PHYS 116C
Homework One

Logan A. Morrison

April 16, 2018

Einstein Summation Notation

I get very bored writing summation symbol over and over. Therefore, I will be using Einstein
Summation Notation throughout this document. Einstein summation notation is very simple
to use. Every time you see repeated indices in a given term, a summation symbol over that
index is implied. That is

aijv; = Z Qi;V; (01)
J
or
cit = bijrviy = ¢y = Z QijkiVjk (0.2)
ik
or

We will also be ignoring the difference between upper and lower indices. We will write all
indices as lower indices.

1 Problem One

[Boas, Ch.10, Sec.2, Problem 2] Show that the sum of the squares of the direction
cosines of a line through the origin is equal to 1 Hint: Let (a, b, ¢) be a point on the line at
distance 1 from the origin. Write the direction cosines in terms of (a, b, ).
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1.1 Solution One

Let the line be defined by
£(t) = t(ai + bj + ck) (1.1)
where t € R. Let the direction cosines be ¢y, co and cs3, given by
£(t) i = |€(t)]cr, £(t) - j = |€(t)]c2, e(t) -k =et)es.  (12)
where [£(t)| = tv/a? + b? + . Then the sum of the squares of the directional cosines is:

2 o, o (B -0+ (L) )+ (E(1)-)) _ PP AV O
g+ +c= TG R 1 (1.3)
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2 Problem Two

[Boas, Ch.10, Sec.2, Problem 3] Consider the matrix A in (2.7) or (2.10). Think of
the elements in each row (or column) as the components of a vector. Show that the row
vectors form an orthonormal triad (that is each is of unit length and they are all mutually
orthogonal), and the column vectors form an orthonormal triad.

2.1 Solution Two

Consider two coordinate systems: one with unit orthonormal unit vectors 7,7 and k and the
second with orthonormal unit vectors ¢, ;' and &’. If we have a vector V' written in terms of
the unprimed coordinates

V =Vii+ Vi) + Vak (2.1)

Then the same vector can be written in the new coordinates:

V =V +V}j' + Vik (2.2)
with
Vi = Ai;Vj (2.3)
R U
A=|i-j 55 k-J (2.4)
A A ¥

Let’s form vectors out of the rows of A and consider the vector to be in the unprimed
coordinate system. Call these vectors r;. For example:

o=+ (G2 4 (k-)k (2.5)
ry=(i-3)i+ (G- 57+ (k-5 (2.6)
rs=(1-k)i+ (G-kK)j+ (k-E)k (2.7)

One immediately recognizes that r1 = i/, r5 = j' and r3 = k’. Be definition, 7, and
k' are of unit length and orthogonal and hence, form an orthonormal triad. To prove the
columns form an orthonormal triad, we consider the column vectors as vectors in the primed
coordinate system, i.e. :

A A, A ~

ci=(-)i +(@-7)) + G- kK (2.8)

and so forth. Then, one can see that ¢; = 1, ¢3 = j and c3 = 12:, which form an orthonormal
triad.
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3 Problem Three

[Boas, Ch.10, Sec.2, Problem 7] Following what we did in equations (2.14) to (2.17),
show that the direct product of a vector and a 3rd-rank tensor is a 4th-rank tensor. Also
show that the direct product of two 2nd-rank tensors is a 4th-rank tensor. Generalize this to
show that the direct product of two tensors of ranks m and n is a tensor of rank m +n.

3.1 Solution Three

Let V be a vector (rank-1 tensor) and T be a rank-3 tensor. Consider the product of the
two. Let the product be S. Then

Sijet = Vil (3.1)

To show that S is a rank-4 tensor, we need to show that S transforms as a rank-4 tensor.
Since V' and T are tensors, they transform as

/
Vi = aiVj
!
irijk - ailajmaknﬂmn

Therefore, we can see that S transforms as

' xS
ik = Vi L
= (@im Vin)(@jnrpaigThpq)
= CLimajnak:pa'lqSmnpq
Hence, we can see that S transforms as a rank-4 tensor. Next, let A and B be rank-2 tensors.
Let C = AB (or Cjj = AijBy). Let’s show that C transforms as a rank-4 tensor:
I Al D
it = A B
= ainaijnmakpaqupq
= ainajmakpalqcnmpq

Next, let A be a rank-n tensor and B be a rank-m tensor. We would like to show that the
product C = AB is a rank-(n + m) tensor. Then, C transforms as

/ Y, /
Cil...’in+m - A’L'1,..inB’L'n+1...in+m (31())
= (a/iljl e a’ln]nAllZn> (ain+1jn+1 e ain+mjn+mBin+1---in+m) (3]‘1)
= Qiyjy Qi g Air i Bins 1 ovinm (3.12)

which is how a rank-(n 4+ m) tensor transforms.
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4 Problem Four

[Boas, Ch.10, Sec.3, Problem 2] Show that the fourth expression in (3.1) is equal to
Ou/0z}. By equations (2.6) and (2.10), show that dx;/0x; = a;; , so

ou ou % ou

gu _ ouor; 0w 4.1
oz Ox; 0z} aj@xj (4.1)

Compare this with equation (2.12) to show that Vu is a Cartesian vector. Hint: Watch the
summation indices carefully and if it helps, put back the summation signs or write sums out
in detail as in (3.1) until you get used to summation convention.

4.1 Solution Four

Let u = u(z,y, z) where x = z(2',y/,2"),y = y(2',y/,2') and z = z(2/, ¢/, 2'). Then, by the
chain rule,

ou 8x8_u ay@ 32@_89@%

9c 000z 9w dy 00z 0z, 0a,

(4.2)

where we've defined z,y, z = 1,29, 23 and 2y, 2’ = 2}, z}, 4. Repeating this for z, and
x4, we find that

Ou  Ory du  Jxy Ou  Oxz Ju  Or; du

~— — = 4.3
07, 07, 0z, | O 0wy | 0al Oz Oz, O, (4:3)
Given that
T, = ;T = T = T (4.4)
we can see that
Ox; Ox;
—aj; = a;; 4.5
o, % aa T (45)
Therefore, we have that
Qu _ Ox; du _  Ou (4.6)

or} ~ Oxlox; Vou;
Therefore, we can see that du/0z; is a rank-1 tensor or a vector. Consider Vu. This is
defined as
ou~r Ou~ Ou-

Vu= it g, gt (4.7)

Hence, the i*" component of Vu is
ou
(Vu), = o (4.8)

Since we’ve shown that du/0x; is a vector, we can see that Vu is a vector.
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5 Problem Five

[Boas, Ch.10, Sec.3, Problem 5] Show that T;;im S, is a tensor and find its rank
(assuming that T" and S are tensors of the rank indicated by the indices).

5.1 Solution Five
Since T and S are tensors or rank 5 and 2, we know that

, f— . . . . . . . . . PR T R Y
1192132415 all]lCLZQJQalsjsal4J4a15J5T]1]233J4]5 (5'1

/ — . . . . . .
SiliQ = Uiy jy By S jo

Define X =T'S. Then, we can see that

, — , , f— . . . . . . . . . . . PO T
Xiligig - E1i2i3i4i55z‘4i - auhazzhal3j3al4j4al5jsa14k4alsk57—‘]1]2jw4]5 Sk4/f5 (5'3)
Note that
_ T _ T — 5.
Qigjs Qighy = (A )j4i4 (A)i4k4 - (A A)j4k4 - 5J4k’4 (54)

where we used the fact that A is orthogonal (AT A = I). Using this and aj,j, Gisk; = 0jsks,
we can see that

X’L(ligig - 1—;’,11'22'31'41'552{41' (5-5)
= iy jy Qi o Wi 3 0gak Ojskes L jajajads Okaks (5.6)
= Qjyj; ai2j2ai3j37—‘j1j2j3j4j5Sj4j5 (57)
= iy jy Qi Wi 3 X g s (5.8)

Hence, Xji = T}jkimSim is a rank-3 tensor.
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6 Problem Six

[Boas, Ch.10, Sec.3, Problem 9] Prove the quotient rule for

that is, given X A = B where A is any arbitrary tensor and B is a non-zero tensor, show
that X is a tensor. Hints: Follow the general method in (3.6) to (3.9). See the last sentence
of the section.

6.1 Solution Six

We know that X and B are tensors. Therefore,

/ —
Bi = CLZ'ij

A;j = Qim@jnAmn
Using these, we find that
B} = Qjm B, = X{A;j = X! @imjnAmn (6.4)
Thus,
AjmBm — X[ @im@jnAmn =0 (6.5)
Using X;A;; = B; we have
jmXnApm — X! @imjn Ay =0 (6.6)
Relabeling indices and factoring out the tensor A, we find
(Xom — X[@im) @jnAmn =0 (6.7)
Since A is an arbitrary tensor and B is non-zero (hence X is non-zero), we require that
X = X/ aim — X =a"X' (6.8)

Given that aa” = I, we can see that X' = aX or X| = a;;X;. Therefore, X transforms
like a tensor.
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7 Problem Seven

[Boas, Ch.10, Sec.4, Problem 4] Find the inertia tensor about the origin for a mass of
uniform density = 1, inside the part of the unit sphere where x > 0, y > 0, and find the
principal moments of inertia and the principal axes. Note that this is similar to Example 5
but the mass is both above and below the (z,y) plane. Warning hint: This time don’t make
the assumptions about symmetry that we did in Example 5.

7.1 Solution Seven

We know that the angular momentum of an infinitesimal mass of the object is given by
dL =dm r x (w x 1) (7.1)
where dm = dV = r?sin 0drdfd¢ and

rX (wxr), =—zyw, + 2(w,z — 2w,) + Yw,
T X (wxr), = 2w, — TYws + 2(wyz — Yw,)
X (wxr), =w (2°+y°) — 2(zw, + yw,)
Using
x =rsinfcos ¢ (7.5)
y = rsinfsin ¢
z =rcosf
and integrating over 1 < 0 <0, 71/2 < ¢ <0and 1 <r <0, we find

2

L, = E(m% — wy) (7.8)
2

L,= B(Wu}y — Wy) (7.9)

2mw,
L, = 7.10
1 (7.10)

Using the definition L = Iw, we determine that
9 [T -1 0

I:1_5 -1 7 0 (7.11)
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The eigenvectors and eigen values are

v =

Vg =

V3 =

—1

1
0

|
|

O = = = O O

2(1 + )
A= 15
27
2(mr —1)
Ao —
’ 15

(7.12)

(7.13)

(7.14)
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8 Problem Eight

[Boas, Ch.10, Sec.4, Problem 6] For the mass distribution consisting of a point masses 1
and 2 located at (1,1, —2) and (1,1, 1) respectively, find the inertia tensor about the origin,
and find the principal moments of inertia and the principal axes.

8.1 Solution Eight

To determine L we need to evaluate Eq. (7.2) at (1,1,—2) and (1,1,1). Summing the two
results and multiplying the second by 2, we find

L, = 9w, — 3w,
L, = 9w, — 3w,
L, =6w,

The moment of inertia tensor is thus

The eigenvalues and eigenvectors are

-1
V1 = 1
0
0
Vo = 0
1
1
Vg = 1
0

A\ =12
Ag = 12
A3:6

(8.5)

(8.6)
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9 Problem Nine

[Boas, Ch.10, Sec.5, Problem 3] Show that d;;€, is an isotropic tensor of rank 5. Hint:
Combine equations (5.4) and (5.7).

9.1 Solution Nine

There is not much work to be done here. From problem three, we know that d;xep, is a
tensor of rank 5. Next, we show it is isotropic:

1
5ij€klm = ainajq5nqakralsamt€7‘st = QinQjn€rlm = 5ij€klm (91)

where we used a;,a;, = (aaT)ij = 0;; and €,p, det(a) = aniap;aq ke (as well as det(a) =

1).
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10 Problem Ten

[Boas, Ch.10, Sec.5, Problem 12] Write and prove in tensor notation:
(c) Lagrange’s identity:
(AxB)-(CxD)=(A-C)-(B-D)—(A-D)-(B-C) (10.1)

(d)
(Ax B) x (C x D)= (ABD)C - (ABC)D, (10.2)
where the symbol (XY Z) means the triple scalar product of the three vectors.

10.1 Solution Ten

1. Recall that the cross product can be written as follows:

(A x B), = A;Bje;ji (10.3)
and the dot product can be written as
A - B = A;Bjj;; (10.4)
Therefore
(Ax B)-(C x D) = A;Bj€;jsCr, Dy €mnix (10.5)
The tensor structure is
Eijkﬁmnz5kz = €ijk€mnk = €kij€kmn = 5im5jn - 5m5jm (10-6)
Therefore,
(Ax B)-(C x D)= A;B;Cp,Dy, (0im0jn — 0inljm) (10.7)
= (AiCh) (B;D;) — (AiD;) (B;C;) (10.8)
=A-C)(B-D)—(A-D)(B-C) (10.9)

(d) Let’s right this expression in tensor notation
(A x B) x (C x D)], = A;B;ei;1ConDrémmicutr (10.10)
The tensor stucture is thus:
€ijkEmni€klr = —€ijkElmn€lkr = €ijk (OmkOnr — OmrOnk) = €ijmOnr — €ijnOmr (10.11)

Replacing the vector components, we find

[(A X B) X (C X D)]r = AZB]CmDn (eijm&w — eijn&m) (1012)
— (A x B), CoD, — (A x B), D,C, (10.14)

Hence
(AXxB)x (CxD)=[(AxB)-C]|D-[(AxB)-D|C (10.15)
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