. Non—i(‘:ommuting matrices ‘ j

A.B# B.A
%
o Diagonal matrix (not the identity matriz)
o If Aand B commiute, they are simultaneously diagonalizable.
o
SKirst example of diagonalization
Take our old problem .
\\J Tebd®
Ladtmer

(H-a)(144] 16 = k .
MAZV%%/\ + to =0 |

§Sccond example: From geometry:

ax® + by? + 2czy =1 (1)
4 .




‘We can write this as
z| .
A, =1
o all

where A = [:a C}
¢ b

Notice we can always write down a matrix M whose role is to rotate the

coordinates
‘ -1 : 5 . - af i
I m“\": A and also its transpose... Class: ' - M
Goese A = et ™ } ['*:h
A % [ _
Then our equation becomes
’ f
&' o .M. [? ZJ MT [Z,} =1 (2)"

Now we choose M such_ t_hat .

Call \
A O
Ap = {0 AQ]
where D is for diagonal. Now going back to our initial notation we have
chosen M such that '

MAMY = Ap

Plugging Eq. (3) into Eq. (2) we get
A 0 z
[:E, yl] - [Ol )\2:| : [,y!] =1= )\1(3:,)2 + )‘2(y,)2' (4)

This is the equation of an ellipge.

Let us now see what we have achieved. We have rotated Eq. (1) this into
an ellipse. In formal language, we have taken the quadratic form Eq. (1) and
rotated it into normal coordinates- this corresponds to a change of coordinate
system. ’




Let us think about an electron jumping between two positions. In physics
this is the problem of the Hydrogen molecular ion. Let us write the Hamil-

D1 E‘)’\%L,.. @u&mﬁf"{ﬁ Ln

tonian (energy operator) as P
' {o# 1o £

a A
= {A* b}

and look for ‘

-
T T2
Here @ and b > a are the (;nergies of the two electrons if they are parked on

dldfn AN E R S I R ST
A" ba

o g (A eh) ; £
RPN (P ST L

A - <‘@f33~i@a‘z)ﬁ)

atoms 1 and 2. A is a complex number corresponding to the jumping of the
electron between the two atoms. Note that the H is Hermitean! This is a
requirement from QM, such that the eigenvalues (A) are real.

Solution is easy. Notice that the ground state is always lower than a for

any value of A.
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fReturn to first example of diagonalization- two further com-

ments A T 7z /)
I 1d probl Lepo | (/’:;_:7
n our old problem Cf:!_ﬂ z’ff & ¢ ( ’ﬁ{} _

3

and

we saw that there are two eigenvalues A = A, where A, = 5 and Ay = —2
and there are two corresponding eigenvectors, let us call them <, and ;. We
have normalized the two eigenvectors to unity. This is not strictly necessary,
but helpful in most cases.

M{M“?\ilco ﬁ%ﬁ“f’m}‘ 2 Ay =5 dy=

[z, cod =57 z B HNNED b
Feam)taed (2] [Rlaey :
(=2 ‘{'4@@ J L‘;_,,.J %11+231m—-ﬁ’9‘2, Ty, =0 |

From this we see that 1
Ay
2 1 e o [““:!
Y = %ﬂ jand g = B,
V5 V10
such that
ﬂ/f-wa - )\Lﬂpa) -A[['I;Db = Ai’)’lwbbz (2)

From normalization ¢X 40, = 1 and ¢f 4h = 1

T |
"




Let me define a matrix formed from the eigenvectors of M

2 1
W=[¢a %)= [:C i} (3)
v V10

We have shown that the diagonal matrix of eigenvalues D can be ex-
pressed as

MW =W.D, where D = e 0
0 A

More explicitly

2 1 3 1
{4 2 ] ' '\{'5 —‘Tao _ ? ”@ [5 0 ]
3 —1 :/g ﬁ \ﬁ \/_ﬁ 0 -2

Check that D.W = W.DI

This implies we have found the diagonal matrix D by computing the
“gimilarity transformation” g

W LMW =D (4)

Comment: Rotations, i.e. orthogonal transforms is a special
case of this

More Generally: (very important in QM)

If M is real symmetric, i.e. MT = M, we can diagonalize it by an
orthogonal transformation

Or M.O D
o = ot (5)

If M is complex but Hermitean, i.e. M = M, we can diagonalize it by
an unitary transformation

UrMU = D ‘
gt = U ui=t e
=0




