Volume 61A, number 1 PHYSICS LETTERS 4 April 1977

d-DIMENSIONAL HUBBARD MODEL AS A
(d +1)-DIMENSIONAL CLASSICAL PROBLEM

Mustansir BARMA and B. SRIRAM SHASTRY
Tata Institute of Fundamental Research, Homi Bhabha Road, Bombay 400005, India

Received 14 February 1977

We show an exact equivalence between the partition function af a d-dimensional model of electrons with short
range interactions and a (d + 1)-dimensional classical problem. For d = 1 the latter is the combinatorial problem of
two coupled arrow-vertex models.

Recently Suzuki [1] has proved interesting theorems using Trotter’s formula [2] to demonstrate that the parti-
tion function of a d-dimensional quantum-mechanical spin system is equivalent to that of a (d + 1)-dimensional
problem involving only classical (Ising) variables. In this letter we use Trotter’s formula to study an interacting
Fermi system in ¢ dimensions, and establish a similar correspondence with a (d + 1)-dimensional system whose
only variables are commuting operators“. Besides its intrinsic interest, this result is important from the point of
view of numerical studies, as it becomes possible to perform Monte Carlo calculations for the equivalent classical
system [1]. '

The model we study is that of a single band of electrons with short-range interactions [4—6] — commonly re-
ferred to as the Hubbard model. It is of considerable interest both in the study of itinerant magnetism [7] and as
a candidate for a metal-insulator transition [8]. The Hamiltonian (appropriate to a grand canonical ensemble) is
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Here c:.ra creates an electron of spin o in a Wannier state centred at site i and o = cfgr:}-o. U is the short ranged re-
pulsion, u is the chemical potential and ¢ is a hopping matrix element which we take to be non zero only between
nearest neighbor sites.

Few exact results exist on the system described by J( for finite ¢ and U. For example the ground state energy
[9] and spectrum of low-lying excitations [10, 11] are known in one-dimension. Also in 1-D, 7 can be mapped
onto a (quantum) spin Hamiltonian with two spins per site [12]. Also, there are numerical studies of rings and
chains with a finite number of sites [13, 14].

The equivalence of H to a classical Hamiltonian ¥(,;; that we get is valid in any dimension d. 3, pp» which in-
volves only commuting operators, includes 4-site interactions on a (d + 1)-dimensional lattice. For clarity, we pre-
sent the case d = 1 in detail, and indicate the generalization to higher dimensions. For d = 1, we further show the
combinatorial problem is equivalent to that of the partition function of two interpenetrating vertex models [15,
16]. o

Define J = —B3C where § is the inverse temperature, and partition JC thus:
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' An entirely different approach to establishing quantum-classical equivalences for such problems has been discussed in ref. [31.

15



Volume 61A, number 1 PHYSICS LETTERS 4 April 1977

o i et S, T
Uil IZ/)I (e} ey TG jg (CirCianr ¥ Cr1aCin)| -

Here U = —BU, = —pu and 7 = —Pr. A is the set of all odd sites in the chain, and B the set of all even sites. Notice
that each of #(, T and T is the sum of commuting terms. Trotter’s formula gives*2
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so that the grand partition function Z =lim,, Z{m) where
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Here | p,,) stands for a member of the complete set of eigenstates of H and is obtained by prescribing the eigen-
values of the operators 71, ¥ i, o for a given r as follows
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where n,,,, denotes the eigenvalue of the operator 7;,, and finally finds an interpretation as the value of the num-
ber operator in a (d + 1)-dimensional classical system.
Since | pq,) is an eigenfunction of ¥y, the evaluation of a typical matrix element in eq. (4) involves only terms

like
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MO(i, r) is a function of the four occupation numbers and can be calculated straightforwardly. We find
Me°(i,r) = lim eltalisn) (6)
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Here i1;,, = (1 — n;,,). The limit A > o guarentees that M9(i, r) is non zero only if 7,5 + Ris 10 =Mirs1o
+ Miy 1,410 2 the Kinetic energy conserves the number of particles with a given spin.
Let us regard 7 as a coordinate in a direction perpendicular to the original 1-D lattice. Then (i, r) labels points

on a 2-D lattice and we have
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with A'(B") labelling the set of all odd (even) r. For a given r, (¢, has the same form as 3(, except that the vari-

#2 We thank Dr. S. Dattagupta for bringing to our notice misprints in eqgs. (3) and (4) in the original manuscript.
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