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1. Consider two Hermitean matrices A and B in D dimensions

Aij, By ;1<14,5 <D,

and two quadratic second quantized operators with Fermi operators
(Sé = Z Aij CZTC]',
‘?j

and

B=>Y By Clcy,
g

that represent two single particle physical variables (such as the kinetic
energy) in a D dimensional quantum system. Express the commutator

&, 4],

in terms of Cj;, the matrix commutator of A and B i.e. C = [A, B].
[30]

{ Hint: First write the “master equation” for the commutators of com-
posite operators and then plug in the expressions. }

Solution. The master equation we need is the Fermi case where for
arbitrary operators u,v,w we may write

[u v, w] = {u,w}v — u{w, v},
and by antisymmetry of the commutator
[u, v w] = {u,v}w — v{w, u}.

Recall that the same equations are valid if we replace antocommutators
with commutators. This is the complete set of master commutators.



Let us use these to write
4, 8] = Y AyBulClC;, ClC)
gkl
Cic;,clc) = oy, clo] + [l olcC; (using the commutator masters)

= C’Z.TC’Z djk — C’,ZC]»@Z (now using the anti-commutator masters)

a6, Bl = > oy cle.
i

We need to make sure not to confuse Cj; a matriz with two indices and
the Fermi operators C;.

. Consider the kinetic energy operator for a continuum problem of Bosons

(spinless)
2

7= () [ dx v V().

2m

a) Write the number operator N in the same representation and
show that it commutes with 7T'. [20]

The number operator is

N = / dc T ()0 ().

The simplest way to proceed is to use the master relation to establish
the two commutators

[¥(x), N] = ¢ (x),
and
i), N] = —¢(x).
To give one transparent calculation let me show the first of these

A~

e = [ dx 0. )]
= [ ax W) + [ )0, v
= /dx’ d(x — x)(x)

= Y.
We can now easily show the needed result: (factoring out (—%))
[ x w0 Ve, 8] =[x i) V2 060, )+ [ dx 160, 8] 92 ()

= 0.



It is useful to note that the V? term ignores the operator N since the
latter is a global operator (i.e. integrates over all space).

b) Calculate the commutator

(7,41 (x)].
[20]

Again dropping the factor (—%), we consider
[ ax 1) 92 vt i) = [ ax i) VE )0l ()
= / dx' 1 (x') V% §(x — X))

= / dx' (V2T(x')) 6(x —x) (integrating by parts)

= Vi'(x)
SIPE] = () V)

. Consider the field operator for a spinless Boson
Wi(x) =) ¢l(x) bl
v

where b, is a Bosonic mode operator and ¢.(x) is a coordinate space
wave function. Express the two Boson state

|a) = L, b0,

as a wave function for two particles in the usual coordinate represen-
tation by taking the overlap

(Ot (x1)(x2)la).
This can be done as follows

Olp(x)p(x)la) = Y du(x1)du(x2) (0]bub,bLBEI0)

= Z Gu(x1) B (X2) (040005 + Gvadus)

= (Pa(x1)ds(x2) + Ps(x1)Pa(x2)).

The expectation of the Bose operators is done as in the Harmonic os-
cillator problem, by pushing the destruction ops to the right. [30]



