of electromagnetic radiation in a metal in
addition to exciting electrons in the conduction band. These include “inter-band”transitions,
where, for example, an electron is excited from the valence band to the conduction band by
absorption of a photon, and lattice vibrations.

In insulators, electromagnetic waves can be absorbed by lattice vibrations, or inter-band elec-

tronic transitions (or impurities). If these do not occur, e.g. in window glass, then light propagates

without damping, €(0,w) is real, and the speed of light is

: (214)

where n(w) = €(0,w)"/? is the refractive index.
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APPENDIX A: EXAMPLES OF LONGITUDINAL AND TRANSVERSE FIELDS

In this section we derive the Fourier transform of some familiar vector fields, showing whether
they are longitudinal or transverse.

First of all we know that the electrostatic potential due to a point dipole of strength p is[1, 2]

v =2 = v (1) (A1)
The Fourier transform of 1/r is 47 /¢ and so
V(q) = —4ri pq'f . (A2)
Converting this to the electric field using Eq. (63) gives
E(q) = —4r pq;gq q, (A3)

which is longitudinal, i.e. in the direction of q, as expected since static electric fields are always
longitudinal.

Similarly the vector potential from a magnetic dipole of strength m is given by|[1, 2]

Ar) = mTj I mxV (%) . (A4)
The Fourier transform is
A(q) = 4mi & ZQm (A5)
The corresponding magnetic field is B(r) = V x A(r), i.e. B(q) = iq x A(q), so
B(q) = —4r w = 47 (m - (";gq) q> , (A6)

which is transverse, i.e. perpendicular to q, as expected since B is always transverse.
Finally, in this section, we compute the Fourier transform of a current I flowing around a

circular loop of radius a in the z-y plane, i.e.

Jo(r) = I(—sin6)d(r — a)d(z) (A7)
Jy(r) = I(cos0)d(r —a)d(z) (A8)
J.(r) = 0. (A9)

where we have used cylindrical polar coordinates, see Fig. 8.
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FIG. 8: Axis convention for the current loop.

Since the current is only at z = 0, the Fourier transform is independent of ¢q,. We therefore
consider only the components of ¢ in the x-y plane, and assume that q lies along the x direction.

Hence the Fourier transform of J, is

2m o
Jz(q) = I/D (— sin §)eiarcos? d0/0 ré(r—a)dr=0, (A10)

(see the definition of the spatial Fourier transform in Eq. (26)), because the 6 integral vanishes

(the contributions from 6 and (27 — €) vanish). We also have

2m 00
Jy(q) = I/ (cos@)e_iq”osedé/ ré(r—a)dr (A11)
0 0
= —27riI/ rJi(qr)o(r —a)dr (A12)
0
= —2milaJi(qa), (A13)
where Ji(x) is the Bessel function of order 1. Since Jy(z) = z/2 + --- for z — 0 we see that

J(q) — 0 for g — 0 (as expected since the current flows in a closed loop and so the current density
integrated over all space vanishes).

We can write the expression for J(q), applicable for q in any direction, as

qx2z
q

J(q) =2nlaJi(qa)i (A14)

This is transverse, i.e. perpendicular to q. In fact, any current which does not cause a time-
dependent charge density must be transverse, because a longitudinal current is related to the

charge density by Eq. (47). For a — 0 we get
J(q) =mia’Iqx 2 =icq x m, (A15)

where m = ¢ '7a®1% is the magnetic moment of the current loop.
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To check this result, we compare it with Eq. (A5), which gives

47
¢*A(a) = —JI(a). (A16)
This can be usefully written in real space as
4
VA = -], (A17)
c

which is correct, and is a well known result in magnetostatics|1, 2]

APPENDIX B: THE DENSITY AND CURRENT OPERATORS
The (number) density is given by
A(r) =) 6(r —ry), (B1)
i
where r; is the position of the i-th electron. The spatial Fourier transform is given by
A(q) = / A(r)e o dr = 3 i (B2)
i

It is convenient to go to the second quantized representation, working in a plane wave set of basis
states |k) = V~1/2¢%T  As shown in standard texts in quantum mechanics, a 1-body operator
U= > U(r;) can be represented in second-quantized notation by

U= > (kolU(x)Ko' ), cwo (B3)
ko, k’o’

where ¢ and ¢ are creation and destruction operators. Here U(r) = e %47 and so the matrix

element is zero unless ¢/ = o0 and k +q =K/, i.e.

() =D e ok (B4)
ko
The Hermitian conjugate operator is
ﬁT(q) = Z c;rwck_qg = Z CL+chka . (B5)
ko ko

Next we discuss the (number) current[4, 5]

ir) =3 > wib(r — 1)+ 6(r — 1) vil (B6)

i
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where v; is the velocity operator. The velocity is related to the canonical momentum p; by

v = % [Pi + ZA(PZ')] ; (B7)

where A(r) is the vector potential. If follows that the current can be written as the sum of two

parts:

i) = jp(r) + %ﬁ(r)A(r), (BS)

where the paramagnetic current operator is given by

1

Jp(r) = % Z [Pid(r — 1) +0(r — ri)pi] , (B9)

(2
and the second term in Eq. (B8) is called the diamagnetic current operator. The Fourier compo-

nents of the paramagnetic current are given by

. R 1 —iqry | —iqry 1 4\ _iqr;
jpla) = /J(r)e e = %Z [pie ™" + e, = EZ (pi+ 5) e, (B10)
(2 (2
where to get the last expression we used
[f(r),p] =iV f(r). (B11)

To obtain the second quantized form of j(q) we need the matrix element (ko|j(q)|k’c’). Since

plk) = k|k) we have

. 1 q
(koljp(q)|K'o’) = -~ (k + 5) Sk k' +q 0o’ - (B12)
It follows that
. 1 ay -
Jp(a) = ooy ; (k + 5) Ck—qoCko s (B13)

see also Ref. [5].
The density and current operators are related by a continuity equation[4, 5], since the particle

number is conserved. In g-space this is

9 la) = ~ia-ja) = ~ig"(@), B14)

(see also Eq. (47)). Note that this only involves the longitudinal component of J. However the

time derivative of n(q) is also given by the equation of motion

o la) = ~ili(a). ] B15)
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and so

[(q), H] = ¢"(a) (B16)

If we sandwich this last expression between exact eigenstates of H we get

(Em — Ey) (nla(a)lm) = g (nl"(a)|m), (B17)

which will turn out to be useful.
It will also be useful to evaluate the thermal average of the commutator of Eq. (B16) with #'(q).

The left hand side is given by
S° Putnl [ @), 1), 2t @) [n) = 3 P 3B — ) [[(nlia)m) 2 + [l (@lm)?] - (B18)

Now 7!(q) = 7(—q), and, because of time reversal invariance, for each pair of states n and m with
momentum difference q, there will be another pair, n’ and m/, degenerate with the first pair, which

are separated by momentum —q. Hence the two terms on the RHS of Eq. (B18) are equal so
23 Py Y (Em — En)|{nli(q)m)|*. (B19)
n m

This is the the thermal average of the commutator of the LHS of Eq. (B16) with 2'(q). We now
consider the RHS:

0 Pulnl [T4(@), it (@] ) = L3 Putnl [j5(@), 2 (@)] In)
n =:q§5§;f%meh7””£m“]m
:qé&w%m
‘%” : (B20)

where n =) (1) is the number of electrons (per unit volume, which is being assumed throughout).
To get the second line in Eq. (B20) we used Eq. (B13), and to get the third line we evaluated the
commutator of p; with €’47 using Eq. (B11). Equating Eq. (B19) to Eq. (B20) gives

2TL
" P (B — En) | (mli(@)m)” = 7. (B21)

which is known as the It is related to the sum rule of the same name in atomic

physics.
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If we use Eq. (B17) we can reexpress the f-sum rule in terms of matrix elements of the current.
We will always assume that such expressions are to be evaluated in the absence of any fields, and

so the total current is equal to the paramagnetic current. Hence we have

nliL m)|?
~ — E, —FE, 2m

Usually we evaluate expressions like this in the absence of any electromagnetic fields, in which case

the full current is equal to the paramagnetic current.

APPENDIX C: LINEAR RESPONSE THEORY

Suppose we have a system described by a Hamiltonian H and add to it time-dependent pertur-

bation

Hy = /drf(r,t)A(r), (C1)

where f(r,t) is the amplitude of the perturbation, switched on gradually at large negative times,
and A(r) is the operator of the system to which the perturbation couples. We want to know
how the system responds to the perturbation. For this handout, all we will need to know is the
expectation value of A itself.

It is convenient to Fourier transform with respect to space and time. Since the perturbation is

switched on “adiabatically” from ¢ = —oo, the time dependence of f(t) is e~ Uwtimt where n is a
small positive quantity, which ensures that the perturbation vanished at ¢t = —oo. We therefore
write

fla,t) = flqw)e " @Hnt, (C2)

In adiabatic switching on, one neglects real transitions between states induced by the pertur-
bation, so the probability of the system being in a given state is unchanged. Expectation values
change, therefore, only because of the change in the wavefunctions. We will now evaluate this
change to first order in the perturbation.

We write an exact unperturbed, time-independent, state as |n) and the time dependent state
as [Pn(t)) = |n)e"nt. According to time-dependent perturbation theory[7] the perturbed state
[t (t)) is given, to first order by

[Un(8) = [n)e™ Pt 4+ eml(t) fm)e ™t (C3)
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where
it (t) = f(a,t)(m|A(q)[n)e" PPt = f(q,w)(m|A(q)[n)e!Fm=Fnmwmimt, (C4)
Integrating from ¢ = —oo gives
— —i(w+in)t <m‘A(q)|n>
Similarly, the complex conjugate wavefunction
(Wn()] = (n|e™" +3 " e (t) (mle ! (C6)
is given to first order by (note that the time dependence is not to be complex-conjugated)
= — —i(w+in)t <n’A<q)‘m>
Hence the expectation value of A in state |n) is given by
(Un(O)]A(Q)[Pn(t)) = (n|A(q)n) +
—i(wti 1 1
fla,w)e™ D ] A(q)|m)|? (C8)

E,—E,+w+in +En—Em—w—i7]
We assume that the expectation value of A(q) is zero in the absence of the perturbation. The

system is in initial state |n) with Boltzmann probability P, and so, summing over n, one finds[4, 5]

that the linear response function x 4(q,w), defined by

(Alq,w)) = xa(q,w) f(q,w), (C9)
is given by
xal@.w) = 3 Pulin| Ala) m)P 1 - 1 (C10)
' et " E,—En,+w+in E,—FE,+w+in
In the time domain, Egs. (C9) and (C10) can be written as
@) = [ xalat—t)fa ). (c11)
where

where 6(t) is the theta function (equal to 0 for ¢ < 0 and 1 for ¢t > 0), [A, B] = AB — BA is the

commutator, and A(q,t) = exp(iHt)A(q) exp(—iHt) is the time-dependent Heisenberg operator.
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The theta function reflects causality, i.e. the effects of the perturbation at time t’ are only felt
at later times t. Because of the # function the upper limit of the integral in Eq. (C11) could be
replaced by t. In addition, substituting f(q,t) = f(q,w)e "@+mt Eq. (C11) becomes

(Alq,1)) = f(q,w)e rm? / t Xalq,t — t)e  WHmE=0 gy (C13)
or
(A(q,t)) = (A(q,w))e Himt (C14)
where
(A(q,w)) = xa(q,w) f(q,w), (C15)
with
Xalg,w) = /O " xala, et g, (C16)

which shows the relation between the time and frequency forms of the linear response function y 4.
The response function x4(q,w) has a real part, obtained by the principal part of the sum
(converted to an integral in practice) in Eq. (C10) and an imaginary part arising when the real

part of the denominator vanishes. Using

1 1
= =) — 1
prpra P <x> imd(x), (C17)
we have xa(q,w) = x4(q,w) +ix’(q,w), where

Xa(a,w) = —WZP |(n|A(q)|m)? [§(w = (Bm — En)) = 8(w — (En — Em))] (C18)

It will be useful to consider the “first moment” of xj(q,w), i.e

/OOOUJXA q,w dw = ZP {TI'Z E,—FE,, n|A(q)m>’2} , (019)

where we used that x’j(q,w) is an odd function of w and so the integral from 0 to co of wx’}(q,w)
is half the integral from —oo to co.
It is also useful to consider the linear response at complex frequency z, so we generalize Eq. (C16)

to

xa(q,z) = /000 xa(q, t)edt  (Im(z) > 0). (C20)
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This is well defined for Im(z) > 0, i.e. the upper half complex plane, since exp(—Im(z)t) tends to
zero as t — 0o. We conclude that xa(q, z) is analytic in the upper half plane. We will use this
fact in Appendix D to derive important relationships connecting the real and imaginary parts of
xA(q,w), known as the Kramers-Kronig relations. Physically these relations (and the analyticity
of xa(q,w) in the upper half-plane) are due to causality.

We note that the representation of y 4(q,w) in terms of exact unperturbed eigenstates of the

Hamiltonian in Eq. (C10) can be trivially generalized to complex z:

- 5 1 - 1
vala9) = S Pl |~ (o)

Furthermore this definition also makes sense for Im(z) < 0. In that case one can show that

O .
m@@z/;ﬁwwwmw<M@<m, (C22)

—00

where the “advanced” response function X‘j‘d" (q,t) is given by

X (a,t =) = ib(t" — t){[A(q, 1), Alq, t)]) - (C23)

This is to be compared with ya(q,t — ') in Eq. (C12), which is called the “retarded” response
function.

Equation (C21) shows that x4(q,z) is an analytic function everywhere in the complex plane
except on the real axis. However, it is only equal to the physical “retarded” response function
(which respects causality) for Im(z) > 0.

To investigate what happens on the real axis we compare Eq. (C21) with Eq. (C18), and use
Eq. (C17). The result is that that x 4(q, z) can be written in a “spectral representation”

1 oo 7 , OJ,
wlas) =1 [C ) gy (21

w —z

—00

For z = w + in this correctly gives our basic definition of the real an imaginary parts,

xa(q,w +in) = x4(q,w) +ixi(q,w), (C25)
(see Egs. (C17) and (D3)), while for z = w — in we get

xa(q,w —in) = x4(q,w) —ixa(qw). (C26)

We therefore now understand the analytic properties of x4(q, z). It is analytic everywhere in
the complex plane, except along the part of the real axis where x’j(q,w) # 0, where there is a

branch cut with a discontinuity of size 2x”}(q, w).
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FIG. 9: Contour in the complex frequency (z) plane used to derive the Kramers-Kronig relations. The

radius of the outer semicircle tends to infinity. The radius of the small semicircle about z = w tends to zero.
APPENDIX D: KRAMERS-KRONIG RELATIONS

In Appendix C we showed that the linear response function x(z) is an analytic function of
complex frequency z in the upper-half plane because of causality. We now use this property to
derive important relationships between the real and imaginary parts of x(w+in) = x'(w) +ix"(w),
due to Kramers and Kronig.

We evaluate

j{ mdz, (D1)
C

over the contour shown in Fig. (9).
Because x(z) is analytic inside the region of integration and the pole at z = w is also excluded,
the integral is 0. The contribution from the “semicircle at infinity” vanishes if x(z) — 0 for

2z — 00.” The integral along the real axis is a principal value integral, and the contribution from

the semicircle is —i7 times the residue at z = w, i.e. —imx(w + in) = —iw[x'(w) + ix”(w)]. Hence
we have
o / !/ N/ !/
73/ X(w ),+ () dw' — i [X'(w) +ix"(w)] = 0. (D2)
o W —w

Equation real and imaginary parts gives the desired Kramers-Kronig relations:

1 o0 X// (.L)/
e =1p [T X0, (D3)

9 If x(z) — const. for z — oo then x(z) is replaced by x(z) — const. in the integrand in Eq. (D1) and in the
subsequent results.
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x%w%:—%P/%;VYde. (D4)
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APPENDIX E: SUM RULE FOR THE CONDUCTIVITY

Let us consider Eq. (C19) for the density response function, x(q,w), see Eq. (72). We have

/0 T oX(qw)de =S P, {wDEn — )| (nfin(q)m) } (E1)

From the f-sum rule in Eq. (B21) we can simplify this to

oo 2
"(quw) dw = — 2 E2
| extaw)as = -2 (E2)
It is shown in Ref. [4] and Appendix F that the same sum rule holds for the screened response
Xse(d, w), i.e.
& T¢*n
/0 wxm(q,w) dw = — vt (E3)

Using the relation between ysc(q,w) and the conductivity in Eq. (80) we can write Eq. (E3) as a

sum rule for the real part of the longitudinal conductivity:

) 2, 2 2
I Tqn e mne
dw = - = E4
| otawa =TS - T (1)
or equivalently
<L wp
/ o1 (q,w) dw = 3 (E5)
0

where the plasmon frequency, wy, is given by Eq. (144).

For the longitudinal conductivity, the sum rule in Eq. (E5) holds for all q. In fact, we are
more often interested in the frequency dependent transverse conductivity, because this is what
governs experimental measurements of the reflectivity. However, at ¢ = 0 there is no distinction
between longitudinal and transverse, and so the sum rule must also hold for the ¢ = 0 transverse

conductivity:

o) w2
/ ol (0,w) dw = gp . (E6)
0

This is very useful in analyzing reflectivity data.
Next we consider the zero-frequency limit of the longitudinal paramagnetic current response

function, evaluated in zero field. Eq. (C10) gives

[(nljy () |m)[?
Xﬁ’(q’O)ZQET;P”%:E:——Em' (E7)
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Using the f-sum rule in the form in Eq. (B22), we find the surprisingly simple result

(.0 =~ (E8)

We will use this result in Sec. IV E.

APPENDIX F: SUM RULE FOR THE SCREENED RESPONSE

In Appendix E we derived a simple expression, Eq. (E2), for the first moment of the imaginary
part of the unscreened density response function x(q,w). Here we show that the same sum rule,
Eq. (E3), holds for the unscreened density response function, xsc(q,w). We used Eq. (E3) in the
derivation of the important sum rule for the conductivity, Eq. (E5).

Now x(q,w) (or equivalently 1/e(q,w)) being the response to an external perturbation must
satisfy causality, and hence, as shown in the books, must be an analytic function of complex w in the
upper half plane. This analyticity leads to Kramers-Kronig relations relating the real an imaginary
parts of the response, see Egs. (D3) and (D4). However, xs(q,w) (or equivalently e(q,w)) is a
construct; it does not measure the response to an external field but to a screened field including
fields generated by the system. Hence one cannot assume causality in determining the analytic
its properties. Nonetheless more complicated arguments, e.g. p. 206-209 in Pines and Nozieres[4],
lead to the same conclusion as for x(q,w), namely ys.(q,w) is an analytic function of complex w
in the upper half plane. Hence xs.(q,w) also satisfies Kramers-Kronig relations.

If we take Eq. (D3) at large w and use the fact that x”(q,w’) is an odd function of w’ we get

1 [ 1 1 2 [ n
(qw) = — 7 ! o dw' ~ — N Ndw' — . (F1
Yaw) =1 [TVaw) (s - ) - [ e = 25 )

for w — oo, where we used the sum rule, Eq. (E2), to obtain the last equality. Thus we see that

‘this sum rule is actually just a consequence of the behavior of the real part of x(q,w) at large w. ’

In the large-w limit, x(q,w) is very small and so, from Eq. (73), it follows that the dielectric

constant is given by

w2

e(qw) ~1— w—g : (F2)

We derived this expression in the RPA in Sec. IV C, Eq. (143), for g = 0, and now we see that it
is exactly true for w — oo.

By comparing Eq. (73) with Eq. (67) we see that, in the same large w limit where ¢(q,w) is

close to unity, xi.(q,w) = X/(q,w), i.e.

2
qan
Kela,w) ~ L5 (F3)
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Since, as discussed above, xsc(q,w) also satisfies Kramers-Kronig relations,

/ Xsc q,w /
= P - d F4
XSC(q’ w) / w _ w ) ( )
" Xsc q,w /
= —_Pp = F5
Xsc(qa w) / W — w dw s ( )

we can reverse the steps in Eq. (F1) to get (for large w)

mw? Ww-w —-w

2 [e%s) 0

q‘n 1 1 1 2
~—s & Xeo(qyw) = ;/0 ch(%wl)( — = ) dw'=——— [ Wxi(q,w)d,
so we obtain Eq. (E3).

APPENDIX G: SUMMARY OF RELATIONSHIPS BETWEEN THE LINEAR
RESPONSE FUNCTIONS

This appendix summarizes the relationships between the different linear response functions.

The (screened) density response is defined by
{pint(a,w) = €” xse(@,w) V(q,w).- (G1)
The conductivity is defined by Ohm’s law:
<Jintu> = UW((LW)EV’ (G2)

where 0,,,(q,w) is the conductivity tensor. For an isotropic medium the only independent compo-

nents of 0,,,(q,w) are the longitudinal and transverse components, i.e.

ow(qw) = Ph(@)o"(qw) + Pl ()" (qw), (G3)
= ot + (G - 22 o (). (Ga)

Writing the electric field in terms of its longitudinal and transverse components we see that the

longitudinal and transverse responses don’t mix (still assuming that the system is isotropic):

<J(L T) (q,w)) =P (q,w) EXT(qw), (G5)

int
The (screened) current response also has longitudinal and transverse components, like the con-

ductivity, which are defined by

int

2
I @w) = == xE (@0 AF (g,w), (G6)
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We have shown that the dielectric constant, conductivity, and (screened) current response, are

related (for both the longitudinal and transverse cases) by

(BT (q,w) = 1+@U(L7T)(q7w), (G7)
w
4rre?

Dgw) = 1- Tl aw) (@)

where the total current response xgc j(q,w) is related to the paramagnetic current response (the

part of the current that is independent of A) by

L,T) n L,T)
Xic,j (q,w) = —t xgc,jp (q,w), (G9)
and so Eq. (G8) can be written as
w2 4re? LT
E(LyT) (qaw) =1= w_g - w2 ch,’jp) (q,W)- (GlO)

In addition, for the longitudinal case only, there is a relationship between €(q,w) and the

(screened) density response given by

4me?
l(qu)y=1- 7z Xse(d, w). (G11)

In these expressions, €”(q,w) is the ratio of the total longitudinal electric field to the external

field, Eq. (69), while for the transverse case the ratio of total field to the external field (either electric

or magnetic) is only equal to €’ (q,w) at q = 0. For q # 0 the ratio is more complicated because

the system couples to electromagnetic waves and the result is given by Eq. (98) or equivalently

(103).
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