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Abstract:

Thermal and Electrical transport in nearly integrable systems can be
studied through the finite frequency conductivities of charge and heat
currents in 1 dimension. | will summarize recent analytical

results including a novel sum rule for the thermal conductivity.

Also presented is our recent work on the t-t'-V model in 1-d.

The role of boundary conditions in defining various stiffnesses is
commented upon.



*Finite o response functions: Motivation and
formalism New sum rule, and two new
fundamental operators: Thermal operator 3
and thermoelectric operator ®.

Problems with Kubo- identity for dissipative
systems

Hydrodynamics of thermal transport in a
lattice model: Second sound velocity and
thermal stiffness

e1-dimensional examples

t-t’-V model with PBCs
« Open BC's
*Toda lattice energy current persistence



Finite frequency thermal response functions:

Needed in many contexts, e.g. imagine a Si
chip at 20 GHZ and its power dissipation.
Neglected area with rather surprising new
results. SS Phys Rev 2006

Need to use Luttinger’'s formalism.



5<J;> = LyE, + Lio(—-V,T/T)
1 -
§<J§> = Ly Ey + Lo (—V,T/T),

where (—V,T/T) is regarded as the external driving thermal force, and J9 is
the heat current operator.

B 1
- TLn

Rzc (L22L11 — L12L21)-

We want finite frequency versions of these.....Turn to
Luttinger

Kiot = K + ZK(f)w(f, t).

Here K = ) K(Z), and K(Z) = H(Z) — un(Z) is the grand canonical Hamil-
tonian



We can define the local temperature through

0T (Z,t) = Még’)t»
Luttinger writes
%<jx> = L Ep+ Lig(=VoT/T) + L1o(—=V(Z, 1))
%<j§> = Ly Ep + Loy (—VoT/T) + Loy (—V00(Z, 1)),

Let 1 (Z,t) = ¢, exp{—i(gzz + wt + i07¢t)}, ( adiabatic switching implied)
and the electric potential ¢(Z,t) = ¢, exp{—i(q.x + wt + i07t)} thus write

0T,

0J(q) = (192 ) L11(qe, w)Pq + (99z) L12(C]a;7w)7q + L15(g, w) ¥q| ,



In equilibrium (i.e. static inhomogeneous limit) there is no net current there-

fore

5T,

0 = Li2(q, 0)? + ZA?12(q, 0)1)g.

However,

lim (g, 0) = —

qg—0

Hence We conclude that:

lim {le(q, 0) — L12(g, 0)] =0
qg—0

A

Lij(q,w) = L;;(q,w)

Can compute RHS mechanically.
Extension satisfies Causality, Onsager
reciprocity and also Hydrodynamics at
small q, w

5T,

qg—0 T‘

Luttinger’s identity

Basic assumption of
our work:

Generalized
Luttinger’s identity



je—jr_Lj,
de
where jf is the energy current and J, the charge current.

J9 = lim i[K K(q.)].

qr—0 gz

JQ (q) = ZJQ T) exp(iq.%), so that JQ = lim JQ(_).

qg—0

5j96 — Lll(Qmaw)(iqw¢Q>+L12<Qw7w><iQ:L’¢Q>
0J9 = L21(qe,w)(iqudy) + Loz(qw,w)(iquthy).

Kot = K + [0(=42)pq + K (—qz)1g] exp (—iwt + 07¢),



We can reduce the calculations of all L;; to essentially a single one, with
the help of some notation. Keeping ¢, small but non zero, we define currents,
densities and forces in a matrix notation as follows:

i=1 i=2
Charge Energy

A

L Jx(qx) j:z?(‘]x)
U p(—q) K(—q)
X, EP=ig,0g iquty.

The perturbed Hamiltonian can then be written as

Ktot =K+ ZQj€_iwct, where QJ — —Z/{JXJ
J



XA,B(WC)




For arbitrary frequencies the Onsager functions read as

i Pm — Dn
Lij(w) — —Qw <7;j> — e — . (Iz)nm(z.j)mn ’
, 1
(Ti5) = —qggloqzz‘aujbq—x-

The operators 7;; are not unique, since one can add to them a ‘gauge op-
erator” 74" = [P, K| with arbitrary P. These fundamental operators play a
crucial role in the subsequent analysis, since they

These important operators are written in a more familiar as follows:

Stress tensor Thermal operator Thermoelectric operator
Ti1 T22 Ti2 = Ta1
— 5 jw(qw)ap(_%:) o [ja?(Qw)aK(_qiE)} _dd jx(qw>7K(_Qw)
19z gz —0 4o gz —0 de 9z —0
The thermoelectric operator |can also be written as

d

P =Ty = _@ [j:?(%:)ap(_%:)}q o’



Generalized Kubo formulas for non dissipative systems. Contain
a stiffness term that is interesting and non trivial.

Comment [1]: D terms is nonzero for supersystems- including
integrable models. (No additional hypothesis needed as in
Luttinger’s paper on Superfluids.

Comment[2]: Sum rule for thermal conductivity is new.

“Sum rule for thermal conductivity and dynamical
thermal transport coefficients in condensed matter ", B
Sriram Shastry, Phys. Rev. B 73, 085117 (2006)



o 1y - T(TE%) .
/—oo ?%ea(y) _ =

O d »
[ penty = HOD e,

— OO

/O; CjT—VQFEemZC(u) = % {<@m> - <(I):Bac>2} |

;

Zero current thermal conductivity
where explicit value of pis not
needed.



Onsager reciprocity

.. - - requires the “heavy
L?,J (w) - L]’L (w) . usage” of Jacobi’s

(Ti2) =

identity to my
surprise!!



Thermo power operator for Hubbard model

T . qe /1\2 — Y T e 2 o
T = -5 Z (M + 1) L) /)CF_Fﬁ_i_"/,aCT,J qeuZ%t(n)Cﬂ
7,m T 7]
q.U S
4 D @) (02)* (5 + irz) (Ch s yCro + €k Criie).
7,

This object can be expressed completely in Fourier space as

0
HrT  — qezap {Ug(sp—ﬂ)}%’a%a
— x
p
QeU 82{ } i ;
—5 1&rtEr C. . Cp C. . -Cz5r
_|_ 2£ f**ZaG/ 6[% l l+q “+q,0 l,O’ rP—q,o pb,o
rxr qg 2 e T
’ _ Eznw (77) CF—Fﬁ,GCF,U or
2 2
_ e d"ej; 4o



O™ = Z 9, {vgleg— )"} C;;’,O'Cﬁ’“ T T Z t(7)ns (nrs + nf+ﬁ,5)2cqi’_|_ﬁ,acf',a
b,o

U —
Y Z G GO SR e ke o kb Ak Cj?+ﬁ+ﬁf,acﬁo

U —>
= > UNET) (e + m)npet 7 yCro {Cj:’_|_ﬁ,5677—|—ﬁ+ﬁ',5 + el 5Cre — h.c.} :



Where does the Kubo identity make a mistake?

B
K(A) = [po, A] - / ool A(—ér), Hldr,
where
po =1/Z exp(—GH)

It is (incorrectly) claimed that
K(A) =0

for any operator A. (Books refer to this as the Kubo identity). Let p, =
1/Z exp —Be,. Inserting complete states we see that

¢
Anm(pn — pm) — DPn / dTAnm(gm — 5n) €Xp _T(<5m — 5n))
0

Theorem: (SS-2006).

Kubo identity is only true for a class of operators of the type A-> [H,B]
which have vanishing diagonal matrix elements in the energy
eigenbasis!! It is infact false if diagonal elements in this basis are non

zero! ]C([B7H]) — 0



Hydrodynamics of energy and charge transport in a band model:

This involves the fundamental operators in a crucial way:

i+ o }97°0) = 07) | S 2E 4 vn) = Voin) | +gte) |
8,0 Einstein diffusion
ot +VJ(r)=0 term of charge
0K
() -|-VJQ(7“) = Pegt(r)
ot \ \
Continuity

Input power
density

(@) [ﬁ (—VEK(r)) — W,]

Energy
diffusion term

These eqns contain energy and
charge diffusion, as well as
thermoelectric effects. Potentially
correct starting point for many
new nano heating expts with
lasers.



Integrable systems are weak superconductors”

They possess temporal persistence in current, without
the Meissner effect! Giamarchi, Giamarchi+SS (1992)

Do =0= Dy Isothermal stiffnesses
vanish

W =-——""_p +1 :
M T Twrt) T T

dteit / ’ dr(JQ(t — i) JQ(0)).

_ 2 1 = iwt ? T - T
o (w) = T(w+i0+)DM+T—£/ dte /O dr (. (t — iT)F (0)).

As $t \rightarrow \infty$ the current correlators do not
decay to zero but are finite: temporal persistence.

Therefore:

A

o(w) = D, §(w) + Treg(w)
g~ V-

Adiabatic stiffness from Prelovsek,Zotos.. -

A 4

persistence



T-t’-V model: i.e. perturbed Heisenberg model at
Isotropic point (Fermi representation)

10 12 14 16 18
L

Non-integrable
system

arXiv:0705.3791 : Signatures of integrability in charge
and thermal transport in 1D quantum systems
Subroto Mukerjee, and SS



http://arxiv.org/abs/0705.3791
http://arxiv.org/find/cond-mat/1/au:+Mukerjee_S/0/1/0/all/0/1
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Severely limited by size constraints.

Hence change system

Study perturbed Toda lattice using cfs.

Peter Young and SS (to be published)



gq=0 energy current cocrrelation

Toda+0.05 x4/4
— V(x)=e*—x—1 (Toda)
—- V(x)=x2/24+x%/4

e
-~
-
_|_
=
42
e
[}
—
—
]
]
p—
[
=
e




V(x) = exp(x)—x—-1 + ax*/4
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FRMITERE 90 |EMIER Cney) Remarkable collapse of data on
current correlations for different

values of parameter a. suitable scaling. The scaling
exponentis ¢ ~1.15

We may think of a as the
integrability destruction
parameters




Different wvalues of «

Visualizing the loss of
integability through the
conductivity function.




Conclusions:

*Kubo type formulas are non trivial at finite frequencies, and
have much structure

sDestruction of integrability: KAM in classical mechanics. In
QMBT we feel CF's are the way to go.

sUniversality classes, exponents are similar to Critical
phenomena, with Integrable systems as generalized “critical
points” .

Useful link for this
kind of work:

http://physics.ucsc.edu/~sriram/sriram.html



