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We present the exact solution of amodel of interacting fermionsin any dimension with a pure repulsive
interaction projecting out a given Cooper channel. The solution rests upon the infinite ranged character
of the interaction in real space, leading to afunctional integral that is dominated by a Gaussian term. The
solution produces strong superconducting enhancements and quasi-long-ranged order in a channel that is
not present in the Hamiltonian explicitly, but of the form given by arguments from order by projection.
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There is considerable recent interest [1] in the possi-
bility of models displaying a superconducting behavior
driven solely by repulsive interactions. The search is mo-
tivated by the high-T,. problem, where no obvious, known
attractive interaction can account for the phenomena; so
one believes that repulsive interactions, originating in the
Coulomb repulsion expressed within the Wannier basisof a
few tight-binding bands, are ultimately responsible. In one
dimension, the usual kind of repulsive interactions generi-
cally lead to enhanced spin-density-wave (SDW) order, via
powerlaw correlations with small decay exponents rather
than superconducting enhancements. However, recent
interesting work [2] shows that under certain conditions,
superconducting correlations of nontrivial symmetry are
enhanced. In the physically important case of two dimen-
sions the situation is not completely clear in relation to
popular models, such as the Hubbard or the 7-J model.
While a treatment within the random phase approximation
near an antiferromagnetic instability leads to d-wave
superconductivity [3], one may worry whether the con-
clusions based on the (weak coupling) approximation are
valid for strong repulsions. Similar worries exist regarding
various versions of the Gauge theories[4] that arein vogue
currently. In this context, repulsive models which can be
solved exactly have an important role to play. A new set of
models was introduced recently [5—7] that demonstrates
the possibility of enhanced superconducting correlations
quite explicitly. These models are generalizations of the
Hubbard model, and include a term that is best interpreted
as a projection operator that excludes a certain Cooper
pairing channel from the problem. We present here an
exact solution of the basic model involving the kinetic en-
ergy and the projection operator. Our solution is obtained
by exploiting a certain feature of the interaction within
the framework of functional integrals. namely that the
projection operator is an infinite ranged repul sive operator,
and its Hubbard-Stratanovic (HS) linearizing field is a
single spatially uniform dynamical mode that admits only
Gaussian fluctuations in the thermodynamic limit. Thisis
in contrast to models with attractive interactions, where a
new saddle point value of the HS field gets stabilized at
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low temperatures, and its fluctuations can be ignored. The
repulsive case is much more subtle, and has some similari-
ties to the situation found in Fermionic models in infinite
dimensions [8] where the relevant HS field is a Grassman
variable that factorizes the kinetic energy, and has only
Gaussian fluctuations [9]. We find that as a consequence
the Fermi gas develops enhanced correlations in a “com-
promise” pairing channel which is not explicitly present
in the Hamiltonian. These are precisely of the sort that is
expected from arguments from order by projection [5,6].
The earlier treatments [5,6] have used a variety of non-
perturbative techniques, such as rigorous inequalities and
variational approaches. The exact solution presented here
is consistent with these, and give us in addition, a clear
understanding of the origin of these enhancements and
of the quasi LRO in terms of the singularities of the two
particle scattering amplitude. The model is defined by the
Hamiltonian

H=T+ U,B'B. (1)

Here B = > [(k)b; is a Cooper par operator, b; =
c—xcky arethe pair destruction operators, T = > €;ni, IS
the kinetic energy corresponding to a band dispersion ¢,
[= -2 Zﬁi:l cos(k,) in the nearest neighbor problem].
£ (k) may be chosen arhitrarily. The two cases of interest
intwo dimensions are (i) {(k) = 1 giving riseto extended
s-wave order, and (ii) {(k) = cos(k,) — cos(k,) giving
rise to second-neighbor d-wave order. For simplicity of
presentation we initially focus on ¢ = 1 and return to the
other case later.

With the above choice of the model, we note that B may
be rewritten as >, ¢;(r)ci(r), and hence the interaction
term may be viewed as an infinite ranged hopping term
for doubly occupied sites.

Using the H-S linearization within the standard Grass-
man variable [10] formulation, we write the partition
function for this model as the functional integra Z =
[Dc*De D¢* D¢ exp—BY¥. The free energy functional
V¥ is given in terms of the Fermi fields ¢,c¢* and the
auxiliary bose fields ¢, ¢* as
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B B B
pY = f ¢ (Db(dr — 3 f ¢ ()0 — EDceo (D) dr — VT, f (6" (DB(r) + B (D)p(]dr, ()
0 ko0 0

where £ = e, — . We use a Fourier series - | Copulk) = Uy Y, Golk, n)Golk, mbsysrs1dusrsr I
pansion ckgT) daexpliw, )i, (n), and ¢(r) = tems of the free Green's function Goy(k,n) =1/
Z exp(iQu7) b, Where the fermionic frequencies (iw, — &), and the trace isin the frequency space.
= (2n + )7 B! and the bosonic frequencies (), = We now analyze WV, in detail. We can expand
2n7r,6' . We denote the Fourier components bk(n) o
S é—ri(m)éri(n — m) and so define B, = Y by X Wy =Wy + > {1 + U LTo(iQ)} ;s dn
(n — 1). In terms of these we can rewrite , n
Us a% g% ol
W=D drdn + D (éx — iwn)e) ,(1)er o (n) T LD Tl i) Py, by G by
k,n
+ o(U?d).

+ T Y (BiB, + $uB)).
n Here [15(iQ),) = % >« T Where 7y, are the polariza-
We now trace out the Fermi degrees of freedom  tions
and find the reduced free energy functiona WV, = _ ,
Vo + Y did, — kyT Y, Trlog{l — C(k)}. Here ¥, is Ten = [2f(k) = 11/ Q0 = 260). (3)
the noninteracting free energy, C isan infinite dimensional and f(k) is the usua noninteracting Fermi function. The
matrix defined by its (frequency space) matrix elements  fourth order term is given explicitly as

L Z [Zf(k) - 1] (Dml,k + sz,k)5m1+m2,n]+nz
Dm,,ksz,anl,anz,k ’

F(ml,mz,nl,nz) -

where D, = (iQ,, — 2&). | Define (as in Ref. [6]) the set of operators I; =
We note that both IT, and I in the above equations are > (ex) by, and T; = > (ex) (n—zy + miy — 1) . Clearly
of O(1) since these are normalized sums over momenta. Ip=BandT; =T. Itiseasy to ascertain that

Indeed every term in the expansion has a similar structure 1. T1=2] I N1= 21
and is of the same order, namely O(L ). Hence one has 7] e L1, V] b
the remarkable exact result that the Gaussian term domi- (1,15 = —Tim, (7)

nates the rest of the termsin the thermodynamic limit [11].
Roughly speaking, the Gaussian piece gives usthe typical ~ Whence,
size &5,, ~ \/Lf and so the quadratic (in U,) piece is of [I;,H — uN]= —2ul, + 21+, — UTiI,. (8)

the order ]/.[: , and likewise the mth term is of the order Now, we invoke the law of large numbers and argue that
1/L£ =D, Thus in the thermodynamic limit, it sufficesto i the present problem the operator product 7,1, can be re-
keep the Gaussian term and to drop the remaining terms.  placed by £ w1, where £ u; = (T;) , the thermodynamic
This |eads to the following remarkably simple result [12]  average of 7}, which is clearly of order £ [13]. Then the
B! equations of motion for the usual time ordered Green func-

nen _ ot
(brdn) [+ U.LILG0,)" (4  tions({I;;I1)) reduce to the closed set
From the same arguments, the correlation function of the (Q + 2m) L) = =L pysem + 2rs 1))
Cooper pair operators is given by — LU mlo: ITY), ©)
. 1 . . L
(bi(n)bp(n)) = Skpmin — — Tn Vert ((Q0) T which can be solved exactly. The solution is given by
L
Us
©) ity — n v
where the effective interaction [12] (10)
v where
Verr ) = 1y TG0y ©) . o 2 sy
in terms of the (very large) coupling constant V. = U, L . Q) = I/Zo (iQ, + 2u)'+!
We next present an alternate derivation of the above 2y — 1
results starting from the equations of motion, which gives =(1/L) Z M )
some more insight into them. o Q= 2&)
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This may be verified using the easily derived recursion
relation I1;4+; = [(iQ, + 2w)Il; — wu,;]/2. Furthermore,
one of the key features of the models being discussed
is that the one particle propagators are unrenormal-
ized [14], so that (ny) = f(k), whence II,(iQ),) =
(1/L)> (€)' 7. Thenit is easily seen that the reslts
in EQ. (10) are basically the same as in Eq. (5). Starting
from the latter, multiplying by (e;)!(ex)™, and summing
over k and k', we get the former.

An analysis of the detailed properties of the function
Vetr IS OF crucial importance for the rest of our discussion.
For asimple model band structure, with a constant density
of states g(e) = 1/2 for —1 < € < 1, we can compute it
exactly as

Vv

Ver (1)) — m,

eit(@ + im) = (11)

with

4(w/2 + p) - 1|>
w2

IIy(w) = %Iog(

+ i%G(Z — 2u + o)) sgn(w).

The band extends from —2 + 28 to 2 + 26, where the
hole filling 6 = 1 — p = —u. The schematic behavior
of Ve isasfollows. At very high frequencies, Ve = V.
It has two poles at certain large frequencies that essentially
dominate its physics. In between these poles lies the in-
termediate frequency range where Vg is of order unity,
which contains the branch cut corresponding to the one
electron band of states. The location of the poles can be
found by using a large frequency expansion for the func-
tion I1y(iQ,), whichfor |Q,,| > W (W isthe band width)
behaves as

. _ 6 2(ml = wo) 1
Mo(iQ,) = (iQ,) (iQ,)? " 0<|Qn|3>.

(12)

The higher order terms can be verified to be negligible.
The poles of the V. can then be found by solving
for the zeros of the denominator, a quadratic in { =
1/iQ,, given as 0=V ! — 67 — 2(|u1| — ud)>.
The roots are always real corresponding to real frequency
poles of V.. Hence, (a) at haf filling, 6 = 0, the
poles are at *wo = *+/2V|u;l, and near the poles
Vetr = *5o2—. The pole frequencies are infinite in
the thermodynamic limit, but leave behind consequences
in the ground state as we see later. (b) Away from but
close to half filling, § < 1, one poleisat w, = V§ with
residue V28, and the other at a large negative frequency
—w; = —Q2|u1l/8 — 2n) with residue —w?/5. As
6 — 0, the latter poles smoothly go over into those of the
first case. The contribution from the branch cut does not
have any particularly simple form, but is not important in
the most interesting region of the problem, namely 6 ~ 0.
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Using the above properties of V. we can compute
exactly the instantaneous (expectation) values of the
extended s wave and the s-wave correlation functions:
a = ;-(ATA) with A =[T,B]= —2Y, eb;, and
B = +(BTB). Using the main result Eq. (5), we find

a = kT D [Ta(iQ) — Verr(iQ)TT3(1€2,)]e 07,

T (13)
b= % Z‘.[V - Veff(iQn)]e(iQ”m)-

The main contributions to the resulting frequency sums
are quite easily seen to be tied to the pole contributions of
Vetr, the branch cut part giving an uninteresting subleading
contribution. We find at half filling

ULl _ VTl
Apole = Bpole = . (14)
242 V2U L
Near half filling we find
i 4ui
Ipole = = Bpole = UL (15)

At haf filling Eq. (14) gives us the quasi-long-ranged or-
der as well as the correction to ground state energy along
with their appropriate coefficients, the latter by an integra-
tion over the coupling constant U,. These answers are in
good numerical agreement with exact numerics on a finite
sized system [7]. Away from half filling we find that the
uncertainty principle lower bounds are off by afactor of 2,
i.e., from Eq. (15) apotle = 2aLowerBound-

The results given above enable us to compute several
other response functions exactly. For example, we find
that the charge stiffness is nonzero, and in fact unchanged
from the noninteracting value at half filling. We also find
at half filling that the appropriate order parameter density
A(r) has correlations that are novel: (At(r)A(0)) ~ \/%
Thus athough we do not have LRO of the usual sort, one
has a divergent “structure function” [ d7 (At (r)A(0)).

We next discuss the important case of (k) =
cos(k,) — cos(ky) in two dimensions. This corresponds
to suppressing d-wave order at the length scale of nearest
neighbors.  From the uncertainty principle argument
of Refs. [5,6], it follows that this would lead to en-
hancement again in the d-wave channel, but at a longer
length scale, i.e, the resulting A = —2 el (k)b
should have enhanced correlations. The functiona
integral solution sketched here bears this out exactly.
We recover the results in Egs. (14) and (15) with the
replacements; 6 — 6 = £ 'Y, Z2(k)[1 — 2f(k)] and
w— =LY, el%k)[1 — 2f(k)]. The enhanced
correlation function of A then diverges at the point where
5 vanishes. So long as the one-el ectron dispersion has the
bipartite symmetry, one can see that 6 vanishes exactly at
half filling. However, if the dispersion does not have this
symmetry, e.g., by having a second neighboring hopping
¢/, then 5 vanishes at some other density determined by ¢/,
asillustrated in Fig. 1. The case of t' ~ —0.4 is popular
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FIG. 1. The effective filling & for d-wave superconductivity
against the truefilling 6 for different values of the second neigh-
bor hopping ¢

in literature, since it leads to a Fermi surface that is con-
sistent with that seen in the photoemission experimentsin
High 7. systems [15], and it is an amusing coincidence
that the filling 6 ~ 0.18 is close to the optimum doping.

Finally, we can show that many of the above features
of the infinite range model retain their relevance for
more realistic models with finite range repulsion. To
see this, consider (in the s-wave case) a more generdl
model [16] of theform H = T + %ZU(p)BT(p)B(p),
where B(p) = > ¢ ck+p1 is a Cooper pair operator
with total momentum p, with U(p) = U,(l.)? for a
small set of £ /(I.)? points surrounding the center of
the Brillouin zone. This would correspond to repulsive
interactions with a long but finite range I.. Then it
is not hard to see that the results we have discussed
above would retain much of their validity (but for some
differences in details) to leading order in (1/1.), with
the replacement U, L — U,(I.)?, leading to enhanced
pairing correlations over a finite range in momentum
space. The quasi-long-ranged order would be replaced by
an enhancement of the O(1), like that in the single mode
model away from half filling. In this case, we see that
al Cooper pairs with a finite (but small) center of mass
momentum are aso influenced by the interaction, and
thus the model is more realistic by way of helping current
carrying states.

In summary, we have found an exact solution for an
interesting model of Fermions with purely repulsive in-
teractions with infinite range, which may be regarded as
a mean-field repulsive model. The resulting solution has
quasi-long-ranged order at half filling, as well as large un-
bounded enhancements as one approaches half filling, in
the equal time pairing correlations. We have aso argued
that the above methods and results retain their relevance
even for generalized models where the repulsive interac-
tions have a large but finite range, and are therefore more
realistic. Finaly, it isremarkable that the enhanced pairing
correlations in these models arise from very high energy

poles in the scattering amplitude, not unlike the physics
of Mott Hubbard systems, where the upper Hubbard band
influences the properties of carriersin the lower band.
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